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`ba ��cd��ef��g

• hjilknmXoqpsr]tvuWw�xzy|{�}/w"~	i/�q������o�t���{X���Xo�mXy�u��Zxz����i���oqx��Xxzw��qxzy|��i/w"�� ����{f�"xzo�ylxzm�~��[i/� La mXoqp�rRt�w�xzy|{�}/wn�3{[���B�6�XwZ�vx��Xx��	i/rX� n ≥ 1 ylxz�"xzo�y|t���xzw��Xxzm��l��mXm[xzm1~]�[i/�
�Q�Xw��[i����H��w�t
x = anbn ∈ La �Q�Xw �vx��Xx��Kxzw��qxzy|{XmXy x = uvw ��o�t
v = ak �nxzylxzm¢¡�x���£�¤
y|o���t"~��[i/��x���xzo�m[x¥�	i/rX�1o�y|o��Xt"~������[i/�
uviw = an+k×(i−1)bn /∈ La ¦ i8��o�w%��o�t i = 0 �	xzw�xzo�t��_xzo�m[x§�����qpsr[xf�	i/rX��ylx+�Q{Xm[�XxzmHr�i/�Kxzm1~
�|i/mXm La mXoqp�rRtdw�xzy|{X�¨}/w©�sxzo�m1£

• h6�
knw�xzy|{�}/w"~
i/�q������o�t�ª©{Xt�����i/td��{«�"xzo�ylxzm1�

a a

b

b

b b

a

a

s p1 p2

n2n1

• hQp¬knmXoqpsr]tvuWw�xzy|{X�¨}/w"~	i/�q������o�t���{X���Xo�mXy�u��Zxz����i���oqx��Xxzw��qxzy|��i/w"�
�­oqx��Xxzw���}/rX�qxzm¢��o�wdxzo�m«m«�Qw�xzo n ≥ 1 �"xzo�ylxzm1~��[i/�®�Q�Xw��[i����H��w�t
x = anb2n ∈ Lc ��x��Xx3�Kxzw��qxzy|{XmXy x = uvw ��o�t
v = ak �nxzylxzm¢¡�x���£�¤
y|o���t"~��[i/��x���xzo�m[x¥�	i/rX�1o�y|o��Xt"~������[i/�
uviw = an+k×(i−1)b2n /∈ Lc ª©{[p�r¯rXoqxzw3oq��t%o>°�±8��oqx��Xxzw3xzo�mV�����qpsr[xzw3²_i/m[�Joq�[i/t"~³i/�q�s��oq��t LcmXoqpsr]t©w�xzy|{X�¨}/w"£³hQ��k�w�xzy|{X�¨}/w"~
i/�q�s�®��o�tdªd{Xt�����i/td��{´�"xzo�ylxzm1�
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0

1 0

1
0

1 1 0

0

0

1

s p1 p2 p4

p5p3

1

`ba ��cd��ef���

ilk��­o�w���i/{[xzm¢xzo�m[xzm����Bª�~X�Xxzwd�Joqx��R�Xwsi�p�r[x¥�³° {w ∈ {a, b} �
	R� xzm]t�r�}/��t�i/��i/��i§i/�q���³xzo�������w�t�

i/���"xz�Xt�oqxzw�t"~
i/�q�����B� °®hji�	 �
k���i/��i/��i´hji�	 �
k��
���Bª¥� M = (Q,Σ,∆, S0, F )

Σ = {a, b}
S0 u��Rtsi/w�t���{[��tsi/m[�
F u���m[�J��{[��tsi/m[�
Q = F ∪ S0 ∪ {1, 2, 3, 4}

∆ = {(S0, a, S0), (S0, b, S0), (S0, a, 1),
(1, b, 2), (2, a, 3), (3, b, 4),
(4, a, F ), (F, a, F ), (F, b, F )}

�
k���xzo�� xzo�m����BªAi/{[��hjilk+£��­o�w��l��mXm[xzm§xzo�m[xzm ¦ �Bª�� M ′ = (Q′,Σ,∆′, S′

0, F
′) m�i�p�rf�Xxzw��Txzt�r[���Xx|~
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�Joqx%o�m´�Xxzw��B��w��qx���{XmXy§ylxz�"xzo�y|td��{Xw��Xx|~X��i/{[xzm1£ ¦ � ª M ′ i/�R�"xz�Xt�oqxzw�td��h � k+~X�n���KxzoW�
Q′ ⊆ Q ~
Σ = {a, b},
S′

0 = S0,
F ′ = {{S0, 1, 3, F}, {S0, 1, F}, {S0, 2, F}, {S0, 2, 4, F}, {S0 , F}}
Q′ = S0 ∪ F ′ ∪ {{S0, 1}, {S0, 2}, {S0, 1, 3}, {S0, 2, 4}}
∆′ = {q ∈ Q|∃q′ ∈ Q′ : (q′, a, q) ∈ ∆}

`ba ��cd��ef���

µ £��Bo�m ���Bª �Xwsi/{[p�r]t�ylxzm�i/{���� µ �
{[��ts}/m[�Xx|~[{X� �Joqx��sx��R�Xwsi�p�r[x¥��{�xzmRt���p�r[xzoq�Xxzm1£ ��w�r�i/t xzo�m[xzm
�Rtsi/w�t���{[��tsi/m[��~]o�m��Xxz� xzwB�X�qxzo��Xt"~l�Xoq��xzw��Joqx��RuWtB�qxzt���t�x ��o�m[� xzw�w�xzoqpsr]t�r�i/t"£R�
{[�s}/t�����oqpsrf�	xzm[��t�o�y|t
xzwdm[�Rpsr´�]u µ�� oqxz�qx3�
{[��ts}/m[�Xx|~���o�t��Xxzm[xzm�xzw � xzw�o	�[��oqxzw�t"~��[i��s���Joqx��di/{[p�rT�Joqx��]uWt�x �Rt�xz���qx%�ni/w"£

.....................  S A1 A2 Ak−1  E
    1  1,01,0

0,1

¤J£��Bo�m ¦ �Bª rXo�mXylxzylxzm �|i/mXm �Joqxf�]uWt¥�qxzt���t�x �Rt�xz���qxfmXoqp�rRt®wsi/t�xzm1~³����m[�Xxzw�m �3{[�s�3�Q�Xw���x��Xx �Bo�m[�"~�Joqx%xzwdi/{J� �Xxz� ¡�i/m[����oqx���t"~�t�x���t�xzm1~X���´x����Joqx�w�oqpsr]t�o�ylx��Rt�xz���qx%��i/w"£���w � xzw�����xzo�y|t�i/�q���®o�m«xzo�m[x
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��i/{X��i/w�t�o�ylx �Rt�w�{X�Rt�{Xwn�Xxzw ��oqx+�Qx k {Xm[�§�Xwsi/{[p�r]tn�Xx���r�i/��� 2k �
{[��ts}/m[�Xx|£ �Ti/m��¥{[������xzt���t�m[�Rpsr
�"xzo�ylxzm1~/�[i����1�Joqx��sxzw³ª©{Xt�����i/tZ��o�mXo���i/��oq��t"£ ��o�m�ªdmXr�i/��t����X{XmX��t³�[i �Q�Xw1oq��t³��xzo�m[x ¡�i/{X�§��t�w�{X��t�{Xw"£
�
{Xw �Bxzwsi/m[��psr�i/{X��oqp�r]{XmXy3�Kxzt�wsi�psr]t�xzm���o�w�rXoqxzw��Xxzm � i/��� k = 3 £ ¦ oqx��©x���{X��tsi/t�x �¨i��s��xzm¥��oqpsr��[i/mXm�qxzoqpsr]t�i/{J���Xxzm¢i/����ylxz�§xzo�m[xzm � i/���Z�X�	xzw�t�wsi/ylxzm1£

