Introduction to Computational Logic, SS 2006:
Solution for assignment 9

Prof. Dr. Gert Smolka, Dipl.-Inform. Mathias Mohl

Exercise 9.1 A-x = AcINAxeINA(x ¢ A= A infinite)

Exercise 9.2

—
Let Ar A (1)
xeX (2)
A+ x (3)
Then AA - x (3) and Monotonicity
A+ Xx (1) and Idempotence
“<:”
Let VxeX: Arx=Arx (1)
yeA (2)
Then A -y (2) and Expansivity
Ay (1)
Hence AR A

Exercise 9.3 Let Q = {x e N | 3n € IN: x = 3n}. We show S[{3,15,21}] =€ Q
with the Closure Theorem. We have to show:

1) {3,15,21} =< Q

2) x,yeEQ=x+yeqQ

Proof obligation (1) is obvious. For (2) let x,y € Q. Thenx = 3-n; and y = 3-no.
Hence x + y = 3(n; + np) € Q.

Exercise 9.4 (Incompleteness)
A={f0=1,f(00)=1,f(0c(c0)) =1,...}
e={fx=1}
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Then Nat, A = e. We now show that Nat, A + e leads to a contradiction:

Suppose Nat, A+ e
Then Nat, A" - e for some finite A’ € A
Nat, A" = e by soundness

This is a contradiction since there is a model of Nat,A’ that does not satisfy e.

Exercise 9.5 (Termination)
a) Termination of r can be expressed with the following equation:

Vx.m3af.fx A (VNy.fy - 3Az.fzArryz)) =1

Since PL does not provide the constants = and 3: ((V — B) — B) — B, we
choose the following equivalent equation:

ter = fxAVy.fy-3z.fzAarryz=0

b) A= {1’611@2 = 1,1"6l2(l3 = 1,...}

Exercise 9.6 (Finiteness)
a) injective = Af.(fx = fy) - (x =)
surjective = Af.Vy.dx. fx =y
fin = (injective f — surjective f = 1)
b) A={ai=a;j=0|1=<i<j}

Exercise 9.7 (Transitive Closure)

a) trans = A¥.VXYZ. ¥XyY AVYYZ - ¥YXZ

b) incl = Avv' . Vxy.v'xy - rxy

c) tc = Arv'.trans v’ Aincl ¥’ A V¥ .(trans v’ Aincl v"") — incl v'r”’

d) Let r be the identity relation. Then the equation ¥'xy = rxy Vv (3z.rxz A
r'zy) is satisfied by every v’ 2 r.

Exercise 9.8

O— DO
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Exercise 9.9
D2 (3 )—{4)

Exercise 9.10

(AN

Exercise 9.12
a) Let v,z be normal forms of x. We show y = z.

x—-*yand x -* z v,z NF of x
vy —-*uand z -*u for some u — confluent
y=uandz=u v,z NF
y=z

b) Let x «* y. Then

x —-* zand y —* z for some z — confluent, (i)
z —* u for some NF u — terminating, (ii)
u NF of x and » Transitivity of —*

The claim now follows from ().
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