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`ba ��cd��ef��g

hji L k"lnmol =⇒ L k"lnmolprq m�s�m3tdu[s�s h/v m%s�w qyxzx w|{ q~}�� w"l� m v m�{]�	m q s�� q m��W� SAM
q s�w�k"lnmol�uX{[� SAM

q s�w�{ q~}�� w8k"lnmolylB��m q �Xm�s���uXk��Xm q {A�Xm�k��B��k��~m�s�uX{ v
�	m�� q m�s�m�{�uX{[���Xm�s � h �y��� h {X{�� q m_� x �X� q � h w q ��{�{ q~}�� w�s�w qyxzx m�{1l

� i L m�{]w�s }�� m q �J� h k =⇒ L m�{]w�s }�� m q �J� h kprq m�s�m3tdu[s�s h/v m%s�w qyxzx w"l
��m q m q {[m�kB�ZuXk q { v���h s }��Xq {[md� q m L m�{]w�s }�� m q �Xm�w x�� s�s�m�{�{RuXk�� q m��
u[s�w��/{[�Xm�� � kB�jtA�X���_lo�� ��¡�¢ m�k�w h u[s }�� wr�£m�k��Xm�{¤u x L ��u�m�{Rw�s }�� m q �Xm�{
t��yw�m�k�{ h w q ¢ mo� L m�{]w�s }�� m q �J� h k ⇐⇒ L h ���"m��Xw q m�k�� h k¥uX{[� L h ���"m��Xw q m�k�� h k ⇐⇒ L h ���"m��Xw q m�k�� h k
uX{[� L = L h ���"m��Xw q m�k�� h k ⇐⇒ L h �R�"m��Xw q m�k�� h k"l
} i L m�{]w�s }�� m q �J� h k�uX{[� L { q~}�� wdk"lnmol =⇒ L k�m v uX�¦�/kprq m�s�m3tdu[s�s h/v m q s�w�k q~}�� w q v l

L m�{]w�s }�� m q �J� h k ⇐⇒ L h ���"m��Xw q m�k�� h k�uX{[� L h �R�"m��Xw q m�k�� h k"l p h sz�Km��Xm�uXw�m�w"§£� h/¨ � q m©� q {X�jmª m q w�m«�Xm�kz� x �X� q � h w q ��{­¬ L m�{]w�s }�� m q �J� h k�uX{[� L { q~}�� wzk"lnmol i s�w�m�w�s3� h �~s }��®q s�w"l p h xzq w q s�w¯� q m
� x �X� q � h w q ��{�k q~}�� w q v l�¬>°±t�u[s|m�w±� h s�� h �~s }�� m x �Q��� v w��	m�� q m�� q v m�s"l ² i

� i L ≤ L′ uX{[� L k"lnmol =⇒ L′ k"lnmolprq m�s�m3tdu[s�s h/v m%s�w qyxzx w|{ q~}�� w"l
�¡{]w�u q w q ��{1� L q s�w�°W�~m q~}�� w�m�k³² h �~s L′ uX{[�¤�Xm�s � h �y��� h {X{ x h {¤{ q~}�� w´s }�� � q m�s�s�m�{1§�� h s�s L′ k"lnmol q s�w"§h u }�� �¥m�{X{ L h uJ� L′ k�m��JuX� q m�k�� h k q s�w"lµ¶q k|� q �Xm�k��~m v m�{T� q m_��m � h uX�Xw�uX{ v �JuXk }�� td{ v]h �	m_m q {[m�s � m v m�{]�	m q s�� q m��~s"l µ¶q k|�j·�{X{[m�{ SAMh uJ��� q m ª �Xk h }�� m L h u[s¸tduJ� v]h �Km£¹ xzq w�w�m��~s f(x) = x$〈M2〉 k�m��JuX� q m�k�m�{1lJ¬ M2

q s�wZm q {[mB�	m�� q m�� q v mª �Xk h }�� m h u[s SAM l i p ��k�wd�"m q v m�{�� q k"§[� h/¨ L { q~}�� w h �R�"m��Xw q m�k�� h k q s�w"l
m i L ≤ L′ uX{[� L′ k"lnmol =⇒ L k"lnmolprq m_t�u[s�s h/v m q s�w�k q~}�� w q v l

L′ s�m q h ���"m��Xw q m�k�� h k"§���l � lºm�s v q �Xw¯m q {[m©�ZuXk q { v�»±�Th s }��Xq {[m M2 §¸� q m L′ h ���"m��Xw q m�k�w"l L ≤ L′

�	m��Xm�uXw�m�w"§Z� h s�s3m�s_m q {[m��Km�k�m }�� m�{]� h k�m8¼XuX{X�Rw q ��{ f v q �Xw xzq w x ∈ L ⇐⇒ f(x) ∈ L′ l prq m�s�m
�¥m�k��Xm8k�m h � q s q m�k�w��JuXk }�� � q mf�ZuXk q { v�»±�Th s }��Xq {[m M1 l µAq k��j��{[s�w�k�u q m�k�m�{�� h k h u[s¯m q {[mf�ZuXk q { v�»��h s }��Xq {[m M §�� q m L h �R�"m��Xw q m�k�w"l1 �s_s�m q m q {[m�  q { v]h �	m x v m v m��	m�{1l¸�
u[m�k�s�w_s qyx uX� q m�k�w M � q m��h s }��Xq {[m M1 uX{[�½�Km�k�m }�� {[m�w f(x) ¬M1 w�m�k xzq { q m�k�w«� � k h �y�~m x ∈ L i §�� h { h }�� s qyx uX� q m�k�w
s q m M2 �	m q   q { v]h �Km f(x) l ª q m h ���"m��Xw q m�k�w f(x) v m�{ h u¾� h {X{1§¥�£m�{X{ f(x) ∈ L′

q s�w"§B� h sv �~m q~}�� �	m��Xm�uXw�m�{[� xzq w x ∈ L
q s�w"lºtd�~s�� h ���"m��Xw q m�k�w M m q {[m8  q { v]h �Km x v m�{ h u�� h {X{1§º�£m�{X{

x ∈ L l
� i L ≤ L′ uX{[� L { q~}�� w�k"lnmol =⇒ L′ { q~}�� w�k"lnmolprq m�s�m3tdu[s�s h/v m q s�w�k q~}�� w q v l
�rm �Xx m�{¯� q k h {1§ L′ �¥�/k�m h ���"m��Xw q m�k�� h k"l p h {X{��¿��� v w h u[s�� x �X� q � h w q ��{¯m i §�� h s�s L h �R�"m��Xw q m�k�� h k
���/k�mo§[� h s h �	m�k|�Xm�k|�B��k h u[s�s�m�w���uX{ v � q �Xm�k�s��Xk q~}�� w"l

À
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vRi L k�m v uX�¦�/k =⇒ L m�{Rw�s }�� m q �J� h kprq m_t�u[s�s h/v m q s�w�k q~}�� w q v l
¼ � k�m q {[m�k�m v uX�¦�/k�m ª �Xk h }�� m L m�� q s�w q m�k�w�m q {<m�{[�J� q~}�� m�kzt�uXw�� x h w"§¸�Xm�k L h �R�"m��Xw q m�k�w"l prq m�s�m�k
� h {X{ ¢ ��{�m q {[m�kd�ZuXk q { v�»±�Th s }��Xq {[m3s qyx uX� q m�k�w|�£m�k��Xm�{1l�td�~s�� q s�w L h �R�"m��Xw q m�k�� h k"l[��m q �Xm�{�t�� »
s }�� �yu ¨ m q v m�{[s }�� h �6w�m�{¤� � k�k�m v uX�¦�/k�m ª �Xk h }�� m�{ � h w�w�m�{�� q k v m��"m q v w"§�� h/¨ xzq w L h u }�� L k�m v uX�¦�/kq s�w"lXtd�~s�� q s�w h u }�� L h �R�"m��Xw q m�k�� h k"l p h xzq w q s�w L m�{Rw�s }�� m q �J� h k"l

� i�� �j��{]w�m��Jw �6k�m q ⇒ � k"lnmolprq m�s�m3tdu[s�s h/v m q s�w�� h � k"l
��m��¥m q s"�[¼ h �y�~s � �j��{]w�m��Jw �6k�m q1q s�w"§Xm�� q s�w q m�k�w|m q {��%m��y�~m�k h uXw�� x h w"§
�Xm�k �Vh ���"m��Xw q m�k�w"l ª � xzq w v q �Xw
m�s h u }�� m q {[m3�1uXk q { v�»±��h s }��Xq {[mo§K� q m%� q m�s|w�uXw�uX{[� q {[s��Km�s���{[�Xm�k�m%�Q��� v w|� q m_��m � h uX�Xw�uX{ v l
q i�� �j��{]w�m��Jw �6k�m q ⇒ � m�{]w�s }�� m q �J� h kprq m�s�m3tdu[s�s h/v m q s�w�� h � k"l
��m��¥m q s"�	� x ¢ ��k � m�k q v m�{H�Zm q �|¬ � i ��uXk��Xm v m��"m q v w"� � �j��{Rw�m���w �Qk�m q ⇒ � k"lnmoly§ h u ¨ m�k��Xm x ��uXk��Xm
�	m�k�m q w�s q {z�Xm�k��B��k��~m�s�uX{ v%v m��"m q v w"� � m�{Rw�s }�� m q �J� h k ⇔ � k"lnmol ∧ L k"lnmol�� x �	m q �Xm�sº�j� x � q { q m�k�m�{
��u��j·�{X{[m�{��X�~m q �Xw|�jl ��ly� � �j��{]w�m��Jw �6k�m q ⇒ L k"lnmolp h ��uf��uX{�� }�� s�w�m q {[m q {Rw�u q w q ¢ mr��m�w�k h }�� w�uX{ v � ª �"�¥� � �
k�m v uX�¦�/k�m h �~s h u }��fp �%t » ª �Xk h }�� m�{©s q {[�
uX{Rw�m�k	��� x �X�~m x m�{]w�� q �~�JuX{ v h � v m�s }�� �~�os�s�m�{1§���l � l � p �%t » ª �Xk h }�� m ⇒ L

p �%t » ª �Xk h }�� m L
k"lnmolJ¼ � k��
�%t » ª �Xk h }�� m�{©uX{[�«s�� xzq w£� � k¥�j��{Rw�m���w �Qk�m q m ª �Xk h }�� m�{ h �y� v m x m q { q s�w¥� q m�s¥{ q~}�� w|�Xm�k
¼ h �y�Wl p m�k � k�uX{[� q s�w q {]w�u q w q ¢ �¿��� v m�{[�Xm�k"��  q {�{ q~}�� w��Xm�w�m�k xzq { q s�w q s }�� m�k��%m��y�~m�k h uXw�� x h w h ���"m�� »
w q m�k�w%m q { µ ��k�w v m�{ h u � h {X{1§K�£m�{X{ m�srm q {[m h �R�"m��Xw q m�k�m�{[�Xm
���Km�k v]h { v s �¿��� v m�� � kr� q m�s�m�s µ ��k�wv q �Xw"l p h �Km qKq s�w¥m�s q k�k�m��~m ¢ h {]w"§J���fm�s£�	m�� q m�� q v ¢ q m��~md�¥m q w�m�k�mo§�{ q~}�� w h ���"m��Xw q m�k�m�{[�Xm��d�	m�k v]h { v s »
�¿��� v m�{<� � k¯� q m�s�m�s µ ��k�w v q �Xw"l � m�{ h u �Xm�s � h �y�®�QuX{X�Rw q ��{ q m�k�w¯�Xm�kz�1k q~} �	§º�Xm�k��	m q�p  �t�s�uX{[�p �%trs���uXk��d� x �X�~m x m�{Rw�� q �~�JuX{ v �	m�{]uXw���w¥� q k�� h �	m�k£{ q~}�� w x m � k"�R�X��k�w¥�£m�k��Xm�{«{[��k x h �~m�uX{[�
 B{[�J��u[s�w��/{[�Xm v m�w h u[s }�� w"§�� h s_� h ��uT� �X� k�w"§�� h/¨ �Xm�k%�	m�w�k�m��	m�{[�Xmzt�uXw�� x h w_� q m��j� x �X�~m x m�{ »
w��/k�m ª �Xk h }�� m h ���"m��Xw q m�k�w"l1��m qyx ���%t �	m��Xm�uXw�m�w3� q m�s"� µ m�{X{<m�s%m q {[m�{ h �R�"m��Xw q m�k�m�{[�Xm�{<uX{[�
m q {[m�{f{ q~}�� w h ���"m��Xw q m�k�m�{[�Xm�{����Km�k v]h { v3v q �Xw"§ h �R�"m��Xw q m�k�m�{8s��"�¥� � �
�Xm�kB{[��k x h �~m�tduXw�� x h w"§ h �~sh u }�� �Xm�k£tduXw�� x h w xzq w ¢ m�k�w h u[s }�� w�m�{��
u[s�w��/{[�Xm�{f�	m q �Xm|� h s µ ��k�w"l µ h s x h {f�Xk��/u }�� w�m����/k�m
m q {�t�uXw�� x h w"§j�Xm�k�m q { µ ��k�wBm��J�X� q � q w h �X�~m � {]w"§j�¥m�{X{�m�s h u }�� {RuXk�m q {[m�{z{ q~}�� w h ���"m��Xw q m�k�m�{[�Xm�{
���	m�k v]h { v�v q �Xw"§/s�w h w�w¸m q {[m x t�uXw�� x h w�m�{1§ �Xm�kºm�s h ���"m��Xw q m�k�w"§/�£m�{X{ h u }�� {]uXkºm q { h ���"m��Xw q m�k�m�{ »
�Xm�k����Km�k v]h { v m�� q s�w q m�k�w"l ��m q �1uXk q { v�»±��h s }��Xq {[m�{ xzq w�m��J�X� q � q w�m�{�� h » uX{[�3�rm q { »  �{[�J��u[s�w��/{[�Xm�{q s�w h �Km�k v m�{ h u¤� q m�s x · v � q~}�� uX{[��� h xzq w|� q k�� h u }�� � q m�s�m ª �Xk h }�� m h ���"m��Xw q m�k�� h k"l
¼���k x h �]�¦��s�s�w1s q~}�� � q m�s�� m��X� }�� h u }��3� �	m�k � k h xzx h w q �jm�{��"m q v m�{1� ¼ � k���m��Xmº�j��{]w�m��Jw �6k�m q m � k h x »x h w q �®m�� q s�w q m�k�w�m q {[m�¬6�j��{]w�m��Jw �6k�m q m i � k h xzx h w q � q {�� � � x s����<����k x h � �¿��k x ¬Q�¥m��¥m q szs q m � m
�jln�´l��d�¥m ª }�� ·�{ q { vf» � � m���k�m�w q s }�� m��¡{J�¿��k x h w q �©�RuXk�� v m+� h s�s�w ª m q w�m���� i l[��m q m q {[m�k � k h xzx h »
w q � q {�� � � x s����«����k x h � �¿��k x � h �	m�{ h �y�~m��dm v m��y{�m q {[m3�Xm�k��Q��� v m�{[�Xm�{��Km q �Xm�{�¼���k x m�{1�
A → BC
A → ap uXk }�� t�{]�¥m�{[�JuX{ v m q {[m�k �dm v m��
�Xm�k£m�k�s�w�m�{f¼[��k x m�k � · � w�s q~}�� � q m|t�{X� h � �
�Xm�k�� h k q h �X�~m�{fu xÀ §��JuXk }�� td{R�£m�{[�JuX{ v m q {[m�k
�dm v m��¸�Xm�k|���£m q w�m�{�¼[��k x m�k�s�m�w���w x h {�m q {[m3� h k q h �X�~m3�JuXk }�� m q {
�¸m�k xzq { h �~s!� x �	���Wl � q wdm q {[m�kds���� }�� m�{ � k h xzx h w q �©� h {X{ x h {¤m q { µ ��k�wd�Xm�k � �/{ v m n h �~s�� q {
2n − 1