k=2

k = 1

k=3

0

 0

 0
   1

  1

 0

0
1

1

     0

1

  0

  1

1

1

1

0

0

0

1

1

1

0

0

0

0

1

�
{X�b�j��w���i/�qxzm§¡�xz��xzoq���	xzt�wsi�p�rRt�xzm���o�w��Joqx�ª©mX�¬i/rX�J�Xxzw � ��w�t���xzt���{XmXyl�����Xwsi�psr[xzm � ��m L £���xz�	xzm
��o�w©{Xm[�dxzo�m´�	xz��oqxz�Xo�ylx����H��w�t w � ��w"~
�[i/mXm¢oq��t L(w) = {x | wx ∈ L} £	�
{Xm�}�p�r[��t ��t�xz���qxzm´��o�w
�jx���t"~[�[i��s���6�XwB�vx��Xx��d�H��w�t x ~[�[i�� i/{[����o�m[�Xx���t�xzm[� 3 �Kxzoqp�r[xzmT�	x���t�xzr]t"~ wx ylxzm�i/{��[i/mXm¢o�m L
��oqxzy|t"~³��xzmXm ��psr[��m x ��{ L ylxzr[��w�t"£ ¦ i/��o�t�oq��t L o�m��	��
���
 � ��w�t���xzt���{XmXyl�����Xwsi�psr[x«xzm]t�r�i/��t�xzm1£
�­o�wd�¥�[����xzm i/�q�����qx��Jo�y|��oqp�r m[��p�r�{Xm]t�xzw���{[psr[xzm1~
�nxz�qp�r[x¥�H��w�t�x3��o�t©r[�Rpsr[��t�xzm[� 2 �Kxzoqp�r[xzm xzo�m
�H��w�tdi/{[� Σ∗ ��{«xzo�m[xz� �H��w�tdi/{[� L xzw�y]}/mX�"xzm1£ ¦ i/��{«ylxz�	xzm���o�w�{Xm[��xzo�m«�Kxz��oqxz�Xo�ylx����H��w�t w{Xm[�´{Xm]t�xzw���psr[xzoq�Xxzm � xzw���psrXoqx��Xxzm[x � }/���qx%o�m¢ª©�Xr�}/mXy|o�y|�lxzo�t©�Xxzw��qxzt���t�xzm 3 �Kxzoqp�r[xzm � ��m w £

�
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w
� ��w�t���xzt���{XmXyl�����Xwsi�psr[x

|w| = 0 L

|w| = 1

0 L
1 Σ2 ∪ L

|w| = 2

00 L
01 Σ2 ∪ L
10 Σ1 ∪ L
11 Σ1 ∪ Σ2 ∪ L

|w| ≥ 3

∗ 000 L
∗ 001 Σ2 ∪ L
∗ 010 Σ1 ∪ L
∗ 011 Σ1 ∪ Σ2 ∪ L
∗ 100 L ∪ {ε}
∗ 101 Σ2 ∪ L ∪ {ε}
∗ 110 Σ1 ∪ L ∪ {ε}
∗ 111 Σ1 ∪ Σ2 ∪ L ∪ {ε}

¦ i/��o�t©r�i/�Kxzm���o�wd�s}/�3t���oqpsr[x � }/���qx_�Kxzt�wsi�psr]t�xzt�{Xm[�«�l��mXm[xzm��Qx���t���t�xz���qxzm1~[�[i����dx�� 8 = 23 � xzwvu
�sp�rXoqxzm[�Xxzm � ��w�t���xzt���{XmXyl�����Xwsi�p�r[xzm y|o��Xt"£��HxzmXm���o�w©�[i�����w�ylxz�XmXoq� � xzwsi/����ylxz�§xzo�m[xzw�m1~�xzw�r�i/��t�xzm
��o�w"� � �Xw k ∈ � �|i/mXm«x����lxzo�m[xzm ¦ �Bª ��o�t��nxzmXo�ylxzw©i/�q� 2k �
{[��ts}/m[�Xxzm«ylxz�Kxzm1~X�Xxzw��Joqx o�m«�Xxzw
ª©{J�Qy]i/�Kx_i/mXylxzylxz�	xzm[x �R�Xwsi�psr[x¥i/���"xz�Xt�oqxzw�t"£

`ba ��cd��ef� &

¡�xzo��Xxzw�o�m´�Xxzw �B��w��qx���{XmXy � ��w�ylx���t�xz����t�xzm��Txzt�r[�R�Xx ��o�w��«xzo�m[x%xzo�mX�"xz��m[x ε u�²_i/m]t�x%xzm]tv�jxzw�m]t"~���rXm[x%�[i/�
��oqpsr8�Joqx �R�Xwsi�p�r[x|~X�Joqx �Xxzwnª©{Xt�����i/t�xzm]t���psr[xzoq�Xxzt"~X�[i��J{Xw�p�r � xzws}/m[�Xxzw�t"£ ¦ i3x���o�m8xzo�m[xz� ª©{Xt�����i/t�xzmm]{Xw_xzm[�J��oqpsr � oqxz�qx ε u�²_i/mRt�xzmHylxz�Kxzm �|i/mXm h � i��Jo���i/� |Q|2

� oqxz�qx¬k+~	xzw���psr[xzo�m]t_x�� �X�¨i/{[��o��	xz�Bi/mX��{Xm[xzrJu
�§xzm1~X�[i/�®��i/m´�J{Xw�p�r«o�t�xzwsi/t�o � x��di/mR��xzm[�Xxzm¢�Joqx��sxzw���xzt�r[���Xx%i/���qx ε u�²_i/m]t�xzm´xzmRtv�Qxzw�m[xzm´�|i/mXm1£ ¦ oqx���xª©mXm�i/rX�§x3�	xzw�{Xr]t o�m[���	x�����m[�Xxzw�x¥�[i/wsi/{J��~��[i/�8��i/m¢o�m xzo�m[xz��xzo�mX�"xz��m[xzm�� t�xzwsi/t�oq��m[����psrXw�o�t�t��Joqx®�	i/rX�
�Xxzwd²_i/mRt�xzm � ��m 0 < n ≤ |Q|2 i/{J� n − 1 ²_i/m]t�xzm�w�x��J{X��oqxzw�t"£ ��xzm�i/{´�Joqx��sxzw �Zxzo��1oq��t �vx��X��p�r��Wi/�q��p�r1~
�[i_�Xxzw�ª©��yl��w�o�t�rX�3{[��i/{[p�r8m[xz{[x ε u�²_i/m]t�xzm�xzw��"xz{Xylxzmf�|i/mXm1� ¦ oqx �dxzylxz���	x��si/y|t"~l�ji/���q� (B, ε, C) ∈ ∆) ~
�Xx �[mXoqxzw�x ∆′ = ∆ \ (B, ε, C) ∪ {(A, s, C)|∃(A, s,B) ∈ ∆} ∪ {(B, s,D)|∃(C, s,D) ∈ ∆} � m[���Kx+u
����m[�Xxzw�x%�|i/mXm s = ε ylxz��t�xzm��
¦ i��%��w����X�qxz� t�w�o�t�t%o����§xzw_�[i/mXm<i/{J��~K��xzmXmH��i/mH���ji��Xx � ��m ε u�²_i/mRt�xzmV�Xxzw%�Z}/mXylx�¤8���Xxzw%�¨}/mXylxzw
r�i/t"£ ��o�m[x�ª©�]��i/m[�J��{XmXy��Xx�� ªd��yl��w�o�t�rX�¥{[� ��xzt���t i/m�ylxzm�i/{��Joqx��sxzw �Rt�xz���qx�i/m1�l��w�o���}/w���oqxz�K�������Xx���mXoqp�rRt
�§xzrXw���xzo�m1~R�Joqx%�	i/rX�	�Xxzwn²_i/mRt�xzm8��{ � xzw�w�o�mXylxzw�mVhQ�[i�� oq��tni/{J� ¦ i/{[xzw�xzo�m � xz�Kxzm[x���xz��tFk+~]����m[�Xxzw�m��Joqx�¨}/mXyl��t�xzm ε u�� �Wi��Xx§��{ � xzw����Xw��"xzm1£�¡nx"i�psr]t�x|�
	 i/t��Xxzw3�¨}/mXyl��t�xf� �Wi��H�Z}/mXylx µ ~Zxzm]t����Xw�oqp�r]t�x��¥���Xo�ylxzw
�Txzt�r[�R�Xx|~[��£ r1£[o�m[���Kx��s��m[�Xxzw�x|~[�[i/�§�Joqx_²_i/m]t�x¥xzm]tv�jxzw�m]t©��o�w��«{Xm[���lxzo�m[x%m[xz{[xzm¢xzmRt���t�xzr[xzm1£

�
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¦ oqx �Bxzw��Kx��s��xzw�{XmXy«�Kx���t�xzr]t3�[i/w�o�m1~1i/{J��xzo�m[xz� �¨}/mXyl��t�xz� � �Wi�� � ��m ε u�²_i/mRt�xzm i/���qx�²_i/m]t�xzm1~Z�Joqx�o��
ª©mJ�ji/mXyl����m[��t�xzm<xzm[�Xxzm1~ i/�q� ¦ {X�X��o��|i/t�xfi/{J�©i/���qxf²�m[��t�xzm<�Xx���� �ji��Xx��¥��xzo�t�xzw���{X�qxzo�t�xzm1~ xz�	xzm[���´�nxzwvu�Xxzm i/���qx�²_i/m]t�xzm1~��Joqx��Xxzm �Bm[�J�Rm[��t�xzm � xzw��¨i�����xzm<i/{J���Joqx���x��Hxzoq��x®�Q�Xw���x��XxzmV²�m[��t�xzm<�Xx���� �Wi��Xx��
�J{X�X��o���oqxzw�t"£�¡�x"i�psr]t�x|� 	�i/m[�Xxz��tdx�����oqp�r«{X� xzo�m[xzm´�¨}/mXyl��t�xzm¢� �Wi���~X�l��mXm[xzm¢�Joqx ¦ {X�X��o���oqxzw�t�xzm�²_i/mRt�xzm�lxzo�m[x ε u�²_i/m]t�xzm ��xzo�m1£ �©{Xm¢��i/w©x���o�� � w�o�y|o�m�i/� u � wsi/�XrHi/�Kxzw i/{[p�rT�§��y|��oqp�r1~
o�mXm[xzw�r�i/���T�Xx�� � �Wi��Xx��
ε u�²_i/mRt�xzm���{�m]{Xt��"xzm1£ ¦ x���r�i/���¢�3�[�s��xzmTi/{[psr i/���qx�i/m[�Xxzw�xzmT²_i/mRt�xzm1~
�Joqx�i/{J� �Xxzm�� �Wi��«�Q�XrXw�xzm1~X�Q�Xwi/���qx_m�i�psrJ�Q����ylxzm[�Xxzm¯²�m[��t�xzm �Xx��d� �Wi��Xx�� �J{X�X��o���oqxzw�t©�nxzw��Xxzm1~Ki/m�i/�q��y8�3�[���sxzmTi/���qx3²_i/mRt�xzm1~
�Joqx � ��m
xzo�m[xz� o�mXm[xzw�xzm8²�m[��t�xzm«i/�X����xzo�ylxzm8�Q�Xwni/���qx � ��wsi/mXylxzr[xzm[�Xxzm«²�m[��t�xzm��Xx������ji��Xx����J{X�X��o���oqxzw�t��nxzw��Xxzm1£
¦ i/�Kxzo��l��mXm[xzm�mR{Xm ��oqx��Xxzw ε u�²_i/mRt�xzm xzm]t���t�xzr[xzm1~ xzo�m��¨}/mXyl��t�xzw§� �Wi�� � xzw���p�rR��o�m[�Xxzt_��x��X�Rpsr1~Bi/��m
xzw��"xz{Xy|t�r[��p�r[��t�xzm[�d�R�qxzo�m[xzw�x3� �ji��Xx|£
ª©{[p�r<�Joqx��sxzw�ª©��yl��w�o�t�rX�3{[��r�i/t3��oqx��Xxzw®xzo�m[x ��psr]��i�p�r[��t�xz���qx|� �Bw_�Q{XmX�Rt�oq��mXoqxzw�t�mXoqp�rRt3�Q�Xw3{Xm[xzm[�J��oqpsr
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