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Completeness Proof

Any set of sentences Sisrepresentable in clausal form

Assume Sisunsatisfiable, and in clausal form

g

Some set S of ground instances is unsatisfiable

g

Resolution can find a contradictionin S

—~g

There isaresolution proof for the contradictionin S
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Herbrand’s Universe and Base

m Herbrand Universe: Given S set of clause, then Hg —Herbrand
Universe of S— s the set of all ground terms for S
Example:

S = {-P(xf(x,A))V-Q(x,A)=R(x,B)}
Hs = {A/B,f(AA),f(A,B),f(B,A),f(Af(AA)),...}

m Herbrand base for S: Given S and Hg, then Hs(S) is the set of all
ground clauses for S wrt. Hg — the Herbrand base for S—

Example:
{ =P(A,f(AA)) vV -Q(A,A)=R(A,B),
-P(B,f(B,A)) Vv -Q(B,A)-R(B, B)
=P(f(A,A), f(f(A,A),A)) vV =Q(f (A,
-P(f(A,B),f(f(A,B),A)) vV =Q(f(A,
(f(B,A),f(f(B,A),A)) vﬂQ(f(B,A),
(f(A A A)),A)) VvV aQ(F(Af(A,
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[Herbrand, 1930]

If a set S of clauses Is unsatisfiable, then there exists a finite
subset of Hg(S) that is also unsatisfiable.




Lifting Lemma

Let C; and C, be two clauses, and C} and C,, be two ground

Instances of C; and C,.
If C' is a resolvent (prop. logic) of C| and CJ, then there exists a

clause C, such that
m Cis aresolvent of C; and C,.
m C'is aground instance of C

Resolvent = 1 resolution step + arbitrary many factorization steps
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Completeness Proof

Any set of sentences Sisrepresentable in clausal form

Assume Sisunsatisfiable, and in clausal form

g

Some set S of ground instances is unsatisfiable

g

Resolution can find a contradictionin S

—~g

There isaresolution proof for the contradictionin S
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Dealing with Equality




m What do you need to deal with equality by using only resolution?
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m What do you need to deal with equality by using only resolution?

m We have to add the axioms:
» VX X=X
> VX,y X=y =y =X

> VX, y,z (X=yAy=2z)=>x=12




m What do you need to deal with equality by using only resolution?

m We have to add the axioms:
VX X=X

VX, y X=y =Yy =X

VX,y,z (X=yAy=2z) = x=12
For each function symbol f or arity n that occurs in KB, add
VX1yeetyXn,Y1s---Yn -

(X1 =y1 A ... AXp=VYn) = f(X1,.-.,%n) =f(y1,-..,¥n)

>
>
>
>




How to deal with Equality?

m What do you need to deal with equality by using only resolution?
m We have to add the axioms:
VX X=X
VX,y X=y =y =X
VX,y,z (X=yAy=2z) = x=12
For each function symbol f or arity n that occurs in KB, add
VX1, X0, Y1y---Yn -
(X1 =y1 A ... AXp=VYn) = f(X1,.-.,%n) =f(y1,-..,¥n)
» For each predicate symbol P or arity n that occurs in KB, add
VX1, y X0, Y1s---Yn -
(X1t =y1 A ... AXp=Yn) = [P(X1,---,%1) < P(y1,---,¥n)]

>
>
>
>

4T UNIVERSITAT
ﬁﬁi DES
> SAARLANDES




How to deal with Equality?

m What do you need to deal with equality by using only resolution?
m We have to add the axioms:
VX X=X
VX, y X=y =Yy =X
VX,y,z (X=yAy=2z) = x=12
For each function symbol f or arity n that occurs in KB, add
VX1, X0, Y1y---Yn -
(X1 =y1 A ... AXp=VYn) = f(X1,.-.,%n) =f(y1,-..,¥n)
» For each predicate symbol P or arity n that occurs in KB, add
VX1, y X0, Y1s---Yn -
(X1t =y1 A ... AXp=Yn) = [P(X1,---,%1) < P(y1,---,¥n)]
m Problem: This creates a huge search space!!

>
>
>
>

4T UNIVERSITAT
&) pes
& SAARLANDES




How to deal with Equality?

m What do you need to deal with equality by using only resolution?
m We have to add the axioms:
VX X=X
VX, y X=y =Yy =X
VX,y,z (X=yAy=2z) = x=12
For each function symbol f or arity n that occurs in KB, add
VX1, X0, Y1y---Yn -
(X1 =y1 A ... AXp=VYn) = f(X1,.-.,%n) =f(y1,-..,¥n)
» For each predicate symbol P or arity n that occurs in KB, add
VX1, y X0, Y1s---Yn -
(X1 =Y1 A ... AXyp=Yn) = [P(x1,...,%0) < P(y1,...,¥n)]
m Problem: This creates a huge search space!!

>
>
>
>

m You want to make equality a primitive concept and therefore have

specialised rules for it.
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m The paramodulation rule:
s=tVIiV...l, miV...VmulV...Vm,

(liV...lhVmiV...Vvmt] V...V m,)d
where 0 is the unifier of s and u.
m Example:

—(K = sort(L)) V sort(|x|L]) = insert_sort(x, K)
Sorted(sort(y)) V = (y = nil)

—(K = sort(L)) V Sorted(insert_sort(x, K)) V =([x|L] = nil)

where 6 = |y/[x|L]]




Strategies




Strategies

m Unit preference: Only allow resolutions if at least one of the clauses is
a unit clause — contains only one literal

» ldea: Using unit clauses will allows result in clauses with strictly
less literals

» Incomplete in general

» Complete for Horn clauses (each clause contains at most one
positive literal)

m Set of support:

» Procedure
» Select a subset SoS of the set of clauses
» Allow only resolution steps where one partner is from SoS
» Resolvent is again in SoS

» Not complete for every choice of SoS

» Common approach: Take initial SoS be clauses obtained from
negated conjtecture
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Strategies contd

= Input resolution: Only allow resolutions between C and C' if at least
one of C or C' is an input clause
» Incomplete in general

» Complete for Horn clauses (each clause contains at most one
positive literal)

» Variant Linear resolution: Also allow resolution between C and C’ if
C is an ancestor of C’

» Linear resolution is complete
m Subsumption: Eliminate all redundant clauses.

» A clause C is redundant, if there exists a clause C’ which is more
general than P.
» P(x) is more general than P(A)

» P(x) is more general than P(x) V Q(y, x)
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Input Resolution Proof

- American(x) v - Weapon(y) v - &ls(xy,z2 v = Hostile(z) v Criminal () = Criminal (West)
American(\West) - American(West) v - Weapon(y) v - SEls(West,y,z) v — Hostile(2)
-1 Missile(x) v Weapon(X) - Weapon(y) v - Sells(Westy,2) v -1 Hostile(2)
Missile(M1) -1 Missile(y) v SHIs(West,y,2 v - Hostile(2)
-1 Missile(x) v -1 Owns(Nono,x) v Sells(West,x,Nono) -1 Sls(West,M1,2) v -1 Hostile(2)
Missile(M1) -1 Missileg(M1) v = Owns(Néno,Ml) v =1 Hostile(Nono)
Owns(Nono,M1) - Owns(Nono,M1) v/—| Hostile(Nono)
- Enemy(x,America) v Hostile(x) - Hodti I@o)
\/
Enemy(Nono,America) Enemy(Nono,America)

AT UNIVERSITAT i
i) oes
SAARLANDES




Theorem Provers




Theorem Provers

m Automated theorem provers: OTTER [McCune92]
m Interactive proof assistants: QMEGA [Siekmann et.al since 1990]

OTTER
m Set of support So0S

m Set of usable axioms.
» Background knowledge of the problem (i.e. KB)
» Boundaries between usable and SoS can be initially defined by the
user
m Set of rewrites u = v,
» always applied from left to right
» used for simplification: x + 0 = x.

m Set of parameters and clauses that define the strategy
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Otter

procedure OTTER(sos, usable)
inputs: sos, a set of support---clauses defining the problem (a global variable)
usable , background knowledge potentially relevant to the problem

repeat
clause < the lightest member of sos
move clause from sos to usable
PROCESS(INFER(clause, usable), sos)

until sos = [] or a refutation has been found

function INFER(clause, usable) returns clauses
resolve clause with each member of wusable
return the resulting clauses after applying FILTER

procedure PROCESS(clauses, sos)
for each clause in clauses do
clause «— SIMPLIFY (clause)
merge identical literals
discard clause if it is a tautology
sos < [clause | sos]
if clause has no literals then a refutation has been found
if clause has one literal then look for unit refutation
end
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m Nonsense inferences blow up search space
— Sorts, Types, Dependent Types, ...
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m Some formulas introduce are bad for proof search
—> Integrate theory reasoning into unification algorithm




Nonsense inferences blow up search space
— Sorts, Types, Dependent Types, ...

m Some formulas introduce are bad for proof search
—> Integrate theory reasoning into unification algorithm

m FOL sufficient to represent about Wumpus-like worlds, but still too
restricted
Example: For induction axioms need at least second-order logic
— Lecture Introduction to CL, Semantics of Higher-Order logi CS




Nonsense inferences blow up search space
— Sorts, Types, Dependent Types, ...

