Introduction to Computational Logic, SS 2006:
Solution for assignment 11

Prof. Dr. Gert Smolka, Dipl.-Inform. Mathias Mohl

Exercise 11.1 (Inconsistence) a) Claim: QL+# 0 =1

Proof: By Contradiction. Let QL + 0 = 1. Then A0 = A1 in every model of QL
(by soundness). Contradiction.

b)
= 0=0 x =%
=1 Negation
" x=xAn1 Identity
=xA0 0=1
=0 Dominance
=xA0 Dominance
=x A1 0=1
=X Identity
C)
R 0=1 X=Yy
" XxX=xA1 Identity
=x A0 0=1
=0 Dominance
=y A0 Dominance
=y Identity

Exercise 11.2 (Duality) e = (a = 0) where a is a parameter.
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Exercise 11.3 (3 Defined)
a)

dx.0 = Vx.(Ax.0)x

Vx.0

x.1

Il
<<

I
O =

fx —-3f = fx - Vx.fx
= Vx.fx - fx

= Vx.fx — (Ax.fx)x

=1

c) "+ ": follows from a) and b).

"I ": We have to show QL - 3f = Vx.fx.

Vx.fx = Ix.fx
=dx.fx
_ar

Exercise 11.4 (Pull Laws —)
a)

qa-3f=qvaf
=3dx.qV fx
=3dx.q - fx

a-Vf=qvVvf
=Vx.qV fx
=Vx.q— fx

f = Vx.fx

Taut
V1
Taut

f = Vx.fx
Taut

VI
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dMm
Taut

Taut
v
Taut

Taut
VvV
Taut
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C)

f —a=3fvaq
= (Vx.fx) Vv q
= Vx.fxVvq
=Vx.fx —-q

d)
Vf—-a=Vfva
= (3Ix.fx)Vq
= 3Ix.fxVvgq
=3dx.fx - q

e)

Vf—-3g=Vfvig
= (Ix.fx) v g
= Ix.fx V gx
=3dx.fx — gx

Exercise 11.5 (Backward Proofs)
a)

Vf-3f =3Ix.fx - fx
=dx.1
=1

Ax.fx - Vf=Vf->Vf
=1
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Taut
dMm

Vv
Taut

Taut
dM
Jv

Taut

Taut
n,dM
av’, B
Taut

Pull —
Taut
JE

Pull —
Taut



C)

d)

e)

VfvVg-Vx.fxVvgx
=Vx.VfvVg—- fxvVvgx

HYfvVvVg—fxvgx

= (Vyz.fyvgz) - fxVvgx
=3dyz.fyvgz - fxvgx

4 fxvgx — fxvgx
=1

Vf-Vx. fxVvgx
=Vx.Vf - fxVvgx
=Vx.(Vf - fx)Vvgx
=Vx.lvgx
=Vx.l
=1

(3f - Vh) - Vx. fx - hx
H(3f - Vh) - fx - hx
= (VyVz.fy - hz) - fx - hx
=3dy3dz.(fy - hz) - fx - hx
=4 (fx - hx) - fx - hx

=1

2006-07-12

Pull —
GenV
Vv (2x)
Pull - (2x)
Gend,y =x,z=Xx
Taut
Pull —
Taut
VI
Taut
V1
Pull-, GenV
Pull —
Pull —
Gend,y =x,z=Xx
Taut
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g)

(Vx. fxVvhx)—-Vfvih
=Vy3dz.(Vx. fxVvhx)— fyVvhz
4 (Vx. fxVhx) - fyVvhy
=3aAx.(fx Vv hx) - fyVvhy
4 (fyVvhy) - fyvhy
=1

(IxVy.fxy) - Vydx.fxy
(AxVy.fxy) - Ax.fxy
Vx3y'.fxy — Ix.fxy
fxy —3Ax.fxy

Ax'.fxy — fx'y

fxy — fxy

1

Vx. fx - 3f
Vx3ax'. fx - fx’'
fx - fx

(Vx. fx - gx) - Vf—-Vg
(Vx. fx - gx) - Vf-gx
Ix'(Vx. fx - gx) — fx' — gx
(Vx. fx - gx) — fx — gx
Ax'.(fx' - gx') — fx - gx
(fx —gx) - fx - gx

1
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vv,3v,Pull -
GenV,Gend,z =y
Pull —

Gend,x =y

Taut

Pull —, GenV

Pull —
GenV,Gend,y =y
Pull —

Gend,x' = x

Taut

Pull -
GenV,Gend, x’ = x
Taut

Pull —, GenV
Pull —
Gend,x’ = x
Pull —
Gend,x’ = x
Taut
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),

(Vx. fx - gx) - 3f — g

(Vx. fx - gx) — fx — 3g Pull —, GenV
Ax’. (Vx. fx - gx) — fx — gx’ Pull —
(Vx. fx - gx) — fx — gx Gend,x’ = x

remaining steps as in 11.5 i)
k)

(Vx. fx - gxX) - Vy.gy — fy

(Vx. fx -gx)—-gy —fy Pull —, GenV
Ix. (fx - gx) - gy — fy Pull —
(fy —-9y) -9y — fy Gend,x = ¥
1 Taut

Exercise 11.6 (Counterexample) Let QL+ V f Vv Vg = Vx. fx vV gx. Then

QL+ (Vx.x) V(Vx.Xx) = Vx. (Ax.x)x VvV (Ax.X)x Generativity

QL (Vx.Xx) A0V (VX.X)Al=VXx.XVX VI,GR, B

QL0 =Vx.1 Taut

QL 0=1 V1
Contradiction!

Exercise 11.7 (Deductivity)

s=anfl
t=fa

Property 2) is satisfied since
BA BA
anfl=1+{a=1,f1=1}+ fa=1 by And

Property 3) is satisfied due to the following reason.
First BAFaA fl1— fa=av f1v fa.
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Now consider a powerset algebra A over the set {1,2} s.t.

Aa = {1}
Af{1,2} ={1,2}
Af{l} =0

BA i a A f1 — fa = 1 now follows from the fact that A does not satisfy
av fl1v fa-=1.
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