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Exercise 2.1 (Schonfinkel’s U) In his paper from 1924, Moses Schonfinkel sho-
wed that the Boolean operations and the quantifiers can be expressed with the
function

Ue(X-B)—-(X—-1B)—-IB
Ufg=(VxeX:(fx Agx))

If f and g are interpreted as subsets of X, then U tests whether f and g are
disjoint. Describe the following functions with U:

a) Negation - € B — IB
b) Disjunction v € B - B - IB
¢) Existential quantification 3 € (X — IB) - IB

Exercise 2.2 (Henkin’s Reduction) In a paper from 1963, Leon Henkin showed
that the Boolean operations and the quantifiers can be expressed with the iden-
tities

=xeX—-X—-1B

x=xy=(x=y)

a) Express 1 with =p_.

b) Express 0 with 1 and =g_p.

¢) Express = with 0 and =p.

d) Express A with 1 and = g_B-B)-B-
e) Express Vx with 1 and =y _.

Exercise 2.3 (Choice Function) Let C € (IN — IB) — IN be a function that satifies

VfelN-B: f(Cf)=13f
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Furthermore, let the Boolean operations —, A, Vv, = and the functions

+,-€eIN-IN-IN
<,=Z=eIN-IN-IB

be given. Describe the following values with the given constants.

a 0eN

b) 1N

¢) Subtraction — € N - IN —- IN

d) Integer division div € IN — IN — IN (Example: div7 3 = 2)

e) max € IN — IN — IN such that max x y yields the maximum of x, y

f) if € B—- IN — IN — IN such that if b x y yields x if b = 1 and y otherwise
g) Existential quantifier 3 € (IN - IB) — IB

Exercise 2.4 (Normal Forms) Derive the pBn-normal forms of the following
terms. Ignore types.

a) Axy.fx

b) Axy.fy

) Axy.fxy

d) (Axy.fyx)zxy

e) (Axy.fxy)ab

f) (Az.a)(Axy.fxy)

g (Axu.x)(Avy.y)

h) (Af.fa)(Axy.fxy)b

i) (Az.(Axy.fxy)((Az.2)z))ab
(Afgx.fx(gx))(Axy.x)(Axz.x)

J

Exercise 2.5 (Lambda Elimination) Suppose the constants S, K, I are available
for all types and satisfy the following semantic equivalences:

Ax.x =1 (I
Ay.x =Kx (K)
Ax.st = S(Ax.s)(Ax.t) (S)

Then there exists for every term a semantically equivalent combinatory term. (A
combinatory term is a term that doesn’t contain abstractions.) Derive equivalent
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combinatory terms for the following terms using the laws S, n, I, K, and S. Ignore
types.

a) Axy.y

b) Axyz.y

) Axyz.x

d) Ax.fx(fxx)

e) (Afx.fy)(Ax.x)

Exercise 2.6 (Implementation of Terms) We implement terms in Standard ML.
To keep things simple, we omit types and constants. The implementation is ba-
sed on the declarations

type index = int (* non-negative =)
datatype ter = I of index | A of ter * ter | L of ter

Variables and de Buijn indices are both represented with the constructor I and
non-negative integers:

Ax.x ~ L(I0)
Afx.fx -~ LL(AUI1,10)))
Ax.fx ~ LAU(f+1),10)

As an example, we consider a procedure free : index — ter — bool that tests whe-
ther a variable occurs in a term. We realize free with a procedure free’ that takes
the number of superordinate abstractions as additional argument:

fun free’ d x (I y) = y>=d andalso x=y-d
| free’ d x (A(s,t)) = free’ d x s orelse free’ d x t
| free’ d x (L t) = free’ (d+1) x t

fun free x t = free’ 0 x t

a) Write a procedure subst : (index — ter) — ter — ter such that subst f t yields
the term that is obtained from t by replacing every free occurrence of every
variable x with fx. For instance:

subst (fni = ifi=xthenlyelseli) (L(I(x+ 1)) = (LU(y+1)))
b) Write a procedure lam: index — ter — ter that implements the abstraction

operator Ax.t. For instance: lamx (A(Iy, I x)) = L(A(I(y+ 1), 1 0)).
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