Some formulas introduce are bad for proof search
—> Integrate theory reasoning into unification algorithm

FOL sufficient to represent about Wumpus-like worlds, but still too
restricted
Example: For induction axioms need at least second-order logic

— Lecture Introduction to CL, Semantics of Higher-Order logi CS

Other calculi, more restrictions of the search space:
— Lecture Automated Reasoning




Nonsense inferences blow up search space
— Sorts, Types, Dependent Types, ...

Some formulas introduce are bad for proof search
— Integrate theory reasoning into unification algorithm

FOL sufficient to represent about Wumpus-like worlds, but still too
restricted
Example: For induction axioms need at least second-order logic

— Lecture Introduction to CL, Semantics of Higher-Order logi CS

Other calculi, more restrictions of the search space:
— Lecture Automated Reasoning

Efficient procedures for fragments
— rewriting, BDDs, decision procedures, ...
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Even More Further Issues

Even if we have all that, we still
*only* can prove conjectures from a knowledge base.

m Sufficient for the Wumpus world agent, but. .. (Compiler for a PL)

m need much more for doing software verification or mathematics
(IDE for a PL)

m What is missing for doing software verification or mathematics?
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TeXmacs Document

Theorem 1. hr’f isirrationaﬂ

Proof. Assume /7 is rational, that s,

no common divisor such that 2 = %

kP =482, that is, n* = 2 k% Thus, o* is

there ewist noturnl numbers n and m with |

Then 12 = m, and thus 2 n® = m’. Hence |
i’ is even ond, sinee odd numbers square ‘
to odds, m is even; say m=2k Then 21 =

even ioo, and so is n. Thal means thof
both n and m are even, confradicting the
fact thet they do not have a common

divizor. :IJ
v e hali oo i Tk

et e odie

Knowledge-based
Proof Planning

Development

Computation
Transformation

Constraint

Proof
Verbalization
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Integrating Texteditors and Proof Assistants

= L\ exampletm
| File Edit Insert Text Format Document View Go Tools Help
COUEeAXABREREDS Hasan B -
- - I=EE|ESVSNAFE

Theory [Distributivity in Simple Sets]

Context :
We refer to the definitions and axioms of the theory — [Simple Sets] .

Theorem [Distributivity of intersection] :
It holds that VA, B,C. (AN(BUC))=((ANnB)U(ANC)) .

Proof :

We prove the equality of these sets by proving the following two subset relations :
(1) ((An(BUC))c ((AnB)ju(AnCY)))
(2) ((ANB)U(ANC))C(AN(BUCY)))

We start by proving the first subgoal.

By the — [Definition of subset]| we need to prove
Ve, z€(AN(BUC))=ze((ANB)U(ANC)) .

Assume z € (AN(BUQ)).

| article plato menus text roman 10
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. Y example.tm

Theory [Distributivity in Simple Sets]

Context :
We refer to the definitions and axioms of the theory — [Simple Sets] .

Theorem [Distributivity of intersection] :
It holds that VA, B,C. (AN(BUC))=((ANB)U(ANC)) .

Proof :
We prove the equality of these sets by proving the following two subset relations :
(1) ((An(BUC))c((ANB)U(ANC)))
(2) ((ANB)U(ANC))C(AN(BUC)))
We start by proving the first subgoal.
By the — [Definition of subset] we need to prove
vz. z€ (AN(BUC)) =z ((ANB)U(ANC)) .
ze(AN(BUC)

Assume




Integrating Texteditors and Proof Assistants

v \ L example.tm
| File Edit Tnsert Text Format Document View Go Tools Help

FadSeax | iak@ E‘s & @ © | EE Y A= :F X RN
| 1‘— _.%__' ﬁ,-:

Theory [Distributivity in Simple Sets]

| — ——
m.

IEEEE==E s

Context :
We refer to the definitions and axioms of the theory — [Simple Sets] .

Theorem [Distributivity of intersection] :

It holds that VA, B,C. (AN(BUC))=((ANB)U(ANC)) .

Proof :

We prove the equality of these sets by proving the following two subset relations :
(1) ((An(BUC))C((ANB)U(ANC)))
(2) ((AnB)U(ANC))C(AN(BUC)))

We start by proving the first subgoal.

By the — [Definition of subset] we need to prove
V. ze(AN(BUC) =z e((ANB)U(ANC)) .

Assume z€ (AN (BUCQC)) .

It follows that z€e AAz€(BUC) .

|article plato menus text roman 10
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Fast First-Order Unification
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Matching of Descriptions

m EXxpert Systems:

OPS-5; Rete algorithm Forgy 1981; 1982
m Language Processing:

Feature Unification Ait-Kaci 1984; Smolka, Ait-Kaci 1987
m Knowledge Representation:

KL-ONE; Feature Unification WINO since 1989
m Vision:

Graph-Matching Rastall; 1969

m Pattern Directed Programming Languages:
Planner; Matchless Hewitt 1972; Stickel 1975
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Matching of Descriptions (cont.)

m Term Rewriting Systems:
T-Unification Peterson; Stickel 1981
m Deduction Systems:
Modal-, Temporal, Epistimologische Operatoren in {-Unification
Ohlbach 1988; 1989
m Logical Programming:
Unification, WAM D. Warren 1983
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e Baee for e Pastest (ihe Earfest)

m Exponential: O(2") Robinson

= Quadratic: O(n?) Robinson

m Logarithmic: O(nlogn) Martelli-Montanari
N

Ol

Linear: O(n) Paterson-Wegman
Quasi-linear. — today

QUADRATIC (Instead of exponential)
UNIFICATION

1

n? instead of 2"




Robinson'‘s Algorithm is exponential

—  l|inear

— quasi linear algorithms

! exp
linear

g-linear

; ggévmsnﬁr
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Unification of Free Terms

Unsorted Signhatures

1920 Emil Post Unification
1930 J. Herbrand Unification Algorithm
1960 D. Prawitz Most General Unifier
1963 M. Davis 'Linked Conjunktions’
1964 J. Guard Unification

— 1965 A. Robinson Most General Unifier
1970 D. Knuth Unification in T. R.
1971 A. Robinson Fast Implementation
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Unification of Free Terms (cont.)

Unsorted Signhatures

1973 L. D. Baxter Fast Unification
1975 M. Venturini-Zille Fast Unification
— 1976 Martelli-Montanari (Linear)

1976 G. Huet Almost linear
— 1977 Paterson-Wegman ILinear!
1982 Kapur et al. Improvement

1983 Bidoit and Corbin Improvement
1987 Escalade + Ghallap Improvement
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X]=Xo=...=Xp=t1 =t =... =1,

represented as:

M: {{Xl,...,Xn} = {tl,...,tn}} — {V:T}

where x1,...,x, variables and tq, ..., t, terms.
Unifier for that representation:

o solves {{x1,...,Xn} = {t1,...,tn}},
iff
OX1 =...=0Xp=0t1 =...=0t,

Example: {{x,y} = {f(a),f(2)}}




MM-Input: G = {s = t}.
Init(s = t):

Uh g =Asth {xay =1} ) = {}J

where x; are all variables of s, t and x is a new variable

Occurs-in-check:
T,{x1,...,xn} ={t} x U
1

If some x; occursint

Clash:
T,V ={f(s1,...,5n),8(t1,...,tm) } UM% U

g
L




m Decomposition:

T,V ={f(s},...,s}), ... f(sk, ..., %)}~ U

n

[T,V = {k(x1,--,%n)}], {Norm({x;} = {s},...,si}) | 1 <i<n}Uc(U)

for 0 < n < M, the x; are new and o = {x « f(x1,...,x,) | Vx € V}.

Norm(V =T) — V UVars(T) =T\ Vars(T)
Vars(x x T) = x * Vars(T)(x variable)
Vars(sx T) = Vars(T)(s not a variable)
m Merge:

T, {Vl = T1,Vo = T2}U U
{Vl UV, =Tj4 UTQ}
If Vi NV, 75 {}, l.e some x € V; and x € V.




m A list of multiequations of the form:

[Vl — {tl}, o,V = {tn}]
m Compute the most general unifier from left to right!

m Example: [{x} = {g(y)}, {y} = {h(2)}]
mgu: o = {x < g(h(a)),y < h(z)}







[, {k(f(x,g(a,y)),g(x,h(y))) = k(f(h(y), g(y,a)),&(z,2)) }

— [xo « f(x1,%2)], (Decomposition)

\ . 4
Ve

01

{x1 = f(x,g(a,y)) = f(h(y),g(y,a)),x2 = g(x, h(y)) = g(z,2)}




[, {k(f(x,g(a,y)),g(x,h(y))) = k(f(h(y), g(y,a)),&(z,2)) }

— [xo « f(x1,%2)], (Decomposition)

\ . 4
Ve

01

{x1 = f(x,g(a,y)) = f(h(y),g(y,a)),x2 = g(x, h(y)) = g(z,2)}

— |x3 < f(x4,%5),%X6 = g(X7,Xg)] 0 071, (2 x Decomposition)

~\~
02

{x4 =x=h(y),xs = g(a,y) = g(y,a),xs =x=2z,xg =z =h(y)}




Example: Unification using M.-M.

Use representation: x; = ... =x, =t1 = ... =ty for {xq,....x,} = {t1,...,tm}
1, {k(f(x,g(a,y)),8(x,h(y))) = k(f(h(y),&(y,a)),8(z,2)) }

— [xo — f(x1,%2)], (Decomposition)
{x1 = f(lxag(a,y)) = f(h(y),g(y,a)),x2 = g(x,h(y)) = g(z,2)}

— Lx3 — f(xq,%5),%x6 = g(x7,Xg)] © 01, (2 x Decomposition)

{x4 =x=h(y),xs = g(a,y) = g(y,a),xs =x=2z,xg =z =h(y)}

— o9, {x=z=x7 =xg =x4 = h(y),xs = g(a,y) = g(y,a)} (2 x Merge)
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Example: Unification using M.-M.

Use representation: x; = ... =x, =t1 = ... =ty for {xq,....x,} = {t1,...,tm}
], {k(f(x, g(a,y)),8(x,h(y))) = k(f(h(y),&(y,a)).8(z,2)) }
— [xo « f(x1,%2)], (Decomposition)

G 4
Ve

01

{x1 = f(x,g(a,y)) = f(h(y),g(y,a)),x2 = g(x, h(y)) = g(z,2)}

— |x3 < f(x4,%5),%X6 = g(X7,Xg)] 0 071, (2 x Decomposition)
02

{x4 =x=h(y),xs = g(a,y) = g(y,a),xs =x=2z,xg =z =h(y)}

— o2, {x=z=x7=xg =x4 = h(y),xs = g(a,y) = g(y,a)} (2 x Merge)
— [{x,z,x7,%g,%xa} < h(y)] 002, {a =y,y = a} (2 x Decomposition)
03
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Example: Unification using M.-M.

Use representation: x; = ... =x, =t1 = ... =ty for {xq,....x,} = {t1,...,tm}
], {k(f(x, g(a,y)),8(x,h(y))) = k(f(h(y),&(y,a)).8(z,2)) }
— [xo « f(x1,%2)], (Decomposition)

G 4
Ve

01

{x1 = f(x,g(a,y)) = f(h(y),g(y,a)),x2 = g(x, h(y)) = g(z,2)}

— |x3 < f(x4,%5),%X6 = g(X7,Xg)] 0 071, (2 x Decomposition)
02

{x4 =x=h(y),xs = g(a,y) = g(y,a),xs =x=2z,xg =z =h(y)}

— o9, {x=z=x7 =xg =x4 = h(y),xs = g(a,y) = g(y,a)} (2 x Merge)

— [{X,2,x7,x8,Xa} < h(y)] o02,{a =y,y = a} (2 x Decomposition)
g . 2

— o3,{y=a=a} (Merge)
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Use representation: x; = ... =x, =t1 = ... =ty for {xq,....x,} = {t1,...,tm}

— o5, {y=a—a} (Merge)




Use representation: x; = ... =x, =t1 = ... =ty for {xq,....x,} = {t1,...,tm}

— o5, {y=a—a} (Merge)

— |y < a]oos, {} (Decomposition)




Use representation: x; = ... =x, =t1 = ... =ty for {xq,....x,} = {t1,...,tm}

— o03,{y =a=aj} (Merge)
— |y < a]oos, {} (Decomposition)

|} Extraction

Most general unifier: {x < h(a),z < h(a),y < a}
k(f(x,g(a,y)), 8(x,h(y))) = k(f(h(y), &(y,a)),g(z 2))




Theorems about M.-M.’s algorithm

m The Martelli-Montanari unification algorithm is:
» Sound and
» Complete
Proof. (invariant)

Every rule contains U(G) (as in the usual rule syntax)

m The algorithm terminates
(standard proof procedure for many unification algorithms)
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Multisets and Multiset Ordering

m Example Multisets:
{3,3,3,4,0,0} = {3,0,0,3,4,3}
7 10,3,4}

m Definition: for a partially ordered set (S, <) the corresponding multiset
order is defined as:
M > M’ iff
1. M= (M —X)UY for multisets X,Y
2. Vy €Y there exists x € X with X > Y
m Example:
{3,3,4,0} > {3,4}
> {3,2,2,1,1,1,4,0}
> {3,3,3,3,2,2}
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A wellfounded order on a set S defines a wellfounded order on the
set of multisets on S.




Termination of Martelli-Montanari

m Complexity Mesure = (1, j42)
11 := Multiset of depth of all (sub-)terms
1o := Number of multisets

u = (u1, u2) is lexicograpically well founded

m Theorem 1: The Martelli-Montanari algorithm terminates.

T,U
U

m Proof. For every rule we have:

(M17M2)T’,U’ < (N17M2)T,U

m Theorem 2. The Martelli-Montanari algorithm is quasi-lineatr, I. e.

n - log(n)
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First-Order Unification Theory
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m Equality-reasoning difficult despite paramodulation rule

m Enhacement: Build specifc equalities into unification procedure

m Examples: g(x,y) = g(y,x) (commutativity)
» First possiblility




m Equality-reasoning difficult despite paramodulation rule

m Enhacement: Build specifc equalities into unification procedure

m Examples: g(x,y) = g(y,x) (commutativity)
» First possiblility

P(g(a, b))
—P(g(b,a))
contradiction

€% UNIVERSITAT
5/ SAARLANDES




m Equality-reasoning difficult despite paramodulation rule

m Enhacement: Build specifc equalities into unification procedure

m Examples: g(x,y) = g(y,x) (commutativity)
» First possiblility

P(g(a, b))
—P(g(b,a))
contradiction

» Or
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Theorie-Unification

m Equality-reasoning difficult despite paramodulation rule
m Enhacement: Build specifc equalities into unification procedure

m Examples: g(x,y) = g(y,x) (commutativity)
» First possiblility

P(g(a,b))
—P(g(b,a))
contradiction

» Or

P(g(x,y)), Q(x,y)
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m Third possibility




m Third possibility




m Third possibility

P
-P




m Third possibility

Ply, k(f(x, gl(a,y)), g(xh(y)))), Qxy)
-P(y’, k(f(h(y'), g(y',a)), g(z,2))), R(y', 2)
Q(h(a),a),R(a, h(a))

Q(h(y),y), R(y,h(y))

m Requirements to obtain new resolvents:
Algorithm for Unification for commutativity




The Unification Laboratory
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Unification under Commutativity
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Unification under Associativity
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Unification under Assoc. and Commutativity

SRCETAONR o ABERATERY

——

E xeer! H.EUTh;

ﬁ'ﬂ!“’ &@g\ GI.IVEM: Ui Qs bex‘ere

Avd C: Pey) =Py,

o: (fglay),x) _
= Y% ? Y_ "" PR AND /A'. Y(x,c(y.ij)a “-(?(x.v),i)
FO ,%(a,z))
SoruTion: QDOI_UT‘;OU:

, Gfs.xr-»g(a.Y) , 2 y}'

e ettt
A — R




Aimi®™ UNIVERSITAT
i) s
5 SAARLANDES




E xcurg o 4.

[
SOLVING

®
E__Q@AEON S

B’ e by =46
R gy = X

B\ UNIVERSITAT i
DES
SAARLANDES ]




Sorwne Or Equariene &

> Diotvantos oF ALexavarla (~2650 BE)

it] ¥ TFy
oA

PAPYRuA THAT | & 480.1.&

STowe ATE  with Coweirsna Cuavacreny (“M.M |,_“u\‘)
dosvt 2650 te TZeso B.C.:

> BaBruonian MATHEMATISANS:

OL.O|@

:13':5995“...0 o el 1 .
T i A A A=, , TRADSLAGN
T : e foro

TeMdX=dR_2Z7 :
Sev=e i dv==1SS7s | Hisrocuypues
Q07 0=Y (=3 N B Sate
o i o

1

Form Der Berecununa Bives
Haveens, Genecwoer 411 Mac
2usannen Mir b ER v Ge-
Konnew Bis 40.Ver kavee Now
Neour Sien 2

e i dix+ k=10

ggéVERSITAT _ B
ﬁ;sr»z-_ii SAARLANDES 1 -



| 4 d yrid E QUAT IpLS !

3 13
QX +a,x +a.x+a

Mg o
Fravcois ViETA

(1560 - l603)

w »
dequare

Prolbeit;foycalic alttrati of egsations. 3 Wl pror |
pounbe & feine craples, bicaule the cxtraaion of their

Gér - d ; . roates,maie toc o aptly bee Wwjoughte. Anbtoas
i (4?::‘-0:;?‘) Tﬁt—.’ VHET STovE i o ?“uﬂ?mu;mm;:mmu':z
0f WirrTe | e e
P Equations OF Tae (% D
ECREE: 1 1432 ——1ff==uma71.
‘ROBERT RECORDE .
L. E ERRATS (“_22_ /(A—(:) : 455_; b 265 —t—lotp =mangp—jo3p —+—2114.

