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\^] ��_`��ab��c

dfe�gihHjlknmQkpoUqrkts0uvulkpw�xUoXkpoXhHuvjly{zXkpo}|X~�uvqrkpo��U�	kpw���q�ulkpjly�zU����y{zZg�jvq���jlknhHjlktm�kpoUqrk%s0uvulkpw�xUoXkpoXhHuvjly�zXkpo
|X~�uvqrkpo��U�Ikpw����%�ZsH��e�jlknjle�g"�
��kp��kpjle"�
��jvw��r~�oXe�g�w�xUjlkpw�kpo�kpjvoXk��ij ��kp�Og�jl~�o

f :
�9�

→
������jlkt�N~�uvq�g"�

��jvwne{y�zUw�kpjv�	kpo�hHjlk�xUoXkpoXhHuvjly{zXk�|X~�uvqrk
F = n0, n1, n2, . . .

�U�Ikpw%��xU�}�	jvoXhUkp����jvwi��k�hUk�e%��ulkp� kpoZg
¡ ~�o�jvzUwbjvo£¢�o��0w�hXs0w�e�g�kpuvuvxUoUq¤s0ule9kpjvoXk�kpoXhHuvjly{zXk¥|X~�uvqrk ¡ ~�o���jvoXe{kpo¦hXs0w�e�g�kpuvulkpo2� 1n0 , 1n1 , 1n2 , . . .

�
§%s0oUo��r~�oU��s0g�kpoUjlkpw�kpo���jvw`s0uvulk%¨`o��0w�hXs0w�e�g�kpuvuvxUoUqrkpo}�©jvg�hUkpw

0
s0ule�ª�w�kpoUoXe�«��4�	~�uT�

1n001n101n20 . . .
�

¬ y�zUuvjlkp­�uvjly{z�g�w�kpoUoXkpo���jvw`hHjlk�®
j°¯�kpw�o±hHxUw�y�zQ²`~��©��s0g{sH�
(1, )n00, (1, )n10, (1, )n20, . . .

xUoXh±kpw�z�s0uvg�kpo
hXs0�©jvg`kpjvoXk%xUoXkpoXhHuvjly{zXk4|X~�uvqrk4�U�Ikpw��³�
§tjlk%~��Ikpo³�	k�e�y�zUw�jlkp�	kpoXk�´Ww{s0oXeµ�N~�w���s0g�jl~�o±jle�g�~0¯	kpoXe�jly�zZg�uvjly{z±jvo���kp�Og�j ¡ �H¶2kpjlhUkpw�jle�g�e�jlk%s0�	kpw�oUjly�zOg`e�xUwµ·��kp�Og�j ¡ �H�rk�hUk%xUoXkpoXhHuvjly�zXk�|X~�uvqrk%�U�	kpw��¸�©jvg�xUoXkpoXhHuvjly{z ¡ jlkpulkpo}¹`xUuvulkpo���s0oUo±s0ule�hHjlk�kpjvoXhUkpxUg�jvqrk�²'~0·hHjlkpw�xUoUq�kpjvoXkpwºxUoXkpoXhHuvjly�zXkpo�|X~�uvqrk'�U�	kpw��»s0xH�2hHjlk`~��	kpo��	k�e�y�zUw�jlkp�	kpoXk`��kpjle{k�jvoZg�kpw�¼Uw�kpg�jlkpw�g��ikpw�hUkpo2�
½ �Ikpw¾��jlki���Uw�hUk�kpjvoXk�|X~�uvqrk��©jvg¾oZxUwCkpoXhHuvjly�z ¡ jlkpulkpo©¹'xUuvulkpo�xUoXh��0�¿~�uvq�uvjly�z2��xUoXkpoXhHuvjly{z ¡ jlkpulkpo��CjvoXe�kpo2�h�� z2��kpjvoXk`|X~�uvqrkthUkpwi|�~�w��

(0, 1)∗1ω jvoZg�kpw�¼Uw�kpg�jlkpw�gK��À 1ω �	k�hUkpxUg�kpgixUoXkpoXhHuvjly�z ¡ jlkpulk'��jlk�hUkpw�zX~�uvxUoUqrkpohUkpw
1
�ÂÁ

§nk�e���kpqrkpoQe�y�zXkpjvoOg`k�e�oXÃ�g�jvqX�
hHjlk%|UxUoU�Og�jl~�oQkpjvo��Ujle�e�y{zXkpo}�r~��©¼UuvjvÄ�jlkpw�g�kpw'Ä�x}hUk,ÅXoUjlkpw�kpo2�
��jvw�xUoZg�kpw�e�y{zXkpjlhUkpoÇÆ©|��0uvulk��
È �I|�s0uvuT�IjvoQhUkpwn|X~�uvqrk

F
�r~��©� kpoS®	s0zUulkpoÇq�w�Ã�­rkpw�s0ule'¹'xUuvu�xUoXkpoXhHuvjly�z�~0�Ng ¡ ~�w"�I§%s0oUoQ�r~�hHjlkpw�kpoQ��jvwhHjlk�|X~�uvqrk���jlk�~��Ikpo��	k�e�y{zUw�jlkp�Ikpo2�

ÆH��|
s0uvuT�Xjvo±hUkpwt|X~�uvqrk
F
�r~��©� kpoÇ®	s0zUulkpo±q�w�Ã�­rkpw%s0ule`¹'xUuvu2oOxUwtkpoXhHuvjly{zQ~0�Ng ¡ ~�w"��h�� z2��hHjlk4|X~�uvqrk4z�s0ghHjlk�|X~�w��É� ∗0ω �

§%s0oUo}xUoZg�kpw�e{y�zXkpjlhUkpoQ��jvw`Æ©¨`oOg�kpwµ�¿�0uvulk��
Æ�sH�W§tjlk kpw�e�g�k9®	s0zUu

n0
hUkpw�|X~�uvqrkbjle�g�qrkpw{s�hUk���§ns0oUoS�r~OhHjlkpw�kpoÊ��jvw�hHjlk |�~�uvqrk���jlkb~��Ikpo2���©jvg�hUkp�

kpjvoUÄ�jvqrkpo�¨'oZg�kpw�e{y�zUjlk�h���hXs�e{e�hHjlk%kpw�e�g�k�®	s0zUu2oUjly{zZgns0ule
1n0
�Ue�~�oXhUkpw�oQs0ule

1n0/2 �r~�hHjlkpw�g���jvw�h��
Æ0�2�U§tjlk�kpw�e�g�k4®	s0zUu

n0
hUkpw�|X~�uvqrk�jle�g�xUoUqrkpw{s�hUk���§%s0oUo��r~�hHjlkpw�kpo}��jvw`hHjlk%|X~�uvqrk%��jlk4~��Ikpo2�H�©jvg�Ä��ikpj

¨'oZg�kpw�e�y{zUjlk�hUkpo2��kpw�e�g�kpoXe"�rhHjlk`�CjvoXeºxUoXhbhHjlk`¹'xUuvuXg{s0xXe�y�zXkpo³Ë`~�uvulkpo2�Oh�� z2�r��jvw ¡ kpw���kpoXhUkpo³hHjlk`��jvoXe�s0ule´2w�kpoUoXe�«O���I~�u�xUoXh±hHjlk�¹`xUuvu��N�Uw'hHjlk4¨`o��0w�hXs�e�g�kpuvuvxUoUq9xUoXh}Ä��ikpjvg�kpoXe"�IhHjlk4kpw�e�g�k�®	s0zUuW��jvw�h}oUjly{zZg%s0ule
0n0
�Ue{~�oXhUkpw�o�s0ule

