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dfehgjiOkUlnmpo�qXgsrCtHehgutHehg�v�gwlyx'zU{�|p}~m0{y�Ig�vno�qUl�gwe��U{"r�ehv�{���gw��m0z��������W��gw�XtUgw{~m0zH��gwe��Xg9zU�U��gwlnmptUg
x'�U��m0qU�2��|p��mH��v�|�tUgwl`m0zH��gwe��Xgwl`zU�U��gwlnmptUg4x'�U��m0qU�2��|p�j�2��v"�
d�gwl�l�gw�szU��mpgwl�g�x'zXv�tHl�zXo��	�

(a(aa)∗) + ((a + b) ∗ ba(aa)∗) + (b(bb)∗) + ((a + b) ∗ ab(bb)∗)

��m0�u�pm0�U�j�X|�o�q���zXvnm0}y} gw�H�¡mpvnv�gw��m0�hv"�

(((a + b) ∗ b) ∗ a(aa)∗) + (((a + b) ∗ a) ∗ b(bb)∗)

\^] ��_`��ab�£¢

m�¤

i�gwe
N ∈ N

�7l�gwe���|pl���gw��gw�	gw�2�

¥§¦0qU�hg
q = N2, x = aq ∈ L0

d%m0�U�j�se���{��N¨Ul�©ªg�tUg4«Igwl��hgw�szU�U�
x = uvw = ajakal :

|v| = k ≥ 1

zU�Xt
|uv| = j + k ≤ N ⇒ k ≤ N

⇒
¥§¦0qU�hg

i = 2

⇒ ajai×kal = aja2×kal = aN2+k

¬'zU�u�se���{'m0�Igwl

N2 k≥1
< N2 + k

­
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d�g�v�� gwe�{�gwl�gw���se���{"�

(N + 1)2 = N2 + 2 × N + 1
N≥k

≥ N2 + 2 × k + 1 > N 2 + k

x'zXv � ­ ¤ zU�Xt ��� ¤ �¡|p���s{"�
N2 < N2 + k < (N + 1)2

⇒ N2 + k
ehv�{���gwe��Xg��'z�mptHlnm0{���m0qU�Tr

aja2×kal /∈ L0

⇒ � zU}ykUe��U�9�2gw}y}~my�se���{��UehonqZ{��N¨Ul L0 ⇒ L0
ehv�{���gwe��Xg�l�gw�szU��¦0l�g iOkUlnmpo�qXgs�

�
¤

i�gwe
N ∈ N

�7l�gwe���|pl���gw��gw�	gw�2�

¥§¦0qU�hg
p ≥ N + 2, p � l�e�}y��m0qU�WzU�Xt x = ap ∈ L1

d%m0�U�j�se���{��N¨Ul�©ªg�tUg4«Igwl��hgw�szU�U�
x = uvw = ajakal :

|v| = k ≥ 1

zU�Xt
|uv| = j + k ≤ N ⇒ l ≥ 2

� ��mpo�q��`|p�Xv�{�l�zU��{�eh|p����|p�
p
¤

⇒
¥§¦0qU�hg

i = j + l ⇒ ajai×kal = aja(j+l)×kal = a(j+l)×(k+1)

(j + l) × (k + 1)
ehv�{���gwe��Xg � l�e�}y��m0qU� ∀k ≥ 1, l ≥ 2 ⇒ a(j+l)×(k+1) /∈ L1

⇒ � zU}ykUe��U�9�2gw}y}~my�se���{��UehonqZ{��N¨Ul L1 ⇒ L1
��gwe��Xg%l�gw�szU��¦0l�g�iOkUlnmpo�qXgs�

�
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x'�U�Ue��htHzU�U� ­ �X���sv�zU�U� �7¨Ul�x'zH�7�Zm0�	g��

\^] ��_`��ab���

��gw{�lnmpo�qO{�gw����e�lytHehg iOkUlnmponqXg
L1 = {bjck|j, k ∈ 	 , j ≥ k}

��dfehgjiOkUlnmpo�qXg
L1
ehv�{��Ueho�qO{yl�gw�szU��¦0l"�

��gw� gwehv � }ye�{���
OqUe����
� ¬fgwl�|�tUg�¤,�sg�v �se���{
∀j, k ∈ 	 , j < k : ck ∈ FL1

(bk)∧ck 6∈ FL1
(bj) ⇒ FL1

(bk) 6=
FL1

(bj)
���2l�|p{��"tUgw} ���p�U�Xgw�=��e�l�tHehg~¥��pl�{�gwl���|p�

L1 ����������������� ��i�gwe p = 1
tHehg �`|p�Xv�{nm0�O{�g9tUg�v

� zU}ykUe��U��� �2gw}y}~mpv��! �g�tUg�v`¥ |pl�{ w ∈ L1
��e�l�t�e��

xyz
�"gwl��hgw�s{"r
}ye�{

x = ε
zU�Xt

|y| = 1
��d%m0�U���se���{

∀l ∈ 	 + : xylz ∈ L1
��d�mpv � l�|p�U�hgw}�ehv�{"r	tHehgy¥��pl�{�gwl�tUgwl�"X|pl�}

bjcj ���p�U�Xgw�S�Ueho�qZ{$# �&%('�)+*��,���-�/.� gwl�tUgw�2�
xy0z = xz = bj−1cj 6∈ L1

�
0'}^tHehg�vng�v � l�|p�U�hgw} ��z��	g"m0l��Igwe�{�gw�2rs� gw�XtUgw� ��e�lCtHehg�l�gw�szU��¦0l�g`iOkUlnmpo�qXg R1 = {ai|i ∈ 	 }

m0�hv � z21	gwlm0�2rOe��XtUgw} ��e�l�v�ehg'}ye�{
L
��|p�U�sm0{�gw�Uehgwl�gw�2�

L2 = R1 ·L1 = {aibjck|i, j, k ∈ 	 , j ≥ k}
�Odfehg%iOkUlnmpo�qXg

L2
ehv�{���ehg�tUgwl��UehonqZ{�l�gw�szU��¦0l"rU�sm0�U�jm0�Igwl � �Tmpv�{�e�}y} gwlK¤ ����� # �3�����4�5. zU�Xt6# �&%/'�),*&�����-��. � gwl�tUgw�2�U��e�l�"gwl��hgw��gw�Q©ªg�tUg�v�¥ |pl�{

w ∈ L2
��ehg�tUgwl e��

xyz
rW}ye�{

x = ε
zU�Xt

|y| = 1
�7 �gw{���{�q�m0�	gw�=��e�l"r�� gw�U�

w = aibjck
� }ye�{

i > 0
zU�Xt

j ≥ k
¤,rItXm0�U���se���{

∀l ∈ 	 : xylz ∈ L2
�	�2gwehtUgwl%���p�U�Xgw� ¥��pl�{�gwl%tUgwl

"X|pl�}
w = a0bjcj = bjcj

e�}y} gwl��X|Oonqj�Ueho�qO{8# ��%/'�)+*����4�9��. � gwl�tUgw�2r�tXm bj−1cj 6∈ L2
�

�
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0'} zU�Xv�gwl�g � l�|p�U�hgw} gbgw�O{��s¨U��{�e��Q��zS� �sv�gw�2r2��gwl�gwe��Ue���gw� ��e�l L2
}ye�{4tUgwl4l�gw�szU��¦0l�gw��iOkUlnmpo�qXg

R2 =
{bjck|j, k ∈ 	 }

r�tHehgy��� m0l�m0���hgykUl�|p�U�hgw}~m0{�ehv�o�qXgw� ¥��pl�{�gwl
w = bjcj gw�Z{�q�¦0��{"rH©�g�tU|�o�q ��gwe��Xg ��� �/*��

� ��� # � ��|p� L2
ehv�{"�

L3 = L2 ∪ R2
�

d%m
R2 6⊃ L2

ehv�{
L3
�Ueho�qZ{fl�gw�szU��¦0l"�

∀i, j, k ∈ 	 , i > 0, j < k : ck ∈ FL3
(aibk) ∧ ck 6∈ FL3

(aibj) ⇒
FL3

(bk) 6= FL3
(bj)
�	x`���hgwl�tHe��U��v%gwlª�N¨U����{

L3
tXmpv � zU}ykUe��U��� �2gw}y}~m�� dfehg �'|p�Xv�{nm0�Z{�g~tUg�v � zU}ykUe��U����2gw}y}~mpv

p
��e�l�t ��ehg�tUgwl�m0zH�

1
��g�v�gw{���{"��"
m0���hv4gwe�� ¥ |pl�{

w
tHehg "X|pl�}

aibjck
� }ye�{

i, j, k ∈ 	 , i >
0, j ≥ k

¤�q�m0{"rIt�� q2�
w ∈ L2 ⊂ L3

r��"gwl��hgw��gw�Q��e�l
w
e��

xyz
}ye�{

x = ε
zU�Xt

y = a
�Id�m0�U�

∀l ∈ 	 :
xylz ∈ L2 ⇒ xylz ∈ L3

�
¥ gw�U�b©�gw{���{
w = a0bjcj = bjcj r
tXm0�U���se���{ xy0z = xz = bj−1cj 6∈ L2

r
� mpvfm0�Igwl`��gwe�� � l�|p�U�hgw}�} gwqUl�ehv�{"rU� gwe�� bj−1cj ∈ R2 ⇒ bj−1cj ∈ L3

� "
m0���hv`tXmpv�¥ |pl�{
w
tHehg�"�|pl�}

bjck
� }ye�{

j, k ∈ 	 ¤'q�m0{"r��sm0�U� g�v%��ehg�tUgwl���ehg |p�	gw� e�� xyz
�"gwl��hgw�s{�� gwl�tUgw�2r2��¦0}y��eho�q=}ye�{

x = εzU�Xt
|y| = 1

��d�m0�U���se���{
∀l ∈ 	 : xylz ∈ R2 ⇒ xylz ∈ L3

�
� } x`������gw} gwe��Xgw�Q�sm0�U��gwe��Xg��UehonqZ{fl�gw�szU��¦0l�g�iOkUlnmponqXgsr
tHehg4{�l�|p{��"tUgw} tXmpv � zU}ykUe��U��� �2gw}y}~m9gwlª�N¨U����{"r}ye�{�{�gw�hv�tHl�gwehgwl~iOkUlnmpo�qXgw�

N,P
zU�Xt

B
��|p�Xv�{�l�zUehgwl�{�� gwl�tUgw�2�

N
ehv�{ �UehonqZ{�l�gw�szU��¦0l"�

P
ehv�{ l�gw�szU��¦0l"r

}ye�{ � zU}ykUe��U��� �2gw}y}~m-� �`|p�Xv�{nm0�O{�g p1
zU�XtS}ye�{ tUgwl
	�e���gw�Xv�o�q�m �N{"r�tXmpv�v4tHehg �`|p�U�sm0{�gw��m0{�eh|p�

P · N

��� '�),. l�gw�szU��¦0l�ehv�{"�Hdfehg4iOkUlnmpo�qXg B ehv�{�l�gw�szU��¦0l�}ye�{ � zU}ykUe��U��� �2gw}y}~m-� �'|p�Xv�{nm0�Z{�g p2 = p1
zU�XtutUgw�

	�e���gw�Xv�onq�m �7{�gw�2�

• (P · N) ∪ B
ehv�{ ��� '�),. l�gw�szU��¦0l"r

• (P ∩ Σ≥p1) · N 6⊂ B
r

• (P ∩ Σ<p1) · N ⊂ B
�

x'���hgb¥��pl�{�gwl
w ∈ {v|v ∈ P ∧ |v| ≥ p1} · N)

���p�U�Xgw�Bm0zH�N��gwkUzU}ykU{yzU�Xt ��g�v�o�qUl�zU}ykH�N{y� gwl�tUgw�2�
dfehg4�Qgw�U��g

(P ∩ Σ≥p1) · N 6⊂ B
ehv�{`zU�Z{�gwl�x'zH�7kUzU}yk	gw�Qm0�U��g�v�onqU�h|sv�v�gw�2�	d%mpv���g�v�onqUl�zU}ykH�7{�g�¥ |pl�{

�sm0�U�Sm0�Igwl4m0zXonq e��
(P ∩ Σ<p1) · N ⊂ B

v�gwe��2��d%m0�U� ��gwq �pl�{4g�v4m0�	gwl%��zUl
B
zU�Xt�r��N|p���s��ehonq2r��pm0�U�

� gwe�{�gwlym0zH�N��gwkUzU}ykU{ zU�XtS��g�v�o�qUl�zU}ykH�N{ � gwl�tUgw�2rW� |p�Igwe v�eho�q tXmpv
	Cl���gw�U�Uehv4��|p} x`zH�NkUzU}yk	gw� zU�Xt
i�o�qUl�zU}ykH�¡gw�y��ehg�tUgwl�e��

B
�	g��X�XtUgw{"r0t�� q2�

B
ehv�{�vn|"� |pqU�UzU�O{�gwlCx`zH�NkUzU}yk	gw�ym0�hv�m0zXonqyzU�Z{�gwl i�o�qUl�zU}yk2�

�¡gw��m0�U��g�v�o�qU�h|sv�vngw�2�
	�e�� ��gwehv�kUehgw�T�

• N = {bk|k
ehv�{�zU�U��gwlnmptUg � l�e�}y��m0qU� } �

• P = {ai|i
ehv�{���gwlnmptUg

} �

• B = {bk|k
ehv�{�zU�U��gwlnmptUg

} �

• � zU}ykUe��U��� �Wgw}y}~m-� �`|p�Xv�{nm0�O{�g � ��|p� P
zU�Xt

B
¤

p = 2
�

�


