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bdc ��ef��gh��i

j
kml"nporqanpsmout�v�wJounyxZz|{/s[t�orv�or}Rorv|~/v_}a��s������r�Rs[���_o�{/�rl"nporv�z�n�wJkX��v�ou��s[nps1���fk[t
L ≤p L′ kXs[w L′ ≤p L′′� ���rq�v

L ≤p L′′ �
�Bt�t|npo

f1 � l�� � f2

wJoun3�XkXsX�Rv�ou��s1��wJoun
L ≤p L′ � l�� � L′ ≤p L′′ � npz�n��|�Xs[npv ��� {/sXs � npz�n����Xs[npv f2 ◦ f1npors[n���n�wJkX�Rv�ou��s�}a��s

L
l�k

L′′ � }Rq�� ��� � kXsXqat � ��{/v�v��"�J�[�fk � q]{ � n_� � �j
k¡l"nporqanps � �unpo � v"� f2 ◦ f1

out�v�ors¢�����r�Rs[���_o�{/�rl"nporv � npz�n����[nps � {/z �1� oun£�XkXsX�Rv�ou��s f1

��{ � n��¤��z�t�v¦¥§�"{�t�n¨Z{/k � l"nporv
c · nk � �Q© z f2

t|npo¤wJoun�t
d · nl �«ª npo¤��orsXq]{ � nynpors[n�t3¬H��z�v�n�t w

wXnpz�¨Z~/sXqan
n � nps[­�v�orq�v£wJoun

f1 � npz�n��|�Xs[nps[wXn®xZkXz�orsXq��¯{�t����Xors[n°�[­R�|�[t�v�nps[t c · nk jKnporv � �f�ut��¡��{/v f1(w)
�[­R�|�[t�v�nps[t±wJoun²¨Z~/sXqan

c ·nk �a� oun�t�n�t¤¬H��z�v¤out�v¤wJoun���orsXq]{ � n �Q© z f2
�R� oun´³´n�t|{/��v���{/k � l"nporv�out�vµw[{/�_orv��[­����[t�v�nps[t d · (c ·nk)l =

dcl · nkl =: e · nkl �K��{�t�nporsH�����r��s[���¶ors n
out�v � ���ut��8out�v f1 ◦ f2

ors¡�����r��s[���_o�{/�rl"nporv � npz�n����[nps � {/z �·¸s[t�qan�t|{/�3vfout�v�w[{/�_orv�qanpl"nporq�v"��w[{�t|t
≤p

v�z|{/s[t�orv�or}yout�v �

bdc ��ef��gh�º¹

»��¼l�kTl"nporqanps1�
w[{�t�t´½�¾8¿	À«ÁyÂÃ�Ä¥W}a���r�ut�v|~/s[wJorqyout�v"�
�3k[t�t��¯{/s°l"nporqanps1�	w[{�t�t´½�¾8¿	À«Á8t��"�����X�ÄorsTÂÃ�
out�vf{/�utf{/k[�|�°w[{�t�n�tfÂ��Ä¥W}a���r�ut�v|~/s[wJorq¯out�v �
� � ½�¾8¿	À«Á¯out�v�ors®ÂÃ� �
��z�z|{/v�n%Åµ{/z�o�{ � �unps � np�unpq�kXsXqykXs[w�}anpz�oÇÆ[l�ounpz�n3t�oun � ��oun © � �rou���
� �È � ½�¾8¿	À«Á¯out�v�Â���¥W}a���r�ut�v|~/s[wJorq �
� oun�t���orz�wVqanpl"nporq�v"�Äors[wXnp�É��orz�¾h¿	À�Á¢{/k � ½�¾8¿	À«ÁTz�n�wJkXl�ounpz�nps ��Ê ounpz�l�k<� © t�t�npsm�un�wJorq��rou����x«npz��±nwXnpz��[��z��

Yi 6= a
�
Yi = Yj

t|�"��oun
Yi 6= Yj

© � npz �Q© �Xz�v��¤npz�wXnps�orsy�[��z��±np�rs1�XwJounfsRkXz�{/k[t�xZnpz��±nps�wXnpz�[��z��
Yi = a � n�t�v�np�[nps �

Yi 6= a
��orz�w²npz�t�npv�l�vfwJkXz��|�1�

{

false
� {/�r�ut

Bi = {a}
∨

b∈Bi\{a}
(Yi = b)

t���s[t�v �

Yi = Yj

��orz�w®npz�t�npv�l�v�wJkXz����1�
{

false
� {/�r�ut

Bi ∩ Bj = ∅
∨

a∈Bi∩Bj

(

(Yi = a) ∧ (Yj = a)
) t���s[t�v �

Yi 6= Yj

��orz�w®npz�t�npv�l�v�wJkXz����1� ∨(

(Yi = a) ∧ (Yj = b)
) �Q© zf{/�r�un

a ∈ Bi, b ∈ Bj

�_orv
a 6= b ��Bt�out�v3l�k � np�±npz��anps1�«w[{�t�t�wJoun±z�n�t�kX�rv�ounpz�nps[wXnpsm����z��±np�rsmt|np�Xz3��{/sXqT�¤npz�wXnpsË�a­�sXs[nps�{ � npz�{/�r�un¯qan+¥t�v�np�r�rv�nps ª n�wJorsXq�kXsXqanpsTnpz �6© �r�unps �

Ì8Í�Î"ÏRÐ/Ñ«ÒJÎ Ó>Ô
Ï�Õ ·¸s�wXnpz�ÅB��z��un�t�kXsXq_��{ � npsy��orz%Ö�×|ØµÙ�Ú ÛÜ{/k � ¾8¿	À«Á£z�n�wJkXl�ounpz�v �X� { � npo	��{ � npsy��orz�npors[n�[��z��±np���a��s[t�v�z�kXounpz�v"�XwJounÃsRkXz�xZnpz��±n%wXnpz��[��z��±nps
Yi = a

kXs[w
Yi = Yj � nporsX��{/�rv�npv � �Bt�qanps © q�vf{/�ut��X�

�
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{/�r�un´xZnpz��±n�wXnpz��[��z��
Yi = Yj

��oun´� � nps²wJkXz����²x«npor� � ��z��±np�rs�l�k²npz�t�npv�l"nps1��ors²wXnps[npsys]kXz�x«npz��±n%wXnpz�[��z��
Yi = a

}a��z��a���_�±nps �
� oun�t�z�n�wJkXl�ounpz�v�Ö�×|ØµÙ�Ú ÛA{/k � ½�¾8¿KÀ�Á �

bdc ��ef��gh���

¬V{�t��¯{/s®� � v�}anpz�q�out�t�v"�[��{�t�{ � npz�v�z���v�l"wXnp�¼l�k�l"nporqanps°out�v"��³´���rounpq�vfors®Â�� �³´npqan � npsÜnpors[n�·§s[t�v|{/sXl²wXn�th³´�Ä¥§��z�� � �unp�±t8{/�ut m × n
¥��¡{/v�z�o��

M
kXs[wÜ{/�ut£ÅBnp��v���z

E
wXnpz±¨Z~/sXqan

n
t�� ��ounynpors[n � {/sXqan � �rou�|�[n ��¨1­�t�kXsXq¡wXn�t_³%�Ä¥§��z�� � �unp�±t"�ÄwJoun�{/�ut3ÅBnp��v���z L

wXnpz�¨Z~/sXqan
n
}a��z��rounpq�v �� © z%wJoun�¨Z­�t�kXsXqy�3k[t�t´qanp�rv�nps1�

M · L ≥ E
�K��� � npo�� ≥ �
	 �����	��s[nps]v�npsR�¤npout�nhl�k¡}anpz�t�v�np�[nps¢out�v � ·§�s�{/or}anpsV��{/�r�¤npz � ��z�wXnpz�v3wJoun�t
�Xz��²»fsXq��unpou�|�]kXsXq

n
�°kX�rv��X�ror��{/v�ou��s[nps1�

n − 1
��wXwJorv�ou��s[npsËt��"��oun±npors[nps

ÅBnpz�q��unpou��� � Â�or�_�3vf�¯{/s¡{/�r�un3wJoun�t�n����Knpz|{/v�ou��s[nps¢{/�utfnp�unp�±npsRv|{/z � � � � ���f{/s1�X��{/sXs°�¯{/s°wJoun�¨Z­�t�kXsXqors
O(m ·(n+(n−1)+1)) = O(m ·n)

�u­�t�nps � ��s[t���s[t�v�nps±npz��[­��Rv¤t�ou�|�±wXnpzµ�����K��s[npsRvµnps]v�t��Xz�n��|�[nps[w��w[{�{ � npz��anpors[n´wXnpz����	npz|{/v�ou��s[nps�n����	��s[nps]v�ounp�r����orz�w�� � �unpo � v�wJoun 	 ��{�t�t|nÃ{/k ��� n�wXnpsy��{/�r���K���r��s[���_ounp�r� �
ª �unpo � v�l�k�l"nporqanps1�K³%��out�v�ÂÃ�Ä¥������R�¤npz �� {/l�kVz�n�wJkXl�ounpz�npsm��orz3}a��s�� ¥�����x%����npounps C = {C1, . . . , Cm} 	 ��{/k[t�np�rs � n�t�v�np�[nps[wË{/k[t � np�¤npor�ut��¨�orv�npz|{/�unps1� � {�t�ounpz�nps[w®{/k � wXnpz�Åµ{/z�o�{ � �unpsX�±npsXqan {y1, . . . , yn}

� j
k C = {C1, . . . , Cm}
�a��s[t�v�z�kXounpz�nps

��orz�ors±�����r�Rs[���_o�{/�rl"nporv�npors[n�q]{/sXl�l {/�X�rorqan��¡{/v�z�o��
M
kXs[w¯npors[nps_q]{/sXl�l {/�X�rorqanps¯ÅBnp��v���z

b
��t|�Ãw[{�t|tB{/�r�un

	 ��{/k[t�np�rs C1, . . . , Cm

qanps�{/k¢w[{/sXs°q��unpou�|�Xl"nporv�orq²npz �6© �r�rv´t�ors[w��
�¤npsXs¢n�tÃnpors[npsTq]{/sXl�l {/�X�rorqanps¡ÅBnp��v���z
x
�_orv

Mx ≥ b
q�o � v �[� oun
�¡{/v�z�o�� M

��{/v
2n

����{/�rv�nps1��ors[wJorl�ounpz�v��_orv
y1, y1, . . . , yn, yn

� ¬ orz � {�t�t�npswJounf»�sXq��unpou���RkXsXqanps
Mx ≥ b

{/�ut¤»fsXq��unpou�|�]kXsXqanpsyorshwXnpsh¨�orv�npz|{/�unpsy{/k � � � © z i = 1, . . . , n
��{ � nps±��orzwJoun � ���rqanps[wXnps®»�sXq��unpou���]kXsXqanps1�

yi ≥ 0

yi ≥ 0

yi + yi ≥ 1 (∗)

−yi − yi ≥ −1

��k � q�z�kXs[w�wXnpzh³%{/sXl�l {/�X�rorq��anporv�t � ��z�wXnpz�kXsXqmt�ors[wmwJoun�t�n�»�sXq��unpou���]kXsXqanps qanps�{/kÜw[{/sXs��u­�t � {/z"����npsXs
yi

kXs[w
yi

sRkXz�wJoun_¬Hnpz�v�nh���RwXnpz±�±��{ � nps1�Z{ � npz�sXou�|�]v � npouwXn±wXnpsHq��unpou�|�[npsV¬Hnpz�v �1� oun�t3q�or�rv ∀i ∈
{1, . . . , n} � � © z � n�wXn 	 ��{/k[t�np� Cj = zj,1 ∨ zj,2 ∨ zj,3, j ∈ {1, . . . ,m}

�	��{ � nps¢��orz�w[{/sXs¢s[�����HwJoun»�sXq��unpou���]kXsXqanps
zj,1 + zj,2 + zj,3 ≥ 1. (∗∗)

� oun�¨1­�t � {/z��anporv±}a��s �! " ��wJz © �|�Rv8{/k[t"�Äw[{�t�t£�_ors[wXn�t�v�nps[t¯npors[n�t¯wXnpz±¨�orv�npz|{/�un zj,i, i ∈ {1, 2, 3}
ors

� n�wXnpz 	 ��{/k[t�np� Cj

npors[nps#�K��t�orv�or}anps ¬Hnpz�v±kXs[w�l�k[tF{/�_�±nps �_orv �! �£wXnps ¬Hnpz�v®����{ � nps t����r� �B� oun
	 ��n�n+Æ[l�ounps]v�nps�wXnpz��rorsX�anps$��nporv�npsËwXnpz�»�sXq��unpou���]kXsXqanpsm�roun � npz�s<w[{/sXsmwJoun¯��orsRv�z|~/qanhwXnpz��T{/v�z�o�� M �� oun%�T{/v�z�o�� M

��{/v�{/�ut��£��ors]v�z|~/qan3{/k[t�wXnpz��TnpsXqan
{−1, 0, 1}

kXs[wh��{/v�wJoun � or�±nps[t�ou��s (m + 4n)×
2n ��� oun � n+Æ[sXorv�ou��s wXn�t�q]{/sXl�l {/�X�rorqanps ÅBnp�Rv���z�t b

out�v²{/k � q�z�kXs[w wXnpz�z�n��|�]v�nps&��nporv�nps wXnpz²� � orqanps»�sXq��unpou���]kXsXqanps��('�nps[t�ou���Rv��rou��� ��� oun���orsXq]{ � npq�z�­*)anf}a��s C = {C1, . . . , Cm}
out�v

3m � ¬Hnpqanps 3m ≥ n��{ � nps°wJoun��T{/v�z�o�� M
kXs[wTwXnpzfÅBnp��v���z

b
l�k[tF{/�_�±nps¢³Ãz�­*)an

O(m2) �K� oun3x1z|{/s[t � ��z��¯{/v�ou��s¡out�v´{/�ut��ors²�����r�Rs[���_o�{/�rl"nporvÃ�±­�q��rou��� �
È
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¬ orz�� © t�t�nps£s[�����_l"nporqanps1��w[{�t�t
C1, . . . , Cm

q]{/s�{/k±w[{/sXs£q��unpou�|�Xl"nporv�orq�npz �Q© �r� � {/zÄt�ors[w�� ��npsXs¯n�tÄnpors[npsq]{/sXl�l {/�X�rorqanps®ÅBnp��v���z
x
q�o � v"��wXnpz Mx ≥ b

�a�����	��s[nps]v�npsR�¤npout�n£npz �Q© �r�rv �
�
⇒ � �*�Rors[w�wJoun 	 ��{/k[t|np�rs C1, . . . , Cm

q��unpou���Xl"nporv�orq�npz �Q© �r� � {/z"��t��fq�o � vÄn�tÄnpors[n ª np�unpq�kXsXq%wXnpz�Åµ{/z�o�{ � �unps�_orv�wXnps ª �R���un�t��|�[nps ¬Hnpz�v�nps �Ë�RwXnpz¢����wJoun C1, . . . , Cm

q��unpou���Xl"nporv�orqAnpz �6© �r�unps ��� {/sXs t�ors[w {/�r�un»�sXq��unpou���]kXsXqanps°wXnpz�����z�� �! �¤��wXnpz �! " �Bnpz �Q© �r�rv �J� oun´»�sXq��unpou���RkXsXqanps �! " �¤t�ors[wynpz �6© �r�rv"��w[{�ors � n�wXnpz
	 ��{/k[t�np�X�_ors[wXn�t�v�nps[tµnpors£¨1orv�npz|{/��wXnps_¬Hnpz�v�� � np�a���_��v�kXs[w±{/�r�un�{/s[wXnpz�nps_�¤npz�v�n�sXou�|�]vBs[npq]{/v�or}£t�ors[w ��
⇐ � � �Rors[w<{/�r�un_»fsXq��unpou�|�]kXsXqanps �! ��kXs[w �! " �%npz �6© �r�rv"��t��ynpz���{/�rv�npsH��orz%�_orv �! �Ã¨Z­�t�kXsXqanps yi, yi ∈
{0, 1}