0(n0−1)/2 �r~OhHjlkpw�g"�
§tjlknoXkpxXk�´2w{s0oXe��N~�w���s0g�jl~�oQjle�g���jlk�hUkpw�jvo���kp�Og�j ¡ �U��kpz�s0xU¼Ug�xUoUqX��e�jlknjle�g`s0xXy�z�e�xUwN�µkp��g�j ¡ �
¨'�ÌhXs�e2ulkpg�Ä�g�k�Ä�x��	kp��kpjle{kpo2�"Ä"kpjvqrkpo���jvw"�"hXs�e{e	�7�UwX�µk�hUk¾xUoXkpoXhHuvjly{zXk�|X~�uvqrkº�U�Ikpw2�¦kpjvoXk�dÍoOg�kpw�¼Uw�kpg{s0g�jl~�o
ÅXoXhUkpo}�rÃ�oUoXkpo2�
|�s0uvulet�	kpjlhUk ¬ «��4�	~�ulk

0
xUoXh

1
xUoXkpoXhHuvjly{z¥~0�7g ¡ ~�w��r~��©� kpo2�IhXs0oUoQjvoZg�kpw�¼Uw�kpg�jlkpw�kpo¥��jvwne�jlk�s0ule'¨'o��0wµ·hXs�e�g�kpuvuvxUoUq�kpjvoXkpw'|X~�uvqrk��U�	kpw��Î�©jvg'hUkpw�¹`xUuvuÏs0ule`´2w�kpoUoXe�«��4�	~�uiÀNkpoOg�e�¼Uw�jly�zOgthUkp�Ðkpw�e�g�kpo�|�s0uvu?Á,�

|�s0uvulethHjlk4��jvoXe{kpo±oZxUwtkpoXhHuvjly�zÇ~0�7g ¡ ~�w��r~��©� kpo2�Ih�� z2�U�¿s0uvule'hHjlk4|X~�uvqrk�hHjlk�|X~�w�� (0, 1)∗0ω z�s0g"�
hXs0oUojvoZg�kpw�¼Uw�kpg�jlkpw�kpo¥��jvwnhHjlk�¹`xUuvu�s0ulen´2w�kpoUoXe�«��4�	~�u¾xUoXh�hHjlk�kpw�e�g�k©®	s0zUu¾s0uletjvzUw�®
��kpj°�Ts�y�zXk�e ÀNkpoZg�e�¼Uw�jly�zZg

È
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hUkp��|�s0uvuIÆ�srÁ,�O®�� �n�v�rhHjlk�|X~�uvqrk
0, 0, 0, . . .

��jvw�h�s0ule
0, 0, 0, . . .

xUoXh�hHjlk�|X~�uvqrk
1, 0, 0, . . .

s0ule
2, 0, 0, . . .jvoZg�kpw�¼Uw�kpg�jlkpw�g"�

|�s0uvule���kpg�Ä�g�hHjlkt¹'xUuvulkpo�kpoXhHuvjly�z}~0�Ng ¡ ~�w��r~��©� kpo2�Uh�� z2���¿s0uvule�hHjlkn|X~�uvqrknhHjlkn|X~�w�� (0, 1)∗1ω z�s0g"�HhXs0oUojvoZg�kpw�¼Uw�kpg�jlkpw�kpo¤��jvw�hHjlk³��jvoXe©s0ule�´2w�kpoUoXe�«��4�	~�u�xUoXhÊhHjlk9kpw�e�g�k³®	s0zUu�s0ule�jvzUw©®
�ikpj°�¿s�y{zXk�e©¼UuvxXe�kpjvoXe
ÀNkpoZg�e�¼Uw�jly�zZgnhUkp�Ð|�s0uvuÏÆ0�
Á,�I®�� �t�v�UhHjlk4|X~�uvqrk

1, 1, 1, . . .
��jvw�h±s0ule

1, 0, 0, . . .
xUoXh}hHjlk%|X~�uvqrk

0, 1, 1, . . .s0ule
1, 0, 0, . . .

jvoZg�kpw�¼Uw�kpg�jlkpw�g"�
§tjlk%´2w{s0oXeµ�¿~�w���s0g�jl~�o±jle�g�oZxUo}�Uj ��kp�Og�j ¡ qrkp��~�w�hUkpo�xUoXh�hXs0�©jvg��N~�uvq�g�hHjlk � ulkpjly�zU����y�zOg�jvq��rkpjvg ¡ ~�o±� �xUoXh}���^À7o�s�y�z�§nk,ÅXoUjvg�jl~�o
Á,�

\^] ��_`��ab���

�����

{a}s {aaa}{aa}

{b} {ab} {aaab}{aab}

{bb} {abb} ’{aaabb}{aabb}

b

bb

b

b

b

b

b

bb bb

a a a

a a

a

a

a a

a

a

a

½ �U�UjvulhHxUoUq È �
L0 = {w ∈ {a, b}∗|#a(w) durch 4 teilbar und #b(w) durch 3 teilbar}

Æ
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�����

21

6

5

4

3

s

0

1

1
1

0

0

0

0

1

1

1

0
0

1

½ �U�UjvulhHxUoUq9ÆH�
L1 = {w ∈ {0, 1}∗| < w > durch 7 teilbar}

����� ¬ kpj
wn = 10n10n+21

�
§%s0oUo}q�jvuvg

∀n ∈ N 〈wn〉 = 22n+4 + 2n+3 + 1 = (2n+2 + 1)2xUoXh}e�~��©jvg
10n+21 ∈ FL2

(10n)

��jvw��rÃ�oUoXkpo±oZxUo±Ä"kpjvqrkpo2�XhXs�e�e
∀k ≥ 1,m = (2k + 1)n

q�jvuvg"�UhXs�e�e
10n+21 /∈ FL2

(10m)

X =
〈

10m10n+21
〉

= 2m+n+4 + 2n+3 + 1

= 2(2k+1)n+n+4 + 2n+3 + 1
= (2(k+1)n+2)2 + 2n+3 + 1

��kpjvu
(x + 1)2 = x2 + 2x + 1

xUoXh
2 ∗ 2(k+1)n+2 + 1 = 2(k+1)n+3 + 1 > 2n+3 + 1

�
∀k ≥ 1

jle�g�� �rkpjvoXk��'x�s�hHw{s0g�Ä s0zUu
∀k ≥ 1

�
¬ ~��©jvg�q�jvuvg

∀k ≥ 1 10n+2 /∈ FL2
(10(2k+1)n)xUoXh

∀n ∈ N∀k ≥ 1
�XhXs�e�e

FL2
(10n) 6= FL2

(10(2k+1)n)
�

¬ ~��©jvg`kpw�z�s0uvg�kpo���jvw�xUoXkpoXhHuvjly�z ¡ jlkpulk%|X~�w�g�e{kpg�Ä�xUoUqre�e�¼Uw{s�y�zXkpo2�

�
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L2
jle�gts0ule�~�oUjly�zOg`w�kpq�xUu �0w"�

����� ¬ kpjlkpo
p
xUoXh

q
Ä���kpj���w�jv�©Ä s0zUulkpo±�©jvg

p 6= q, p ≥ 3
�

§%s0oUo}q�jvuvg
ggt(p, q ∗ 2|p|) = 1

�H�ikpjvu
p
xUoXh

q ∗ 2|p|
g�kpjvulkpwµ�7w�kp� h±e�jvoXh��

¹ns�y�z±hUkp� ¬ s0g�Ä ¡ ~�o}§'jvw�jly{zUulkpg`q�jvuvg"� ∃i ∈ N
�Ue�~©hXs�e{e

p + i ∗ (q ∗ 2|p|)
¼Uw�jv�}�

¬ kpj2�ikpjvg�kpw�zUjvo
bin(x) ∈ {0, 1}∗

hHjlk��ijvo�s��w�hXs0w�e�g�kpuvuvxUoUq ¡ ~�o x
�UhXs0oUo}q�jvuvg"�

(bin(i ∗ q)bin(p))R ∈ L3
xUoXh

(bin(i ∗ q)bin(q))R /∈ L3
�

§%s0�©jvg�jle�g
bin(i ∗ q)R ∈ FL3

(bin(p)R)
xUoXh

bin(i ∗ q)R /∈ FL3
(bin(q)R)

�
¬ ~��©jvg`kpw�z�s0uvg�kpo���jvw�xUoXkpoXhHuvjly�z ¡ jlkpulk%|X~�w�g�e{kpg�Ä�xUoUqre�e�¼Uw{s�y�zXkpoQxUoXh L3

jle�g�oUjly�zOg`w�kpq�xUu �0w"�

\^] ��_`��ab���

È Ái²`~��©¼Uulkp� kpoOg
¶S§n� ½ · ¬ ¼Uw{s�y�zXk

⇒ ∃
§n� ½

M = {Σ, Q, s ∈ Q,F ⊂ Q,∆}
�©jvg`¶ºÀNm¥Á	� ¶

dfy�z}�r~�oXe�g�w�xUjlkpw�k4kpjvoXkpo±§n� ½
M ′ = {Σ′, Q′, s′ ∈ Q′, F ′ ⊂ Q′,∆′}

�UhUkpw
L
s0��Ä"kp¼Ug�jlkpw�g"�

Σ′ = Σ
¼	kpw�§tk,ÅXoUjvg�jl~�o

Q′ := Q ∪ {ω}
s′ := s
F ′ := Q′\F
∆′ := ∆ ∪ {(q, a, ω)| 6 ∃ (q, a, p) ∈ ∆ : p ∈ Q}

(L(M ′) = L) ⇒ L
w�kpq�xUu �0w

ÆrÁ ¬ y�zUoUjvg�g
¬ kpjlkpo

M = {Σ, Q, s ∈ Q,F ⊂ Q,∆}
�

M ′ = {Σ′, Q′, s′ ∈ Q′, F ′ ⊂ Q′,∆′}
hHjlk�§n� ½ e©Ä�x

¶C� ¶�
v�
dfy�z �r~�oXe�g�w�xUjlkpw�kQhUkpo¤§n� ½

M ′′ = {Σ′′, Q′′, s′′ ∈ Q′′, F ′′ ⊂ Q′′,∆′′}
�N�Uw�hUkpo ¬ y{zUoUjvg�g³s0xH�n�¿~�u°·

qrkpoXhUk ½ w�g�xUoXh���kpjle�k��

Σ′′ = Σ = Σ′ ¼	kpw�§tk,ÅXoUjvg�jl~�o
Q′′ := Q × Q′

s′′ := (s, s′)
F ′′ := {(f, f ′)|(f ∈ F ) ∧ (f ′ ∈ F ′)}
∆′′ := {((q, q′), a, (p, p′))|(q, a, p) ∈ ∆ ∧ (q′, a′p′) ∈ ∆′}

�



���������	��

�����	������������������

��� �"! #%$'&'(
)�*,+�-�.	/�*0.2143�57698	:	;=<
>05?;	>0@
AB>05C/�5?:	D
E�FHG,8I:	DHGKJ�+H*,GKL�M	@N3ODQP08SR�8
-TDU3�VW>0:XV	@N3ZY,Y4[

(L(M ′′) = L ∪ L′) ⇒ L ∪ L′ w�kpq�xUu �0w
� Á��Ckpw�kpjvoUjvq�xUoUq
��w�q�jv�Ug`e�jly�z�s0xXe È �XÆ�xUoXh}hUkpw`§nk,·Ím�~�w�qZs0o 
 e{y�zXkpo�|�~�w�� kpu��
¶C� ¶�
Xw�kpq�xUu �0w
⇒ L
w�kpq�xUu �0w

∧ L′
w�kpq�xUu �0w

⇒ (L ∩ L′)
w�kpq�xUu �0w

⇒ (L ∩ L′)
w�kpq�xUu �0w

⇒ (L ∪ L′)
w�kpq�xUu �0w

�


