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`ba ��cd��ef��g

hjilklmonJiqpsrutvklwxpzy[nXp%{d|[}�}F~/wxp����HpzyXy
L
pzily[p%���%{o���R�X��~v���[p_|Xy[n

R
pzily[p���pzw�|Xk��/��p��R�X��~v���[p_iq}�m"�Jn[~/yXy

iq}�m
L ∩ R

pzily[p3�j�%{d���R�X��~v���[p��
��il���"pzilwxpzy�il��rutvklwxpzy[nXpzy1�[n[~/�

L ∩R
pzily[p%���%{d���R�X��~v���[p%iq}�m"��h%p�}�|[���Rm�iq}�md~/kq}�t�pzily�nJiqp�}�p_�R�X��~v���[p

~/���"pz�Xm�iqpz��pzy[nXpz�snXpzm�pz����ilyXiq}�m�iq}����[pz�j�%pzklkqpz��~/|Xm�tv��~/m
ML∩R

�
��pzi

ML = (Z,Σ,Γ,∆, s,#, F )
pzily��j�%{���|

L
|Xy[n

MR = (Z ′,Σ,∆′, s′, F ′)
pzily��� B{¡��|

R
�

¢ nXp�p�£¤��il��¥�~/|[pzy�~/|[}
ML

|Xy[n
MR

pzily[pzy�¦§����pz|X���X��tRnJ|X��m�~/|Xm�tv��~/m�pzy�¨�©6ªRw�kW���/�XyXkliq���[p��stvy[}�m���|X��m�iqtvy
rQ«X�opzy[nJkliq���[p3{s|Xm�tv��~/m�pzy
¬+�
��il�onXp+­[yXiqpz��pzyT~/kq}�t�pzily[pzy����%{

ML∩R ® iqpjrutvklw�m"£

ML∩R :=
(
(Z × Z ′),Σ,Γ,∆′′, (s, s′),#, (F × F ′)

)

��ilm
(
(z1, z2), a, A,B, (z′1, z

′

2)
)
∈ ∆′′ ⇐⇒ (z1, a, A,B, z′1) ∈ ∆

|Xy[n
(z2, a, z′2) ∈ ∆′

�HpzyXy
ML∩R

pzilyH�Htv��m�~/���"pz�Xm�iqpz��m"�Zn[~/yXyHw�il¥Xm�p�}_il�°¯Z��~/y[}�ilm�iqtvy[}�w���~/�X�[pzy±pzily[pzy²~/���"pz�Xm�iqpz��pzy[nXpzy
³ rW~vn�ªxtvyTnXpz���Rm�~/��m��xtvyJ­[w�|X��~/m�iqtvy´��ilm��Rm�~/��m���|[}�m�~/y[n

(s, s′)
��|µpzily[pz�j �y[nJ�xtvyJ­[w�|X��~/m�iqtvy¶��ilms By[n��

��|[}�m�~/y[n
(f, f ′)
�	�jiqp�}jiq}�mjy�~v���H�dtvy[}�m���|X�Rm�iqtvy¶wxpzy�~/|¶n[~/yXy¶nXpz�%·�~/klkW� ® pzyXyHp�}jil�¸¯1��~/y[}�ilm�iqtvy[}�w���~¤��X�[pzy±ªxtvy

ML

pzily[pzy¹~/���"pz�Xm�iqpz��pzy[nXpzy ³ ru~vn²ªxtvy±nXpz���Rm�~/��m��xtvyJ­[w�|X��~/m�iqtvy¹��ilm��Rm�~/��m���|[}�m�~/y[n
s
��|

pzily[pz�s By[nJ�xtvyJ­[w�|X��~/m�iqtvy¶��ilmd �y[nJ��|[}�m�~/y[n
f
|Xy[n�il�»ºs¥	pz��w]~/yXwx}�w���~/�X�[pzyTnXp�}jpzy[nJkliq���[pzy´{s|Xm�tv��~¤�

m�pzy¹pzily[pzy¹~/�R�"pz�Xm�iqpz��pzy[nXpzy ³ rW~vn<ªxtv�¼�Rm�~/��m���|[}�m�~/y[n
s′
��|X�½ �y[nJ��|[}�m�~/y[n

f ′
w�il¥Xm"�o©Q�jiqp�}��x¾vyXyRm�p

wxpzy�~/|[pz�o¥	pzw���«Xy[nXpzm ® pz��nXpzy1�¿¬ B}�w�ilklm"£
ML∩R

~/�R�"pz�Xm�iqpz��mswxpzy�~/|
L ∩ R
�

`ba ��cd��ef�ÁÀ

©u~x¬

Â �
S → ε

Ã �
S → AB → aSB → aABB → aaSBB → aaBB → aabSB → aabB → aabb

Ä �
S → BA → bSA → bABA → baSBA → baBABA → babSABA → babABA →
babaSBA → babaBA → bababSA → bababA → bababaS → bababa

©6¥
¬
��il��ªxpz���3|Xm�pzyTy�~v����Å�p"~/��¥	pzilm�pzy�nXp�}o¯Zpzilkq}j~J£

L(G) = {w ∈ Σ∗ | #a(w) = #b(w)}

Â
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·�«X�dnXpzy�Å�p ® pziq}d¥Kpzy[¾vm�ilwxpzy ® il��y[tR����pzm ® ~v}��jtvm�~/m�iqtvy1£ Lab = {w ∈ Σ∗ | #a(w) = #b(w)}
#a(w)

iq}�mo{syX��~/�XkZnXpz�
a
ily

w

#b(w)
iq}�ms{dyX��~/�Xk1nXpz�

b
ily

w

#A(w)
iq}�mo{syX��~/�XkZnXpz�

A
ily

w

#B(w)
iq}�mo{dyX��~/�Xk nXpz�

B
ily

w

#aA(w) = #a(w) + #A(w)
#bB(w) = #b(w) + #B(w)

Â �
L(G) ⊆ Lab

��il�o�"pzilwxpzy1£[·�«X����p�nXp�}opz���"pz|Xw�m�p_�Htv��m
w
w�ilklm

#a(w) = #b(w)Å�pz�1�l£
S ⇒∗

G α
�Xn[~/yXy�w�ilklm

#aA(α) = #bB(α)�%~/��ilm"£ ¢ }�m
S ⇒∗

G w
�[n[~/yXy�iq}�m

#A(w) = #B(w) = 0
�
~/kq}�t

#a(w) = #b(w)
�

�jiqpjÅ�pz��~/|X�Xm�|XyXw�¥Kp ® pziq}�pzy ® il����ilm�m�pzkq}�ªxtvklkq}�m��/y[nJilwxpz� ¢ y[nJ|X�Rm�iqtvy8«X¥Kpz��nJiqp��Z�/yXwxp�nXpz��{s¥Xkqpzi �m�|XyXw[£

• n = 0
£[ BilyX��ilwxp%� ¾vw�kliq���[p�{d¥Xkqpzilm�|XyXw[£

α = S

#a(S) = #b(S) = #A(S) = #B(S)
√

• n − 1 → n
£X�jiqp%Å�pz��~/|X�Xm�|XyXw�wxpzklm�p%r6«X�d~/klkqp_{s¥Xkqpzilm�|XyXwxpzy���ilm

n − 1
�����X��ilm�m�pzy1�

��il�o��~/¥	pzy�nJiqp��Rilm�|�~/m�iqtvy1£
S ⇒n−1

G w
′ ⇒G w

��~v��� ¢ y[nJ|X��m�iqtvy[}�ªxtv��~/|[}�}�pzm���|XyXwfw�ilklms~/kq}�t
#aA(w

′

) = #bB(w
′

)
�

³ ��ilyX��il�Xiqpzklk��x¾vyXyRm�p���p�nXp��spzwxpzk�~/yXwxp ® pzy[nXpzm ® pz��nXpzy<|X� w
~/|[}

w
′ ��|²pz���"pz|Xwxpzy1�Z��il�

�"pzilwxpzy1�
n[~/��y�~v���µ{sy ® pzy[nJ|XyXw	��p�nXpz�
�dpzwxpzk #aA(w) = #bB(w)
w�ilklm"���siqpz� ® pz��nXpzyTy]|X�pzilyXilwxp3Å�pziq}��Xiqpzkqp3~/|Jr6wxp+rQ«X�X��m"�[nJiqp3~/y[nXpz��pzy
�dpzwxpzkly�pz��wxpz¥	pzy�}�iq���µ~/y�~/kqtvw[£

S → ε
Å�pzi1nXpz�d ���}�pzm���|XyXw8}�ily[n �xpzily[p

a, b, A,B
¥	pzm�pzilklilw�m"��~/kq}�t�w�ilklm�y�~v���

pzilyX��~/klilwxpz� {dy ® pzy[nXpzy1£ #aA(w) = #aA(w
′

)
�
#bB(w) = #bB(w

′

)
I.V.⇒ #aA(w) = #bB(w)

S → AB #aA(w) = #aA(w
′

) + 1
�
#bB(w) = #bB(w

′

) + 1 ⇒ #aA(w) = #bB(w)
S → BA

~/y�~/kqtvw ��|�tv¥Xilwxpz�»·
~/klk
A → aS #A(w) = #A(w

′

) − 1
�
#a(w) = #a(w

′

) + 1 ⇒ #aA(w) = #bB(w)��� ���
�%~/��ilmoiq}�m�wxpz�"pzilw�m"��n[~/��pzilyX��~/klilwxp�}��dpzwxpzk�~/y ® pzy[nXpzyTnJiqp3Å�pz��~/|X�Xm�|XyXw8pz�����/klm"�

Ã �
L(G) ⊇ Lab��il�o�"pzilwxpzy1£��]p�nXp�}o�Htv��m

w
��ilm

#a(w) = #b(w)
k��/��ms}�iq������ilm

G
pz���"pz|Xwxpzy1�

�jiqp�}��"pzilwxpzy ® il����ilm�m�pzkq}oªxtvklkq}�m��/y[nJilwxpz� ¢ y[nJ|X��m�iqtvy1£

Ã
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•

| w |= 0
£  �ilyX��ilwxp��T¾vw�kliq���X�xpzilmjiq}�m

w = ε
�[�%~

S → ε
p��Jiq}�m�iqpz��m"�X��~/yXy

ε
pz���"pz|Xw�m

® pz��nXpzy1�
| w |= 2

£
w = ab

tRnXpz�
w = ba

�J��~/yXy�pz���"pz|Xw�m ® pz��nXpzyµ��ilm�m�pzkq}"£
S ⇒ AB ⇒ aSB ⇒ aB ⇒ abS ⇒ ab

S ⇒ BA ⇒ bSA ⇒ bA ⇒ baS ⇒ ba
√

• | w |= n > 2
£

¢ y[nJ|X��m�iqtvy[}�ªxtv��~/|[}�}�pzm���|XyXw[£
�siqp3Å�pz��~/|X�Xm�|XyXwfwxpzklm�p�rQ«X�d~/klkqp
w

′ ∈ Lab

��ilm | w
′ |< n
�

��� Å�� n�� {��JrW~/yXwxp
w
��ilm

a
~/y1�Z©Q��pz�s~/y[nXpz��p_·�~/klkZiq}�md~/y�~/kqtvw[�¿¬

Å�pz�1�q©��/¬+£
 B}op��Jiq}�m�iqpz��mopzily[p��Kpz��kqpzw�|XyXw
w = aw1bw2

��ilm
w1, w2 ∈ Lab

�
�%~/��ilm"£ | w1 |≤ n − 2

� | w2 |≤ n − 2
��~/kq}�t�k�~v}�}�pzy�}�iq��� y�~v��� ¢ y[nJ|X�Rm�iqtvy[}�ªxtv��~/|[}�}�pzm���|XyXw

w1

|Xy[n
w2

~/|[}
S
pz���"pz|Xwxpzy1£

S ⇒ AB ⇒ aSB ⇒ aSbS ⇒∗ aw1bw2

�%~/��|´�3|[}�}�y]|Xy¶y]|X��y[t����¶nJiqp�Å�pz��~/|X�Xm�|XyXwV©��/¬o¥	p ® iqp�}�pzy ® pz��nXpzy1£���p+­[yXiqpz��p�·X|XyX��m�iqtvy f :	 → 
 ��ilm"£ f(i) = #a(w1w2 . . . wi) − #b(w1w2 . . . wi)
��ilm

w = w1w2 . . . wn

�
  }_iq}�m

f(1) = 1
�
f(n) = 0

|Xy[n ��p�� ® pziB¥	pzy�~v���R¥�~/��m�pf·X|XyX��m�iqtvy[} ® pz��m�p�|XyRm�pz��}����[pziqnXpzy±}�iq���|X� ��p ® pzilkq} Â �R B}�}�pzi j nJiqps�Rkqpzily[}�m�p��	~/�XkK��ilm f(j) = 0
�X�Riqpdp��Jiq}�m�iqpz��m"��n[~

f(n) = 0
iq}�m"�R��~/yXy

w�ilklm
f(j − 1) = 1

��}�tvy[}�msw]�/¥	p�p�}�pzily[pzy¶�AiqnXpz��}��X��|[���H��|X�%{dyXy�~/�X� p�nXpz���µilyXil��~/klilm��/m%ªxtvy
j
�[�jiqp_Å�p�nJilyXw�|XyXw

f(j − 1) = 1
|Xy[n

f(j) = 0
¥Kp�nXpz|Xm�pzm"�[n[~/�

wj = b
iq}�m
� ® il�o¥Kp+­[y[nXpzy�|Xy[}~/kq}�t�ily rQtvklwxpzy[nXpz���Rilm�|�~/m�iqtvy1£

w = a

w2w3 . . . wj−1
︸ ︷︷ ︸

w
′

b

wj+1 . . . wn
︸ ︷︷ ︸

w
′′

��ilm
#a(aw

′

b) = #b(aw
′

b) ⇒ #a(w
′

) = #b(w
′

)
|Xy[n

#a(w
′′

) = #ab(w
′′

)
�

�%~/��ilmoiq}�monJiqp%wxp ® «Xy[}����Rm�p��Kpz��kqpzw�|XyXw�wxp+r6|Xy[nXpzy1�

Ä