�_orv
yi+yi = 1 ��� oun�»fsXq��unpou�|�]kXsXqanps �! " ��t�ors[w_npz �6© �r�rv"�a{/�ut|�´��{/v�ors � n�wXnpz 	 ��{/k[t�np�X�_ors[wXn�t�v�nps[tnpors®¨�orv�npz|{/��wXnps ª �R���un�t|���[nps²¬Hnpz�v3� � ��ors[n3¨1­�t�kXsXq¯wXn�t�»�sXq��unpou���]kXsXqat|t���t�v�np�±t"�[qanpqan � nps°wJkXz��|� �! �kXs[w �! " �+���roun � npz�vÄt|���_orvBnpors[n ª np�unpq�kXsXq�wXnpz�Åµ{/z�o�{ � �unps y1, . . . , yn

��t��´w[{�t�tB{/�r�un 	 ��{/k[t�np�rs±q��unpou�|�Xl"nporv�orqnpz �Q© �r�rvft�ors[w �

bdc ��ef��gh� &

� {a�
HaPf ≤P HaKr� © �Xz�n � ���rqanps[wXn������r�Rs[���_l"nporv�v�z|{/s[t � ��z��¯{/v�ou��s¢wJkXz����1�

�

� © qan�npors[nps®s[npk[nps 	 s[��v�nps°npors �1� �
���|�Xz�orv�vF�
�

� © qan%}a��s � n�wXnp�¼{/�rv�nps 	 s[��v�npsTnpors[n 	 {/s]v�n�l�k®wXnp�ºs[npk[nps®npors �Z� n �����Xz�orv�v�n �
�

� © qan%}a��s°wXnp�ºs[npk[nps 	 s[��v�nps®npors[n 	 {/sRv�n�l�k � n�wXnp� {/�rv�nps®npors �Z� n �����Xz�orv�v�n �
� oun�x1z|{/s[t � ��z��¯{/v�ou��s_out�v�{/�ut���ors
�	���r�Rs[���_ounp�r�unpz¤jKnporv � 2n+1

�ZwJkXz���� �Q© �Xz � {/z�kXs[w�n�t�q�or�rv"� Ê {/v�v�nwXnpz«kXz�t��Xz © sXq��rou���[n�³Ãz|{(�X��npors[nps Ê {/�_or�rv���s[t����[nps_� � {�w�� t|����{/v«wXnpz«s[npk[nµnpors[nps Ê {/�_or�rv���s[t��|�[nps
	 z�npout � qanpz|{�wXn © � npzZwXnps�s[npk[nps 	 s[��v�nps
� � Ê {/vZwXnpz1s[npk[n�³Ãz|{(�X��npors[nps Ê {/�_or�rv���sX��z�npout"� t|����{/v�v�nwXnpzÃ{/�rv�n�npors[nps Ê {/�_orv���s � � {�w � wXnpz 	 z�npoutf���Xs[n�wXnps�s[npk[nps 	 s[��v�nps
� �

� � � HaKr ≤P HaPf� © �Xz�n � ���rqanps[wXn������r�Rs[���_l"nporv�v�z|{/s[t � ��z��¯{/v�ou��s¢wJkXz����1�
�

¬ ~/�X�un�npors[nps 	 s[��v�nps K
or� ³´z|{(�X� �Z� � �����Xz�orv�vF�

�

� © qan%l���npo1s[npk[n 	 s[��v�nps K1

kXs[w
K2

npors �«� È �����Xz�orv�v�n �
�

� © qan �Q© z � n�wXn 	 {/sRv�n��awJoun�ors K
�Xors[nporsXqanp�Rv"�]npors[n�npsRv�t��Xz�n����[nps[wXn 	 {/s]v�n�ors K1

npors �[� ≤ n���|�Xz�orv�v�n �
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