ª }�� k q w�w�m�{ h �X�~m q w�m�{#"¤t�u[s v m � m�{[� ¢ ��{Vm q {[m x ª w h k�w�s$� x �K���B� h {X{ x h {H�JuXk }�� n − 1

¹
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t�{]�¥m�{[�JuX{ v m�{ ¢ ��{ ��m v m��y{H�Xm�k_m�k�s�w�m�{H¼[��k x n � h k q h �X�~m�{Vm�k��"m�u v m�{1§1� q m x h {H� h {X{V�JuXk }��
n t�{]�£m�{[�JuX{ v m�{ ¢ ��{��dm v m��y{©�Xm�k����£m q w�m�{¤¼[��k x q {��Zm�k xzq { h �~m%u x � h {[�Xm��yw"l
�duX{©� h {X{ x h {h �y�~m µ ·�k�w�m�k��Xm�k � �/{ v m n �	m�s�w qyxzx m�{1§B� q m ¢ ��{ �Xm�k � k h xzx h w q ��m�k��"m�u v w��£m�k��Xm�{ �j·�{X{[m�{
uX{[� xzq w��Xm x   q { v]h �	m��£��k�w ¢ m�k v �~m q~}�� m�{1lK Bs v q �Xw x h � qyx h � |Σ|n ¢ q m��~m µ ·�k�w�m�k"§X� � k|� q m x h {
��m��£m q �~s v m�{ h u 2n− 1 t��X�~m q w�uX{ v s�k�m v m��y{ h {]�¥m�{[�Xm�{ x u ¨ l���m h }�� w�m�w x h {8{]uX{«{[� }�� §�� h/¨ m q {[m� k h xzx h w q �T{RuXk3m�{[�J� q~}�� ¢ q m��~m � k��R�JuX��w q ��{[s�k�m v m��y{ � h �Km�{ � h {X{1§ q s�w_� h s´� � k_m q { v m v m��	m�{[m�sµ ��k�w ¢ ��{V�	m�� q m�� q v m�k h �Km�k��j��{[s�w h {]w�m�k � �/{ v m n m q {[m ����{[s�w h {]w�m ¬6�£m�{X{ h u }�� m q {[m v k�� ¨ m i lp h k h u[s|�Q��� v w|� q m_��m � h uX�Xw�uX{ v l

� i������ 〈 � 〉 � � ¬ ��i q s�w��j��{]w�m��Jw �6k�m q�� ⇒ � q s�w|m�{Rw�s }�� m q �J� h kprq m�s�m3tdu[s�s h/v m q s�w�� h �~s }�� l prq m�s��¿��� v w|s��/�¿��k�w h u[s|�Xm x ª h w�� ¢ ��{ � q~} mol
`ba ��cd��ef�
	

 Bs|s�m q Σ = {0, 1, $} l µAq k��	m�w�k h }�� w�m�{
L = {u$v |u ∈ SAM uX{[� v ∈ SAM}.

µ m��Xm�k L {[� }�� L s q {[� h ���"m��Xw q m�k�� h k"l
hji µ¶q kB�"m q v m�{ SAM ≤ L l p h ��u��j��{[s�w�k�u q m�k�m�{f� q k¥m q {[md� ��» �Km�k�m }�� m�{]� h k�m´¼XuX{X��w q ��{ f : Σ∗ → Σ∗xzq w x ∈ SAM ⇐⇒ f(x) ∈ L l
 Bs|s�m q M1 m q {[m_�ZuXk q { v�»±�Th s }��Xq {[m xzq w M1 ∈ SAM l µAq k|s�m�w��"m�{ f(x) = 〈M1〉$x l p h {X{ v q �yw"�

x ∈ SAM =⇒ f(x) = 〈M1〉$x ∈ L

x /∈ SAM =⇒ x ∈ SAM =⇒ f(x) = 〈M1〉$x /∈ L.
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x ∈ SAM =⇒ f(x) = x$〈M2〉 /∈ L =⇒ f(x) ∈ L

x /∈ SAM =⇒ x ∈ SAM =⇒ f(x) = x$〈M2〉 ∈ L =⇒ f(x) /∈ L.
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