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eIf

FL(am) =
{

aibnam+i+n|n > 0,m + i > 0
}

FL(ambn) =
{

biam+n+i
} g�hji0klknm

n > 0,m > 0
FL(ambnai) =

{

am+n−i
} g�hTi0klknm

m + n ≥ i,m > 0, n > 0
FL(w) = {}

g�hji0klknm
w /∈ {am} ∪ {ambn} ∪

{

ambnai
}

FL =
{

(FL(am))m≥0
, (FL(ambn))n>0,m>0

,
(

FL(ambnai)
)

m+n≥i,m>0,n>0
, {}

}

oqp f

FL(ε) = L
FL(wb) = {am|m ≤ 2} ∪ {ambu|m ≤ 2, u ∈ L}

g�hTi0klknm
w ∈ L

FL(wba) = {am|m ≤ 1} ∪ {ambu|m ≤ 1, u ∈ L}
g�hji0klknm

w ∈ L
FL(wbaa) = {ε} ∪ {bu|u ∈ L}

g�hTi0klknm
w ∈ L

FL(w) = {}
g�hji0klknm

w /∈ L

FL =
{

(FL(wbam))
0≤m≤2,w∈L , L, {}

}

oqr f

FL(w) = {u ∈ {a, b}∗ |#a(w) + #a(u) = #b(w) + #b(u)}
g�hTi0klknm

w ∈ {a, b}∗

FL =
{

(FL(w))w∈{a,b}∗

}
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����� � � � � � � � � � i0k � � � � � M ′ � 	������Xm! !"!	 � � " � �2gOh$#�"%� � � L(M ′) = L(M)
� � k& "g � � �'	� � � �)( � "*� � �+ i � k �-,/. klk � ��� , � k&����" �  !0 � 	Xm21 � � � m � " � � m! � 03 'i4	Xm � ( � �65 � � � k&�2g�� � � ( � � h7� k&�� ai4��� � ( � ��� �  �( � "8� � � 
9 i4�:( � ��� �  � 	 � "�m8 5 � � � k s m;� k i4��� � i4�<( � �=�?> � k ��@ 02gA�Xi4��i @ 0 5 � � � kCB m8� k i4��� � ( � �D�?> � k ��@ 0E1

F � �
X


HG � �3 � "�m @ 0 � � � � i4" � m�I�i i4"KJ
F � �

X2


HG � �' � "�m @ 0 � � � � i4" � mLI�i i4"M��i @ 0 5 � � � kCB
J

B
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U = {{q, q′} | q
	����

q′
m � ���)	��' � "�m @ 0 � � � � i4"

}

���������	��

q ∈ F, q′ /∈ F ⇒ {q, q′} ∈ U

�����������


q, q′ ∈ Q

g
a ∈ Σ



{p} = δq(a)

g
{p′} = δq′(a)

{q, q′} ∈ U ⇒ {q, q′} ∈ U

s 1 � 	�" @ 0Uk i4	Hh 


{0, 1} a −→ {1, 4} /∈ U
{0, 1} b −→ {2, 3} /∈ U
⇒ {0, 1} /∈ U

{0, 2} a −→ {1, 4} /∈ U
{0, 2} b −→ {2, 3} /∈ U
⇒ {0, 2} /∈ U

{0, 3} a −→ {1, 5} ∈ U
⇒ {0, 3} ∈ U
⇒

� i4"!� � � " �
{0, 3}

{0, 4} a −→ {1, 5} ∈ U
⇒ {0, 4} ∈ U
⇒

� i4"!� � � " �
{0, 4}

{1, 2} a −→ {4, 4} /∈ U
{1, 2} b −→ {3, 3} /∈ U
⇒ {1, 2} /∈ U

{1, 3} a −→ {, 5} ∈ U
⇒ {1, 3} ∈ U
⇒

� i4"!� � � " �
{1, 3}

{1, 4} a −→ {4, 5} ∈ U
⇒ {1, 4} ∈ U
⇒

� i4"!� � � " �
{1, 4}

{2, 3} a −→ {4, 5} ∈ U
⇒ {2, 3} ∈ U
⇒

� i4"!� � � " �
{2, 3}

�
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{2, 4} a −→ {4, 5} ∈ U
⇒ {2, 4} ∈ U
⇒