Aus dem , Wetzstein dez Wiszes™, 1557, des Englanders

R. Recorde. ‘Brates Aujiraten. des Gieichhoitszeichens, Unmiusl-

bar dber den Formeln die Begrundung fur dic Wahl dieses
Symbols.

B ALCERRAL Eauatlonws ol
TRAUSCEUDEWALE_QUM‘?QA);:

?aua DECART BS

LEonaRD EULER (4536~ Aé50)

(4303~ 42ez)

Oy UNIVERSITAT
i) oes

SAARLANDES




> Has EweRy Ecocisn:

“w Y-!
== k£ vl x4+ a, =0
Ut How To Souve it ’ St A :
[

4 Revé Descarres (453¢- A6<D)

> Eoucuin (3008.¢) |, ELEMBUTE Reew X
waevt\‘\ loesel sen G’co\a—nc“r(c_ P &EAU ’D'ALEMEEQ‘_ (4?47“ 17‘63)

a & F Gavss (A2- 19&"{)

i 3 j e
T ”‘ MaAiv ThEeREM )
h-"r—-:g__,, E}ﬂ §, A * /n'\(
H/ 2, g IFaq i inﬁlm TERANI G It T ALGCBRR A b
7b/u1 ) 371“; & w1 Im Hﬂ‘@ﬂ?qa‘rﬁa‘%{ﬂ F—?E“;;?n; o 3
d—/glu 3'351 A 2
&0 ; ag%“’miégg -( =
A g1 | ‘ﬂ‘iid ¢
culgdIg=muERIgh WIggant \\ﬁéqammlr}m% Lk g
z;ix:::ﬁ%';*-°2: m§QQQWMﬁ%%§%§%- “12353 -
T gy [, ? 1) Mgen 7
AL D«.;Juu oz 1/‘_~)/u gAm g \ s %m.
—/V'_‘-),/vul—wd._,«..u JU-\_,”.‘_’/

-—”bﬂ“‘ veslyr, w—’}’/u___uu ¢

=Y 51 ke i G/\_Jc”lfue_i/,n. Ihdz““ u“*k

> AN EVERY SoLvTiov RE
enung nach der :
lccl!:lsr/ aufiten Sinthen ! E x?n S s A ’R A’D‘CALz

%Cbtrn/ ond Feder,

gemache, Qar,u fmn( ond bebendiafeit durch die Propprtios
e /Pracuica acnane/ it ariintlichem
onterricht des wifievens,

Qurrfg Q(bam ‘.X(tfm.

¥ erhnung aufr

aer Biniben vnod
Lo
e £t

”lELS

EGALOIS
HevriW

(1841-4032)

a

ADA M Riese
> M
r

e (1602 - 429)

Cum n & priuilegio
= Cafareo.

EXXG.

5.\ Aimi®™ UNIVERSITAT
@ i) oes
‘= 5) SAARLANDES




Tuere Are Stice A Few
TH:NGs To Do !'.

¢.) &) ®
Io IT DECIDARLE IF

Plx)=0

Perre De
Fermar
(4604 - 4445) Has A SOL.UT?OU EH N ®
u rpAlafsr AReo
Xh+ Yn= Z'n
e D. HILRERT
4 (A€C2- 4343)

Aimi®™ UNIVERSITAT
Wi OES
+5F SAARLANDES




UNIVERSITAT i
DES
SAARLANDES |



THEERY
Il @ubey

o IERMINOLOGY
e« E- UNiFicaTION:

B Univieartan

le.y) =c(‘h‘)
. A-UNirication

QL&, Qky,t))attc(x.v), t)

. AC- UNiEcaTiON

\
l ° [~

m—— (-]
- UNIEIcaT 1o

AP UNIVERSITAT
b ) DES
L5 SAARLANDES




Tre Lr2881008
DLPPNe: Merrop

ﬂ &
However To Geueracize
One Meens ExPevtznce..

LraTaeR |

Ui veRsaL
ALGBRRA

gz ///////@ = / //,

Upivezear Usisicarion
, ik

0 ATTP  UNIVERSITAT
ﬁ%ﬁ DES
% ‘=3 SAARLANDES



ERMRTIENRL
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1. Free Accenra OcTgrMe
2. Equarional lHeEoRY:

& b€ lerm (Foec)

G. Birkhoff, "On the Structure of Abstract Algebras" (1935)

A. Tarski, "Equational Logic and Equational Theories of
Algebra" (1968)

W. Taylor, "Equational Logic" (1979)

2. Coneutationar logic:
'TG\'W\’QWP‘\eihQ
, ’po.vo.mcdulo.{:o\n
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Equational Theories

m Definition:
Let E be a set of X-Equations.

