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7.1 Transformations

To transform, we use the following Operations:

1 0 —3
T = 0 1 —% Translation
0o 0 1
4 0 O
S = 0 5 0 Scaling
0O 0 1
1 1 0
H, = 0O 1 0 Shearing
0O 0 1

(—45)  —sin(—45) cos(45)  sin(45) .
= ( sin(—45) cos(—45)) - (—sin(45) —cos(45)) Rotation

Q
@}
)

1 0 5
T = 0 1 4 Translation
0O 0 1

Hence, the overall transformation matrix is given by

M:TQ'Rl'Hl'Sl'Tl.

7.2 Affine Spaces

Let V = {(z,y, z) € R3} be the associated vector space.
Claim: A = {(x,y, 2z, w) € R*|w = 1} is an affine space.
Proof:

o Let + € P xV — P given by

Tp . Tp + Ty
I /) ! vt
p+u= . + :LZ/ P (%),
1 v 1

with p = (2, Yp, 2p, 1) € A and v = (2, Yy, 2,) € V.

e Proof of axioms:
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(1) Let pe Pand v,w € V:

Tp + Ty - () + Ty) + Ty
@ | vp + o v @ | W+ Y0) + Yo
(p+v)+w= Zp + 2y T Y o (zptz) + 2w
z
1 w 1
vyt (ot ) N e
Ae | Yo+ (Yo + Yu) ® | Yp
| ozt (2ot 2w) B * Zvizw
1 1 v w
= p+(w o), u

where Ar denotes associativity in R and D+ stands for the definition
of +in V.

(2) Let p,q € P and v,v" € V. Assume it holds that v # v',p +v = ¢ and
p+ v = q. Then:

Ty + Xy
Ypt Yo | ®
Zp T 2y ptv
1
=q
— p —|- v/
Tp + Ty
(_i) Yp + Yo!
Zp + Zy
1
Therefore,
Tp+ Ty = Tp + Ty
4 Ly = Lyt

by the computation laws in R. Analogously, the same holds for vy, = 3.
and z, = z,. Hence,
v=1". 4 [ |

The literal difference between points and vectors is that in this setting, points
consist of four components where the one with highest dimension is fixed to 1,
while vectors only include three components. Here, the essential logical diffe-
rence lies in points only describing coordinates in 3D space, while vectors always
represent transformations of points in direction and length.
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7.3 Rotations

Claim:

Proof:

Given

we calculate

= 0 10 . 0
. — [ cos¢ . . — cos ¢
5 H, < 0 cos d)) (ig;f; 1) (sin ¢ cos ¢)

1,—2% s 0
Hx . S . H — cos . c.os
Y (O 1 ) (sm ¢ cos gzﬁ)
1 sin? ¢ o
— cos ¢ cos ¢ s (b
sin ¢ cos ¢
B —Cg)s:(f —sin ¢
sin ¢ cos ¢

7.4 Affine Spaces*

1—sin? ¢ .
Py —sin ¢
sin ¢ cos ¢

( cos ¢ —sin(b) n

sin ¢ cos ¢

a. Claim:
p+0=p
Proof:
p+0(_3)(q+V)+0 (:”p+(v+0)
i/q—l—V @p [ |

b. In conformity with axiom 2 and p,q € P, we set ¢ — p as the unique vector
v €V, such that p+v = q.

Using the Choice operator Cy € (V — B) — V,
—:Ap€EP.XNEPCy(lweV.p+v=yq)

is an alternative, equivalent notation.
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