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9.1 Homogenous Coordinates (5 + 10 + 15 Points)

a) Show that multiplying the homogenous point (x, y, z, w) with an arbitrary scalar α 6= 0 yields an
equivalent homogenous point again.

b) Show that the component wise addition of three homogenous points (a0, b0, c0, 1), (a1, b1, c1, 1), and
(a2, b2, c2, 1) yields the center between that points.

c) Find an addition rule in homogenous space that is equivalent to standard addition after performing
the projection.

9.2 Perspective Projection (30 Points)

In the lecture a perspective projection Ppersp is given that maps the viewing frustum to the regular box
[−1, 1]3. In this exercise you have to derive a formula for a similar projection P ′ from scratch, that maps
the near-plane to the z = 0 plane and the far-plane to the z = 1 plane. The viewing direction is the
positive z direction, such that the viewing frustum has an x extension from −w

2 to w
2 and y extension

from −h
2 to h

2 in the near plane. Find the corresponding transformation P ′:

P ′ =


a 0 0 0
0 b 0 0
0 0 c d
0 0 1 0


9.3 Perspective Projection (15 + 15 + 10 Points)

a) Compute the point where two arbitrary parallel lines seem to intersect after being projected by the
perspective projection P . For which parallel lines does no such intersection point exist?

P =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 1/2 1


b) Compute the center of projection of the following perspective projection Q.

Q =


3
4 0 − 1

4 − 1
4

1
4 1 1

4
1
4

−1 0 0 −1
1
4 0 1

4
5
4





c) Compute the projection plane of projection Q′

Q′ =


1 1

4 − 1
4 0

0 3
4

1
4 0

0 − 1
4

5
4 0

0 1
4 − 1

4 1


9.4 Homogenous Lines in 2D* (20 Points)

Prove that the cross product between two homogenous points p = (px, py, pw) and q = (qx, qy, qw) yields
the homogenous coordinates of the connecting line.
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Solutions

9.1 Homogenous Coordinates

a) Both (x, y, z, w) and α · (x, y, z, w) = (αx, αy, αz, αw) are representatives of the same point(
αx
αw , αy

αw , αz
αw

) α6=0
=

(
x
w , y

w , z
w

)
and thus two equivalent homogenous coordinates.

b) The addition of the three vectors gives:
a0

b0

c0

1

 +


a1

b1

c1

1

 +


a2

b2

c2

1

 =


a0 + a1 + a2

b0 + b1 + b2

c0 + c1 + c2

3

 project
=

 a0+a1+a2
3

b0+b1+b2
3

c0+c1+c2
3


Thus the addition of the three homogenous vectors is a representation of the center of mass of them.

c) To find this rule we first project two homogenous vectors and then reproject again:


a0

b0

c0

w0

⊕


a1

b1

c1

w1

 project
=

 a0
w0
b0
w0
c0
w0

 +

 a1
w1
b1
w1
c1
w1

 =

 a0
w0

+ a1
w1

b0
w0

+ b1
w1

c0
w0

+ c1
w1

 =

 a0w1+a1w0
w0w1

b0w1+b1w0
w0w1

c0w1+c1w0
w0w1



=

 a0w1
w0w1

+ a1w0
w0w1

b0w1
w0w1

+ b1w0
w0w1

c0w1
w0w1

+ c1w0
w0w1

 =

 a0w1
w0w1
b0w1
w0w1
c0w1
w0w1

 +

 a1w0
w0w1
b1w0
w0w1
c1w0
w0w1


re-project

= w1


a0

b0

c0

w0

 + w0


a1

b1

c1

w1


9.2 Perspective Projection

We get a system of equations by mapping two appropriate edge points of the viewing frustum:

P ′ ·
(
−w

2
,−h

2
, near, 1

)T

= (−1,−1, 0, 1)T

P ′ ·
(

w

2
· far

near
,
h

2
· far

near
, far, 1

)T

= (1, 1, 1, 1)T

This gives us: 
−aw

2

−bh
2

c near + d
near

 =


−1
−1
0
1

 ,


aw

2 ·
far
near

bh
2 ·

far
near

c far + d
far

 =


1
1
1
1


Performing the projection gives these equations:

−a
w

2
= −near (1)

−b
h

2
= −near (2)

c near + d = 0 (3)

a
w

2
far

near
= far (4)
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b
w

2
far

near
= far (5)

c far + d = far (6)
(7)

Equation (1) and (4) as well as (2) and (5) are linear dependent. Equation (1) gives a = 2 near
w and (2)

gives b = 2 near
h . Using the two equations (3) and (6) we can compute c and d as:

(6)− (3)⇔ c(far − near) = far ⇔ c =
far

far − near

The value d can now simply be computed by inserting c into equation (3), which yields:

d = − nearfar

far − near

The solution is:

P ′ =


2 near

w 0 0 0
0 2 near

h 0 0
0 0 far

far−near − nearfar
far−near

0 0 1 0


9.3 Perspective Projection

a) We consider the line h(λ) = λv + p = λ(vx, vy, vz, 0)T + (px, py, pz, 1)T . If we apply the transfor-
mation P we get:

P (h(λ)) = λ


vx

vy

0
vz

2

 +


px

py

0
pz

2 + 1


As multiplication with a scalar does not affect the homogenous vector we can multiply the result
with 1/λ and get:

P (h(λ)) =


vx

vy

0
vz

2

 +
1
λ


px

py

0
pz

2 + 1


For λ → +∞ the right term goes to zero and we get the point pv = (vx, vy, 0, vz

2 )T which is
independent of p and thus it is the homogenous vanishing point for all lines with direction v. After
projection we get:

p′v =
(

2vx

vz
,
2vy

vz
, 0, 1

)T

This give us the vanishing point
(

2vx

vz
,

2vy

vz

)T

after the projection. There exists no such point if the
lines are parallel to the x-y plane, this is if vz = 0 as then the division is not defined.

b) The projection center is mapped to the homogenous point (0, 0, 0, 0)T by the perspective projection.
This yields a linear system of equations:


3
4 0 − 1

4 − 1
4

1
4 1 1

4
1
4

−1 0 0 −1
1
4 0 1

4
5
4

 ·


x
y
z
1

 =


0
0
0
0


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3
4
x− 1

4
z − 1

4
= 0 ⇒ 3x− z − 1 = 0 (8)

x

4
+ y +

z

4
+

1
4

= 0 ⇒ x + 4y + z + 1 = 0 (9)

−x− 1 = 0 ⇒ x + 1 = 0 (10)
x

4
+

z

4
+

5
4

= 0 ⇒ x + z + 5 = 0 (11)

Subtracting equation (10) from equation (11) gives z = −4. With equation (11) we get x = −1 and
then using equation (9) yields y = 1. The center of projection is the point (−1, 1,−4)T .

c) The points on the projection plane are mapped to themselves by the perspective projection. Using
the result from Exercise 9.1 a), the projection plane can be computed by:


1 1

4 − 1
4 0

0 3
4

1
4 0

0 − 1
4

5
4 0

0 1
4 − 1

4 1

 ·


x
y
z
1

 = α ·


x
y
z
1


This gives the following equations:

x +
y

4
− z

4
= αx ⇒ (1− α)x +

1
4
y − 1

4
z = 0

3
4
y +

1
4
z = αy ⇒ (

3
4
− α)y +

1
4
z = 0

−y

4
+

5
4
z = αz ⇒ −1

4
y + (

5
4
− α)z = 0

y

4
− z

4
+ 1 = α ⇒ 1

4
y − 1

4
z + 1− α = 0

By looking on the first and last equation one sees that α needs to be 1, which gives the projection
plane y − z = 0.

9.4 Homogenous Lines*

Lets first compute the cross product between the two homogenous points, which yields:

l = p× q =

 px

py

pw

×
 qx

qy

qw

 =

 pyqw − pwqy

pwqx − pxqw

pxqy − pyqx


The two points lie on the line if the scalar products p · l = 0 and q · l = 0 are both zero.

p · l =

 px

py

pw

 ·
 pyqw − pwqy

pwqx − pxqw

pxqy − pyqx


= px(pyqw − pwqy) + py(pwqx − pxqw) + pw(pxqy − pyqx)
= pxpyqw − pxpwqy + pypwqx − pypxqw + pwpxqy − pwpyqx

= 0

q · l =

 qx

qy

qw

 ·
 pyqw − pwqy

pwqx − pxqw

pxqy − pyqx


= qx(pyqw − pwqy) + qy(pwqx − pxqw) + qw(pxqy − pyqx)
= qxpyqw − qxpwqy + qypwqx − qypxqw + qwpxqy − qwpyqx

= 0
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