Introduction to Computational Logic, SS 2006:
Solution for assignment 12

Prof. Dr. Gert Smolka, Dipl.-Inform. Mathias Mohl

Exercise 12.1 (Boolean Quantifiers)

Vi=fOoAfl
VI fOAfl Eq

By D<, And it suffices to show the implication in each direction separately.

—:Vf—-fOAf1
VEANFOASFL— fOAFf1 VI,GR
1 Taut

—: fOANf1-Vf
fOAf1- fx Pull —,GenV
fOA f1 - f0 fOAf1-f1 BCA (on x)
1 1 Taut

Exercise 12.2 (Cantor)

AfVgixVh.h(fx) <~ hg

Vf3IgVx3ih.h(fx) - hg dM, Taut

Vx.3hh(fx) = h(Ax.fxx) GenV, Gend(g := Ax.fxx)
(Ag.gx)(fx) - (Ag.gx)(Ax.fxx) GenV,Gen3(h := Ag.gx)
fxx - fxx B

1 Taut
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Exercise 12.3 (Strange)

a) V(s-p)-B)-1-Sf.-V1(fVs)
b) We show V f.V(fV) = 1 with a backward proof.

VYY)

Af NV (V) dM
V((Agx.0)V) Gen3(f := Agx.0)
V(Ax.0) B
V (Ax.0) A (Ax.0)0 VI,GR
V(Ax.0) A O B
1 Taut

Here is an alternative conversion proof for QL - V f.V(fV) =

VIV(fY)
=Vf.V(fV)AQALNY(fV))(Axy.0) VI,GR
=Vf.V(fV)AV(y.0) B(2x)
=Vf.VY(fV)AVY(Ay.0) A (Ay.0)0 VI,GR
=VfVY(fV)AV(Ay.0) AO B
=0 Taut

Exercise 12.4 (Tricky)

Ax.fxy — fzx

(Vx.fxy) - (Ax.fzx) Pull —
dx3Ix".fxy — fzx' Pull —
fzy — fzy Gend(x:=z, x == y)
1 Taut
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Here is an alternative conversion proof.

=3dx.fxy — fzx

= Ax.fxy Vv fzx Taut
= (Ax.fxy) v (Ix.fzx) v’
= (EIX.M) V (Ax.fxy)zv (Ax.fzx) vV (Ax.fzx)y = 3I,GR (2x)
= Ax.fxy)Vv fzy v Ax.fzx)V fzy B (2x)
=1 Taut

Exercise 12.5 (Challenge)

3gVx3h.h(fx) A hg

dh.h(fx) /\W Gend, GenV
Ah.h(fx) A m v ah.h(fx) A m Taut
Fhy 3oy (FX) A K (Ax.fxX) V ha (Fx) A ha(Ax.fxx) v
fXX/\fo\/fXX/\ﬁ Gen3,
1 Taut

The used instances of Gen3 are g := Ax.fxx
hy,:=Ag.gx
h, = Ag.gx

Alternatively, you can reduce the proof to Exercise 12.2.

dgVx3h.h(fx) A hg

AgVx3Ih.h(fx) - hg Taut
dgVxVh.h(fx) - hg dM
dgVxVh.h(fx) - hg Ex. 12.7
3gVx3Ih.h(fx) - hg dM, Taut

2006-07-19 09:48



Exercise 12.6 (Boolean Choice)

a) g is a choice function for B if and only if g(Ax.x) = 1 and g(—) = 0. There
exist 4 different functions with this property.

b)
Slef.fl
52=Af.ﬁ
s3=Af.f1v fO
S4=Af.f1 /\ﬁ
fx — f(sif)
‘) fx = FUAL 1) f)
fx — f(f1)
SO — f(fD) f1 - f(f1)
—0/\f11 flo/\fll
fOo— f0 fOo—- f1 0- fO 1-f1
1 F0 -1 1 1-1
1 1
d)
af = f(Cf) D3
= fUAf.SDS) choose s; as C
= f(f1) B
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Exercise 12.7 (Definition of Identities)
a)

(Vffx - fy) = (Vf.fx = fy)

By Taut and And we reduce < to — and —

—: (Vffx - fy) = (Vf.fx < fy)

(Vffx < fy) = (fx— fy) Pull —, GenV
Af' . (f'x ~ f'y) = fx - fy Pull —
(fx < fy) = fx—fy Gend(f’ := f)
1 Taut

-1 (Vf.fx = fy) - (Vf.fx = fy)
(Vf.fx = fy)—= (fx~ fy) GenVv

Here we again consider 2 cases:

(Vffx - fy) - (fx— fy)
(fx = fy) = fx—-fy Pull —, Gen3
1 Taut

(Vffx - fy) = (fy - fx)

(Vffx = fy) = fx - fy Taut
A (f'x = f'y) - fx—fy Pull —
(fx = fy) = fx— fy Gen3(f' = Ax.fx), B
1 Taut
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There also exists an elegant conversion proof.

Vifx—fy
=VfVffx ~ f¥) VE
= VfVSfx = fy)A(fx = fy) VI(f:= Ax.fx),GR,B
= (Vffx = fy) ANV fx = fy) VA
=(Vffx—>fy)ANVf.fy - fx) Taut
=Vf.(fx - fy)r(fy— fx) VA
=Vf.fx<fy Taut

b) The equation gives you another, more intuitive characterization of identity:
x=y=Vf.fx-fy
With this characterization the symmetrie of — generalizes to =.

Exercise 12.8 (Duality)

x=y < 3Affx+ fy

x=y-3f.fx+ fy D +
y=x<3af.fx+ fy Sym
Vffy—fx<3f.fx+ fy D =
Af.fx o+ fy) = 3Affx+ fy dM
1 Taut
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Exercise 12.9 (Identity Laws)

a)

C)

Vffx—fy)-(Vffy—fz)—- (Vffx— fz) D =
(Vffx—-fy)-(Vf.fy—-fz)-fx—- fz Pull —,GenV
Af' . (Vffx - fy) - (f'y - f'2) - fx— fz Pull —
(Vffx—fy)—=(fy—fz)- fx—- fz Gend(f" := f)
Af' . (f'x = f'y) = (fy - fz2) - fx - fz Pull —
(fx—fy)—-(fy—fz)-fx—fz Gend(f' := f)
1 Taut
x=y—-fx=fy

(Vf.fx - fy) - (Vg.g(fx) - g(fy)) D=
(Vf.fx— fy)—g(fx) - g(fy) Pull —, GenV
Af'.(f'x = f'y) = ag(fx) - g(fy) Pull —
(g(fx) = g(fy) —g(fx)—-g(fy) Gen3(f:= Ax.g(fx)),B
1 Taut

(Vx.s =t) - (Ax.s) = (Ax.t1)

(Vx.(Ax.s)x = (Ax.t)x) — (Ax.s) = (Ax.t)
(Ax.s) = (Ax.t) — (Ax.s) = (Ax.t)
1
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Exercise 12.10

—:x ANy - (Af.fxy)=(Af.f11)

x=1-y=1-(Af.fxy)=(Af.f11) Taut
x=1-y=1-(Af.f11) = (Af.f11) BRep
x=1-y=1-1 Ref
1 Taut

—:(Af.fxy)=(Af.f11) = x Ay

39.(gAf.fxy) - gAf.f11)) = x Ay D=,Pull —
(XAY—=1A1l)-xAY Geni(g :=Ah.h(Axy.x AN Yy))
1 Taut

2006-07-19 09:48