EEs=t Iff AEEthen AEs=1t

l.e. all X_-models of E are also models of s = t.

m Definition:
E is an equational theory over ¥:

s=teE ifandonlyif EF s=t

l.e.E:={s=tl[EF s=1t}
m Definition:
Every (finite) subset AX C E with

E:={s=t|AXF s=t}
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Term Rewriting Systems

m Rewriting step:
S —rl=ro t (Or s — t for short)

If 7 position in s,
o Substitution,
| =r/r=1axiomin E,
o(l) = o(sx), and

t=5s|ror-
m Theorem: s+ —g-t < s=t
= Normalforms:
Notherian + Confluent — Normal Form
m Confluence and Noetherian properties give decision procedure

s=r1t Iiff [s| =[] for s,t terms
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Birkhoff Theorem

m Birkhoff’s Calculus for Equational Logic
» EFt=t
» EFs=tifEFt=s
» EFr=t,ifEFr=sandEFs=1t
» EFf(s1,...,sn) =f(t1,...,th), IFEF s31 =1t1,...,5, =t
» EFos =ot,ifs=tcecEando e X

With =g we denote the smallest relation on 75, that is closed

under the upper rules ( the smallest substitution invariant congruence
relation).

m Completeness Theorem:

EFs=t < EFs=t & s=ft
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m Theory Unification Problem: (s = t):

dJo € Y.os=7otforT € 7_

m Theory Matching Problem: (s < t):

du e X.us=vtforT e 7_




For <S —= t>T
» 2. set of substitutions
» Ut(s =1t): set of unifiers
» Ut (s =t): minimal set of unifiers

m Correctness: Vo € ulUt(s =t).0s =71 ot
m Completeness: Vé € Ur(s =t).do € uUt(s=t) suchthato C §

m Minimality: V7,0 € u2.oc IZ 7




m For <S —= t>T
» 2. set of substitutions
» Ut(s =1t): set of unifiers
» Ut (s =t): minimal set of unifiers

m Typehierarchy:

(i) 7 el isunitary if uUt| <1
(i) 7T eu, isfinitary if uUt| € N
(i) 7 €Uy isinfinitary if F(s=1t)T
such that |uUt| € c©
(iv) 7 €Uy nullary otherwise
type zero




E-Unification

m E-Unification-Problem I'":
(si=ti: 1 <i<n)g
m E-Unification-Sets:
Ueg(lN) ={oceXosi=goat;, 1 <i<n}

Example: T = {f(g(a,y),x) =f(x,g(a,z))}
Uc(l) :={x—gla,y),y —z}, {y—z}}

m E-Equalon V: 0 =g 7]V] & ox =g 7x,Vx € V
m E-InstanceonV: o >g 7|V] < dp.c =g po 7]V]
m E-Equivalenton V: o =g 7|V| & 0 > 7|V] & 7 >g 0|V]
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B Lemma:

Vo,7: 7 >g o|V]if o € Ug(lN) then 7 € Ug(N)
m Theorem:

1. >g [V]is a quasi-ordering

2. =g |V]is an equivalence relation




1. xUCTU
2. YVoeUdoeuyU: 0 >0
3. Vo,reuyU: o217 = o=17

Theorem: The basis U is unique




Basis pUg of a E-Unification-Problem [

(1) pUg(l) C Ug(lN) (Correctness)

(2) Vo € Ug(l) do € plUg(lN) : 0 >g o |V] (Completeness)

(3) Vo,6 € uUg(lN) : 0> d|V] = 0= 4 (Minimality)
Corrollary:

1. The set of most general E-Unifiers is unigue (modulo E-Equivalence).
2. The sets of MGUs have same cardinality.

3. Replacement of elements in 41U by E-Equivalent ones gives again a
basis.
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Theory | Type | Unification Decidable? | pU+?
{} 1 Yes Yes
A 00 Yes Yes
C W Yes Yes
I W Yes Yes
A+C W Yes Yes
A+l 0) Yes NoO
C+l W Yes Yes
A+C+| W Yes Yes




Some special theories (2)

Theory | Type | Unification Decidable? | uU+?
D 00 ? Yes
D+A o0 NoO Yes
D+C o0 ? Yes
D+A+C o0 NoO Yes
D+A+| ? Yes NO
Hom 1 Yes Yes
Hom+A | oo No Yes

Applications
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Summary

m You can make unification faster using special procedures and special
representations

m You can unify modulo a theory, but pay a price (decidable/undecidable,
more/infinitely many unifiers)

m Unification theory develops means to study the decidability and
(minimal) solution sets.
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