Introduction to Computational Logic, SS 2006:
Solution for assignment 2

Prof. Dr. Gert Smolka, Dipl.-Inform. Mathias Mohl

Exercise 2.1 (Schonfinkel’s U) Idea: Find terms, whose simplification (via Sn-
reduction and logical equivalence) gives the term we are after.

a) “=Ab eB.U(Ax € X.b)(Ax € X.b)
b) v=Ab eB.Ac e B.(U(Ax € X.=b)(Ax € X.—¢))
c) A=AfeX->B.~(USff)

Exercise 2.2 (Henkin’s Reduction)

a) 1 =(Ax € B.x)=p_p(Ax € B.x)

b) 0 = (Ax € B.x)=p_g(Ax € B.1)

c) - =Ax € B.x=30

d A=Ax e BAy e B.(Af e B—- B — IB.fX_’)/)i(]B_,[B_.]B)A[B(Af €eB-B-
B.f11)

e) Vy = Af eX - ]B.fiX_,[B(AX e X.1)

Exercise 2.3 (Choice Function)

a) Idea: O is the only number in IN, which does not change when added to itself.
0=C(Ax e Nx +x = x)

b) Idea: 1 and O are the only numbers in IN that do not change when multiplied
with themselves.
1=C(AxelNx-x=xA"(Xx+Xx=X))

) —=Ax €INAy e NC(AzeNx =y +2)

d) div=Ax e NAy e NC(AzeIN.O<x-z-Y)A(x—-z-y<y-—-1))

e) max=Ax e NAy e NC(AzelNx<zAy=<zA(z<xVz=<Yy))

f) Idea: Construct a set, which depending on b contains (only) x or . The choice
operator selects then exactly x resp. y.
Ab e BAx e NAy e NNC(AzeIN.(bA(z=x))V (b A (z=1Y)))

g) Idea: It directly follows from the definition of C. (Or another idea, if you inter-

pret f as a set: Only if f = @, Cf is not an element of f and simultaneously
only if f = 0, 3f does not hold.)
d=Af € N- B.f(Cf)
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Exercise 2.4 (Normal Forms)
a) Axy.fx is already in fn-normal form.

b)
Axy.fy = Ax.f
C)
Axy.fxy =Ax.fx
= f
d)
(Axy.fyx)zxy = (Ay.fyz)xy
= fxzy
e)

(Axy.fxy)ab = (Ax.fx)ab
= fab

or alternatively:

(Axy.fxy)ab = (Ay.fay)b

= fab
f)
(Az.a)(Axy.fxy)=a
g)
(Axu.x)(Avy.y) = Auvy.y
h)

(Af.fa)(Axy.fxy)b = (Axy.fxy)ab
= fab
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(Az.(Axy.fxy)((Az.z)z))ab = (Az.(Axy.fxy)z)ab (B)
= (Axy.fxy)ab (n)
= fab (Exercise 2.4 e))
j)
(Afgx.fx(gx))(Axy.x)(Axz.x) = (Agx.(Axy.x)x(gx))(Axz.x) (B)
= (Agx.(Ay.x)(gx))(Axz.x) (B)

= (Agx.x)(Axz.x) (B)
= AX.X B
Exercise 2.5 (Lambda Elimination)
a)
Axy.y =K(QAy.y) (K)
= KI (D
b)
Axyz.y =K(Ayz.y) (K)
=K(Ay.Ky) (K)
= KK (n)
C)
AxXyz.x = Axy.Kx (K)
= Ax.K(Kx) (K)
= S(Ax.K) (Ax.Kx) (S
= S(KK)(Ax.Kx) (K)
= S(KK)K (n)
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Ax.fx(fxx)=S(Ax.fx)(Ax.fxx) (S)

=Sf(Ax.fxx) (n)
=Sf(S(Ax.fx)(Ax.x)) (S)
=Sf(Sf(Ax.x)) (n)
=Sf(SSfI) (S)
(Afx.fy)(Ax.x) = Ax.(Ax.x)y (B)
= Ax.y B)
=Ky (K)
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