� i4"!� � � " �
{2, 4}

{3, 4} a −→ {5, 5} /∈ U
{3, 4} b −→ {5, 5} /∈ U
⇒ {3, 4} /∈ U

B
1 � 	�" @ 0Uk i4	Hh 


{0, 1} a −→ {1, 4} ∈ U
⇒ {0, 1} ∈ U
⇒

� i4"!� � � " �
{0, 1}

{0, 2} a −→ {1, 4} ∈ U
⇒ {0, 2} ∈ U
⇒

� i4"!� � � " �
{0, 2}

{1, 2} a −→ {4, 4} /∈ U
{1, 2} b −→ {3, 3} /∈ U
⇒ {1, 2} /∈ U

{3, 4} a −→ {5, 5} /∈ U
{3, 4} b −→ {5, 5} /∈ U
⇒ {3, 4} /∈ U

�

s
X2B
X2�
X2 X2 X2

�
X2 X2 X2

�
X1 X1 X1 X1 X1

� s B � � �

�
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������� k��
	�����B 
 9 � � � � i0k � � �

]_^ ��`a��bc���

� � " � �  !" i @ 0' � � � � ��� i � � k � ��� ��� F�� " i @ 0 � �
{Lk}, k ∈ 	 +

g # � � " � � � � k � 0�i � �  
{a, b, $}

g � �  
Lk := {w|

�Xi m
k
, k �  �  � F�
 � � � k � ��" � � � � "�m! � � � 	Hh$ !" �  � � � � � � m � � klk i4" � � ��@ 0 � �Xm � m8 � � � a} =

{(a, b)∗a(a, b)k−1$(a, b, $)∗}.
� m � �&�  �� �  �  � � � � � � �  � " � � � � m! � m @ 0 � � B ,
� � � �-, � 	� 8� � i4 � �

Zk

� �  �3	�"
k + 3 � 	Xm! ��4��� � � 	����

L(Zk) = Lk

1
Zk = (Σ, Q, δ, s, F )

� �  
Σ = {a, b, $}

J
Q = {1, 2, . . . , k} ∪ {s, f, r}

J
F = {f}

J
δ = {(s, {a, b}(s,→)), (s, $, (1,←))} ∪
{(i,Σ, (i + 1,←)) ∀1 ≤ i < k} ∪
{(k, a, (f,→)), (k, b, (r,→))} ∪
{(f,Σ, (f,→)), (r,Σ, (r,→))}

1
���

(s, {a, b}(s,→)) � � m! � � � ��� 	�" � m @ 0�" � �&� ( � � m � � �  � � "�� � � � 	� !	����Xg��Xi m�m ( � ��� � � � 	Xm8 i4��� s
� � �

a ������� � � � b
� � k � m � ��( � "8��g �Xi4��� # � � "!� � 0' � � " � 	� 8� � i4 � ��� � � � 	Xm8 i4��� s

	���� � � ( � �� � � � � � � h
��i @ 0 " � @ 0' �m21 � ��i0k���� h$#�"

Σ
� � � i4��� � " � � 5 � � � k&�E1! 

" �Hh7��" � i0k � � � m @ 0�" � �&� 	���� � � m � 	� 8� � i4 � � 
 F �K( � �  �Xi m � "�m! � � � klk i4" � � ��@ 0 � � ��� @ 0 � ��@ 0' D� � h7	���� � �
� m! "g � k � �&�  

Zk

� � F  i4"! � 	Xm8 i4��� s
	���� � � ( � �� �� � �$# � m � ��� � h ��i @ 0 " � @ 03 �mK1 � � ��� �Xi m � "�m! �

$� � k � m � �?( � "8��g'�Xi4���?# � � "!� � 03 
Z
� �?� � � � 	Xm! i4��� 1

	���� � � ( � �� *� � �%# � m � ��� � h ��i @ 0 k � ����m"g�( � @ 0Xm � k& 

�
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( � � � � " � 	 � � 	Xm! i4��� 2
	���� � � ( � �� �� � � # � m � ��� � h ��i @ 0 k � ���HmM	Xm!(D1 ��� m��Xi m

k
, k �  �  � F�
 � � � k � ��"� � � � "�m! � �

$
� "!" � ��@ 0' �( � "8� � � � � " � � " � 	� 8� � i4 � k�� @ � � � "! � i4��� � knm � � � � mam8� k @ 0 � � F�
 � � � knm� -1 � � "� 	� 8� � i4 � m! � �  �  � � � 	Xm! i4��� k

1 � i4��� � "!#Hh7 Zk

� � �Xi m F�
 � � � k 	��' � "L� � � # � m � ��� � h � � �
a
� m! 

	���� � � � � m �  � ��� � � i0klkWi4� � � �  � � "! "g � ��� � � � " � �:� � � � � � � �  � � " � 	Xm! i4��� f
# � � "!� � 0' M	����:� � � 5 � m! 

� � " � � ���Zi � � k � � m! K1 F ���Xm8 ak � 0��' � "�� � � � � ���Zi � � i � g � ��� � � � " � � � 	Xm! i4��� r
( � @ 0Xm � k& L	���� ( � � � � "

� � � 5 � m! � � " � � ���Zi � � k � � m! K1
� ��� � " � "�m � �  �m"g � � � � " � � � Mk

� �  
L(Mk) = Lk

0�i4 � � ��� � m! � �Xm
2k � 	Xm! ��4��� � J � � ��� � " � 	Xm�m

m ��@ 0 i4� � � �
k
, k �  �  � � � � ��� � k � m � � � � F�
 � � � k � � � " � ��� � "!�2g6� � ��i4	 � " �?� "!� � � ( � k @ 0 � � ��� � 0�� � �

a
� m

( i4" � �E1 � � ���:� � " � � � ( � � � � � "ai0knm
2k � 	Xm! ��4��� � 0�i4 "g
�Xi4��� ��� � m! � � " � � � ( � � I "�� .��
� u

	����
v
� �  

u, v ∈ {a, b}, |u| = |v| = k
	����

u 6= v
g�m8�?�Xi m m

Mk

� � � � � m � k � � � � 	Xm8 i4���<� � "��4 "gA( � ��� � "�� � � m �I "�� .����=� � �Uk � � m! "g
� 1 0E1
Mk

� i4��� � ( � m @ 0 � � u
	����

v
� ��@ 0' 	��3 � "�m @ 0 � � � � �E1 � i u 6= v

g 	��' � "�m @ 0 � � � � �
m ��@ 0

u
	����

v
� � ��� � m8 � �Xm'i4� � � � � " F  � klk �

i
g
1 ≥ i ≥ k

1 F � � ��1 � 1 � 1 � 1��Xi m
i
,  � F�
 � � � k � ���

u
� � �

a	���� �Xi m
i
,  � F�
 � � � k � ���

v
� � �

b
1 F � �

x
� � � � ��"! # � � "

{a, b}
� �  
|x| = i

1
Mk

� �' ( � � � " i4� � � �  � � "! � � � � ��� > "! � "
ux$

	����
vx$

� � � " � "�k � 0��' � � � � � i � g
( � � k � " ��i @ 0 � � � � � �Uk � m � � � ���
u
� � (D1 v � �

� � � m � k � � � � 	Xm! i4���:� � "��4 "g � � (*��0Uk � " � � � � �' �k ��@ 0 ux$
i4� � � �  � � " � � 	���� vx$

i � k � 0�� � � m8� klk& � 1
� i4" i4	Xm h7� k&�� "g �Xi m�m%� � � F�� " i @ 0 � � {Lk}

� ����� �  � " � � � � m8 � m @ 0 � � B ,
� � � �-, � 	� 8� � i4 � � � �  %�'	�"
O(k)

� 	Xm! ��4��� � �2gIi � � " � ��� � � � � � � �  Ω(2k) � 	Xm! ��4��� � � � "!� i4���' �( � "8� � � � > ��� � �E1
� � klk � "8� � ��� m � i4���

Lk

� ��� � � � � �����
	��
��� ��� � ����� ��������������	�� � � � ���Hk ��@ 0 � � � 	� 8� � i4 � � � �  
O(k) � 	 ,m! ��4��� � � � "!� i4���' ( � "8� � �E1! 

�


