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]_^ ��`a��bc��d
e�fhg

P = {
S → aSa, ikjml
S → bSb, ionpl
S → aAb, ioqpl
S → bAa, i7rOl
A → aA, iospl
A → bA, iotpl
A → ε(7)
}uwvyx%za{U|yx}vh~��U�U�px}�2�

• S ⇒4 bAa ⇒5 baAa ⇒5 baaAa ⇒6 baabAa ⇒6 baabbAa ⇒7 baabba

• S ⇒1 aSa ⇒2 abSba ⇒1 abaSaba ⇒1 abaaSaaba ⇒4 abaabAaaaba ⇒7 abaabaaaba

• S ⇒2 bSb ⇒1 baSab ⇒6 babAab ⇒7 babab

e�fh�
L0 = {wcwR|c ∈ {a, b, ε}, w ∈ {a, b}∗}
L(G) = L0

�C� {U|yx}vh{U~a�����"x}vh�px}�2�X�X� ���
w ∈ L(G) ⇐⇒ ∃Ableitung S ⇒∗ wz'| ��� �"x}vh�px}����vh�"�X�X� ���

w ∈ L(G) ⇒ ∃Ableitung S ⇒∗ w
�U�X�

w /∈ L(G) ⇒6 ∃Ableitung S ⇒∗ w

��� �'�0|h|yx�������~�x}���	�U�Hvyx��0� �
S
�0{U�px}|yx}vh~�x}~a��x}���Ux}���p���U�Xx}����vh|h~

|x| ≥ 2 �� �0|h| �
w = vcvR ∈ L0

��vh|h~
∀i = 0.. bn/2c wi = wn−i

�U�X�
w � �X��� ~�x����Xx}� � ~ � vh~ �'x}�px}|h� j � nx}���"x}�U��~¡��x}���Ux}�2�
�0| ���

S ⇒∗ vSvR

�H�U�X��¢ � �
S
�0� � � � ��� �X� � x}���"x}�U��~�x�£O~���vh�U�c|¥¤0�U�px}�'�0| � j � x}vh�

¦ �U��{U|yx}vh{U~¡�����"x}vh�px}�2�X�X� ��� �§x}�U�
w /∈ L0

x � x}vh�Xx\za{U|yx}vh~��U�U� ¨ � ���©vh�«ª_��vh{U~ �
£�x}v

i ∈ {0, .. bn/2c}
�Hvyx\x}� � ~�x4£O~�x}|h|yx\vh���\��¨ � �¡�Hvyx\��vh|h~"�X�X� ���

wi 6= wn−i�¬vh�a�p���U�Xx}� � vh~w�'x}�px}|h� j � n �Z�U�­�Ux}�®x}� � ~�x}�Q¯°x}vh|°{Uv � ���U�\£O~�x}|h|yx i
x}���"x}�U�px}�®�U�X� � vh~��ax}�px}|h� q²±´³µ x��Ux � {Ix}|hvyx}{Uvh�px\� � ��~a�X�0����v ��¶�· x}�Qx}vh�H¨ � �px}�2���X� ��� � x · �'�0| � x}vh�®¸Ix}v ¶�· x}��{	x � vh~���~ �

j
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]_^ ��`a��bc���
£�x}v

G :

Σ = { a, b}
V = { S, T,B,D,X}
P = {

S → TBX,
TB → aTDB,
DB → BBD,
DX → X,
B → b,
T → ε,
X → ε}

� �H¨ � � � x}|h|yx � ���O|¥¤0���U�U�X�£�v � ~C�X� � £O~��0��~ ��� � { � |T�O�X� � �H�U� ¶�· x}vh� ¯�x}� � x}~���~C��vh��� ��� vh�U� � ¢ � � ¯���x}���Ux}�c�Hvyx¡��� � x}���"x}�U��~"�p��x ¶�· ~ ��X��¢ � �c�Hvyx§{	� � � u¬v � ~ �U� � x}��
Cx}��� �
��� |h�U�U� ���
� x}���0~ � �"�Z�Ux}� � vh~ µ x��Ux � ��x}���"x}�U��~���vh��� �U�X� x}� � ~ ��vyx��Ux}�x}�Z~k¨ox}���Z~w�§x}���Ux}�®���0�U�2�X��x}�U�®�0|h|yx���� � ¢px}��� �
��� x}|h~w���U���Ux}� ��� v � ~a�U� � x}� � �X� ��� � { � |T����x}| ¶�· x � �X� �� �X�Ux\�Ux � � � �¡~�x � � �0����vyx}��~ �
�S�0��� � v � ~ L(G) = L �

� L(G) ⊇ L�
u%� � � � ���"x � ~�x�� � ��~ i n = 0 l v � ~ a0b1 = b � uwvyx � x � � � ��~ ��vh��� x}����x}v ¶�· ~��H�U� ¶�· S → TBX →
εBX → εbX → εbε = b

��� � i n ≥ 1 l �§x}���Ux}�Q�Hvyx%�¬����~�x}�a��vyxw¨ � |h��~ � � � �H�U��vyx}��~"�

j�� l ���U· ��x4�0| � x}� � ~�x � �Hvyx%�ax}�px}| S → TBX
�0� � �

nH� l ���U· ��x%� ±T� �0|W�Hvyx%�'x}�px}| TB → aTDB

qH� l ¦ � ¶�· µ x��Ux � z'� � ¨ �U· ��x}� �Ux}�4���§x}vh~�x}�S�'x}�px}|�¨ �U· ��x �Hvyx �ax}�px}|h� DB → BBD
�U�X�

DX → X��� |¥�0�U�px4�0� � �H{Uv � �px}vh�Xx
D′s � x · �a�X� � vh�X� �

rX� l ���U· ��x��Hvyx��ax}�px}|h� B → b, T → ε
�U�X�

X → ε
��� |¥�0�U�px��0� � �0{Uv � �Z�U� � �O¶�·

a′s
�U�X�

b′s
¢ � � · �0�X�Ux}�� vh�X� �

n
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�C� � � ��� |yx��Hvh��|hv ¶�· �px}�"x}vh��~ �§x}���Ux}�2���X� ��� ��� ¶�· £ ¶�· ��vh~�~ j�� l �U�X� � ±T� �0|hvh�px � z'� � ¨ �U· ��x}� �Ux}��£ ¶�· ��vh~�~�xnH� l �U�X� qH� l �U� � x}��x � z'|h� � ��vh~ · � � � �O�Xx}{Ix}�9x}vh�Xx � T

�U�X� x}vh�Xx � X

�px}���0�
n a′s

�U�X�
2n B′s

x}���"x}�U��~���U���Ux}� i �X� µ x��Ux � B x}vh� b
��vh�����U�X�

T
�U�X�

X
��� ¶�· �Ux � ¢Ovyx}��~�x � £ ¶�· ��vh~�~a¢px}� ��¶�· ��vh�X�Ux}�2�Iv � ~¡�Ux}��ax � ~�~���vh¢Ov¥�0| l,� ��x}��x}v � � x}� � �X�H�U��~�v � �2�

� �X�H�U�O~�v � � � �0�H¨T�0�U�X�
n = 0

�U{	x}��x}vh~ � �px � x · x}� �
� �X�H�U�O~�v � � � {	x · �0� � ~��U�U�X�"��� ¶�· � ±T� �0|hvh�px � z'� � ¨ �U· ��x}�4�Ux}�°£ ¶�· ��vh~�~�x nH� l �U�X� qH� l ���U���Ux}� n a′s, 1 T, 2n B′s�U�X�

1 X
x}���"x}�U��~ �

� �X�H�U�O~�v � � ����¶�· ��vh~�~"�
n → n + 1

�
¦ � ¶�· � ±T� �0|hvh�px � z'� � ¨ �U· ��x}�«�Ux}�\£ ¶�· ��vh~�~�x nH� l �U�X� qH� l n a′s, 1 T, 2n B′s

�U�X�
1 X

x}���"x}�U��~ i � �X� ���x · � l,� u%���0|h|yx B′s
��x ¶�· ~ � ¢ � �

T
�U�X� �0|h|yx

a′s
|hvh�U� � �X��¢ � �=x}���"x}�U��~\�§x}���Ux}�2�W|hvyx}�px}� �Z�U�

2n B′s��x ¶�· ~ � ¢ � �
T � � vh� ��x}�X�Ux}�B�O�U� �ax}�px}| nH� l �0���U�X� x}� · �0|h~�x}� x}vh� ��� � ¤0~���|hv ¶�· x � a

|hvh�U� � ¢ � �
T �z'� � x}���Ux � · �0{Ix}� ��vh� �Z�U� x}vh� D

��x ¶�· ~ � ¢ � �
T
�U�X� |hvh�U� � ¢ � � �U� � x}� x}�

2n B′s � ¦ � ¶�· µ x��Ux �z'�Z�§x}�X�Ux}� �Ux}�\�ax}�px}|
DB → BBD

��vh��� j B
��x ¶�· ~ � ¢ � �

D
�H�U� ¶�· n B ′s

|hvh�U� � ¢ � �
D
x}� � x}~���~ �¦ � ¶�·

2n � �0|hvh�4x � za�O�§x}�X�Ux}�9�Ux}� �ax}�px}|U���U���Ux}�c�0| ��� �0|h|yx B′s
¢px}��� �
��� x}|h~C�U�X� �0�H¨��Hvyx�|hvh�U� � £�x}vh~�x¢ � �

D
¢px}� ��¶�·X� {Ix}� � �¬vh� · �0{Ix}� µ x}~���~ 2 × 2n = 2n+1 B′s � u�� � D � ~�x · ~ µ x}~���~��U� � vh~�~�x}|h{��0�\|hvh�U� �¢ � � X

�U�X� ���0�U���X� · x}� � vh~¡�Ux}�¡�©x}�px}| DX → X

x}�Z~k¨ox}���Z~¡��x}���Ux}� � z'� T

�U�X�
X

���U���Ux��Uv ¶�· ~ ��px"¤ �X�Ux}��~"�
�Hvyx�za�U�m� · | �Ux}�
a′s
���U���Ux4� � j x}� · � · ~w�U�X�Q�Hvyx4z'�U�m� · | �Ux}� B′s

¢px}��� �
��� x}|h~ � u%� · x}�� ~�v � � ~a�Hvyx � �X�H�U�O~�v � � � {	x · �0� � ~��U�U�9�0� ¶�· ¨ � �¡��� j��

� L(G) ⊆ L�
uwvyx �'x}�px}|

S → TBX
��vh���=v � � x}� �0| � x}� � ~�x � �0� � �px,¨ �U· ��~��U�X�S���0�U� �X�0��� ¶�· �Uv ¶�· ~ � x · � �0�U�px ±�§x}�X�Ux}~ ��x}���Ux}�2� ��� �X� ��� �X� ��� vh�H¨ � �px}� x}vh�U�"x}|h�Xx}�

B′s
�X�0��� ¶�· �Uv ¶�· ~ � x · � � ����|hv ¶�· v � ~ � u%�0��� ¶�·�§x}���Ux}� � vh~ TB → aTDB

�Hvyx
a′s
x}vh�U�px,¨ �U· ��~"���U�X�=�����0� �0� ����¶�· |hvyx � |hv ¶�· |hvh�U� � ¢ � �

T � u'vyx B′s�§x}���Ux}���0� ����¶�· |hvyx � |hv ¶�· ��x ¶�· ~ � ¢ � �
T
x}vh�U�px,¨ �U· ��~ � b′s �p���U�Xx}���O�U����� � B′s

x}�O~ � ~�x · x}� � u%��x ����� � � ~�px}vh�Xxw�ax}�px}|h�9��vh{U~"�Zvh�9�Ux}�Xx}�
B′s

|hvh�U� � ¢ � �
T
� �Ux}��x}vh�Xx � a

x}vh�U�px,¨ � ��~��§x}���Ux}� �U�X�cx � �0� ��� x}���Ux ��px}vh�Xx\��x}vh~�x}��x}�
a ± x}���"x}�U�px}�X�Ux}�­�ax}�px}|h����vh{U~"��v � ~ ��¶�·X� � � �0|��Hvyx�¤0� ��� x}��x ��� � � �px � v ¶�· x}��~ i x}� � ~ a′s ��X�0�U���O�U�¡� �O¶�·
b′s l,��� x}~���~ � �X��� x}����vh���O�U�a� ��¶�·�� v ¶�· x}� � ~�x}|h|yx}�2���X� ��� �Hvyx%za�U�m� · |W�Ux}� �§� ¶�·X� ~��0{	x}�� � ����x}��~�v � ~ � u%�0��� � ~�x}|h|yx}�c��vh��¨ox � ~"�Z�X� � v � ~ �px}���0���X�0�U���Ux}� � �0|h|T���§x}�U�9¨ � � µ x��Ux � x}vh�U�px,¨ � ��~�x a �Hvyxz'�U�m� · |W�Ux}�

b′s
¢px}��� �
��� x}|h~a��vh��� �

� vh�
a
���0�U���Z�U� � {Ix}�'�Hvyx4�ax}�px}|

TB → aTDB
x}vh�U�px,¨ � ��~'�§x}���Ux}� � � ���Hvyx � x � £ ¶�· ��vh~�~ · �0{	x}����vh��Xx}{	x}�«�Ux � a

�0� ¶�· �U� � x}��x}� � 
Cx}��� �
��� |h�U�U� �%�
� x}���0~ � � � D
x}vh�U�px,¨ � ��~ � uwvyx � x}�a��vh��� µ x}~���~w�H�U� ¶�· �Hvyx�ax}�px}|

DB → BBD
��� ¶�· |hvh�U� � �px ��¶�· v ¨7~�x}~ �U�X�=¢px}��� �
��� x}|h~ �X�0{	x}v µ x��Ux � ��x}vh~�x}��x

B � z � � �X�Ux�Ux � � � ��~�x ��� ~�� ��� ~
D

�0�H¨
X

�U�X� · �0~��X�0�U� µ x��Ux �
B

¢px}��� �
��� x}|h~ � u � � D

���0�U� µ x}~���~ i �U�X�Sx}� � ~

q
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µ x}~���~ l � vh~ DX → X

�px}|y� ��¶�· ~ ��x}���Ux�� � � x}�U� n a′s

x}vh�U�px,¨ � ��~c���U���Ux}�2���X�0�U� ���U���Ux}�©�0� ¶�·
n D′s

x}vh�U�px,¨ � ��~ � uwvyx � x � �X��� x}���0|h|yx B′s
� � � � |yx}~�~a�H�U� ¶�· |¥�0�H¨ox}���U�X�9¢px}��� �
��� x}|h� � vyx��X�0{Ixwv � u%� �{	x��Ux}�U~�x}~"�I�X� ��� �Hvyx

B′s
��� ¶�·

n
x}vh�U�px,¨ � ��~�x}�

a′s
�px}���0�®� ±T� �0| ¢�x}��� �
��� x}|h~���x}���Ux}� � u�� ¢ � ���Ux �x}� � ~�x}� � vh�H¨ � �px}��x}vh�Xx �

a′s
�px}���0�

1 B
¢ � � · �0�X�Ux}��v � ~"��x}���px}{Ix}� � v ¶�· �px}���0�

1× 2nB′s
�U�X� �X� � v � ~�px}���0� �Hvyx¡�px,¨ � ���Ux}��~�xwz'�U�m� · | � uwvyx � za�H¨N��¤0� � �0��~�v � �Xx}� � T → ε

�U�X�
X → ε

¢px}��¤0�X�Ux}�����Hvyx'za�U�m� · |�Ux}�
B′s

�U�X�
a′s

�Uv ¶�· ~ � u%�c�0� � µ x��Ux � B

�px}���0�­x}vh�
b

�px � � ¶�· ~4��vh������|hvyx}��~%�X� � x}���"x}�U��~%� � ��~�vh�
�C�
]_^ ��`a��bc���

��fhg� vh�Xx ªw��� � � �0~�vh�¬x}���"x}�U��~�¯Wx}� � vh���0|yx­�H�U� ¶�· v · ��x®z'{U|yx}vh~��U�U� ����¶�· ��vh~�~�x � uwx}� � z � � � � � � vyx}��~ � vyx�H�U� ¶�·�� {Ix}���Z¤0�U�px � u%� µ x��Ux���� � �H�U�O~�v � � x}vh�Xx}�4|hvh�U� � |hvh�Xx"�0��x}� ªw��� � �0~�vh� · � ¶�·X� ~�x}� � x}vh�=¯°x}� � vh���0|x}���"x}�U��~"�X�p���U�Xx}�«��vh�¡�U� � ¨ � �ax}vh�Xx���� � �H�U��~�v � �
(X → Y a)

�Hvyx	��

��������
����
(Y →a X)

�Ux��X�Uvyx}��x}�2��Hvyx%��vh� � vh~a�Ux � za�U~ � � �0~�x}�«�0{��0��{	x}vh~�x}� �
£�x}vW�Hvyx4ªw��� � � �0~�vh�«ª��

(Σ, V, S, P )
�px}�px}{	x}� �u�x}� ¦'� z����

(Σ, Q, s ∈ Q,F ⊂ Q,∆)
�U�Ux}���px}���0���0|h|yxw�¬����~�x}�¡�0���"x � ~�vyx}��x}� ��� |h|T���Hvyx4ª � � � �H� ±��vyx}��~"�U� � � � ~����Uvyx}��x}�«��vh�'�0�H¨�¨ � |h�px}�X�Ux%� x}v � x��

Q = V ∪ {s′}
s = s′

F = {S}�S�0��� � x}�O~ ��� ��v ¶�· ~w�Ux}� � �U��� � ~��0�X���px}�����Ux�£ � � x}vh|Wx � ¨ � �¡�X� � £O~��0��~ ��� � { � |2�px}vh�Xx%�§x}vh~�x}��x}�Qza�H¨ ±|yx}vh~��U�U�px}� � x · �a��vh{U~ ��¬vh��� � � � ~����Uvyx}��x}���O�U�
∆
�

��� � µ x��Ux���� � �H�U��~�v � �
(X → ε)

¨ � �px}����vh�ax}vh�Xx � {Ix}���Z�0�U� � ��x}�px}|
(s′, ε,X)

· vh�U��� ��S�0��� � � � x}vh|a��x}�U� � �0�Bx}vh� ¦ v ¶�· ~�~�x}� � vh���0|��0�H¨ ε � � � �H�U��vyx}��~"� · �0~ � �0� �X� � �X���0|yx�� � ��~9�0{ ±�px}|yx}vh~�x}~ ��� �X�=�Hvyx � x � � � ��~ ��� |h|C�O�U�=¢ � � ¦'� z x}vh�U�px}|yx � x}�=��x}���Ux}� � u%���Ux}� � z �0{	x}�\�Z�U� x}vh�Xx}�£O~��0��~���� � ~��0�X� · �0{	x}�4���0�U�2� � � ��� � �0��¢ � ���Hvyx � x � �0� � � vh~ ε ± � {	x}���Z¤0�U�px}����� µ x��Ux � ��� | ¶�· x}� ¦ v ¶�· ~ ±~�x}� � vh���0|W�px}|¥�0�U�px}���p���U�Xx}� ���� � µ x��Ux	��� � �H�U��~�v � �
(X → Y a)

¨ � �px}�Q��vh��x}vh�Xx � {Ix}���Z�0�U� � ��x}�px}|
(Y, a,X)

���
∆
· vh�U���2�I�Hvyx��Hvyx�Ux}� ��� � �H�U��~�v � ��x}�Z~ ��� ��x ¶�· x}�X�Ux�z'�"!�x}vh~��U�U�

(Y →a X)
� v � �U|hvyx}��~ �£ � x}� � ����|hv ¶�· x}�®��vh�"�
�X� ��� x}vh�®za�U~ � � �0~"�I�Ux}� � v ¶�· v � ¸
� � ~��0�X�$# {	x��X�X�Ux}~"��{	x}v � � vh�U|yx � x}�«¢ � �­�vh���Ux}�Q¸
� � ~��0�X� � ��x ¶�·X� x}|h~ �u%�0���0� � x}����vh{U~ � v ¶�· �Hvyxw¨ � � � �0|yx\u�x��X�Uvh~�v � ��¢ � � ∆

�
∆ = {(s′, ε,X)|(X → ε) ∈ P} ∪ {(Y, a,X)|(X → Y a) ∈ P ;X,Y ∈ V, a ∈ Σ}£ � � vh~¡�0�O�"x � ~�vyx}��~�� �px}���0���Hvyx'� � ��~�x��H�Hvyx\ª x}���"x}�U��~ �2i�% vyx}����|yx}vh�Xx ����¶�· ���0��� ± �0� � �px,¨ � |h|h~�x � �ax ¶�· ~ ±x ¶ ��x}vh� ± ~�x,�Ux}� l

r
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��fh�¸
� x}vh�Xx}� µ x��Ux}� |hvh�U� � |hvh�Xx"�0��x}�9ªw��� � � �0~�vh�cª � (Σ, V, S, P )

��vh{U~Cx � x}vh�Xx���x ¶�· ~ � |hvh�Xx"�0��x%ªw��� � � �0~�vh�ª � �
(Σ, V, S, P ′)� vh~ � � � {(X → aY )|(X → Y a) ∈ P}

� �Hvyx ��� ¶�·��a� � � ~����U��v � � �Hvyx�£ � ��� ¶�· x � � � {wR|w ∈
L(G)} = (L(G))R

�0�O�"x � ~�vyx}��~ � u��cvh�­�Ux}� 
 � ��|yx � �U�U���px}�"x}vh��~%���U���Ux����X� ��� £ � ��� ¶�· x}� ���®��x ¶�· ~ � |hv ±�Xx"�0��x}��ªw��� � � �0~�vh�px}����x}���U|¥¤0� � vh�X���Ov � ~ � �U�0| ����� | ¶�· xw��x}���U|¥¤0� ��� i ª l v � ~��Z�U���0{	x}���px}���0� {wR|w ∈
L′} = (L′)R � z'� � �Ux}� 
 � ��|yx � �U�U� ��v ��� x}����vh�"���X� ��� �§x}�U� L

��x}���U|¥¤0� v � ~"�C�0� ¶�·
LR

��x}���U|¥¤0� v � ~ �£ � � vh~¡v � ~ �§i ª l ��x}���U|¥¤0� ���I� x � � i�% vyx}�¡�O|yx}vh�Xx �a��¶�· ���0��� ± �0� � �px,¨ � |h|h~�x � �ax ¶�· ~�x ¶ ��x}vh� ± ~�x,�Ux}� l

s


