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Aufgabe 1: bijection

(i)

Beweis: Die Abbildung

〈 〉 : {0, 1}n → {0, ..., 2n − 1}; 〈a〉 :=
n−1∑
i=0

ai2i

ist bijektiv.

1. Injektivität
Seien a, b ∈ {0, 1}n und a 6= b.
Sei k = max{i|ai 6= bi} und o.B.d.A. ak < bk.

ak < bk ⇒ ak = 0 ∧ bk = 1

Damit:

〈a〉 − 〈b〉 =
n−1∑
i=0

ai2i −
n−1∑
i=0

bi2i

=
n−1∑

i=k+1

ai2i + ak2k +
k−1∑
i=0

ai2i

−

(
n−1∑

i=k+1

bi2i + bk2k +
k−1∑
i=0

bi2i

)

=
n−1∑

i=k+1

ai2i −
n−1∑

i=k+1

bi2i + ak2k − bk2k +
k−1∑
i=0

ai2i −
k−1∑
i=0

bi2i

= 0 · 2k − 1 · 2k +
k−1∑
i=0

ai2i −
k−1∑
i=0

bi2i

< 0

2. Surjektivität
Da #({0, 1}n) = 2n = #({0, ..., 2n−1}) und da 〈〉 injektiv ist, ist 〈〉 surjektiv.

Damit ist gezeigt, dass 〈〉 bijektiv ist.

(ii)

Beweise: Die Abbildung

[ ] : {0, 1}n → {−2n−1, ..., 2n−1 − 1}; [a] := −an−1 · 2n−1 + 〈a[n− 2 : 0]〉

ist bijektiv.

1. Injektivität
Seien a, b ∈ {0, 1}n und a 6= b.
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(a) an−1 = bn−1

a[n− 2 : 0] 6= b[n− 2 : 0]
⇒ 〈a[n− 2 : 0]〉 6= 〈b[n− 2 : 0]〉
⇒ −2n−1an−1 + 〈a[n− 2 : 0]〉 6= −2n−1bn−1 + 〈b[n− 2 : 0]〉
⇒ [a] 6= [b]

(b) an−1 6= bn−1, o.B.d.A. sei an−1 < bn−1

〈a[n− 2 : 0]〉 ≥ 0 ∧ 〈b[n− 2 : 0]〉 < 2n−1

⇒ −2n−1an−1 + 〈a[n− 2 : 0]〉 ≥ 0 > −2n−1bn−1 + 〈b[n− 2 : 0]〉
⇒ [a] 6= [b]

2. Surjektivität
Da #({0, 1}n) = 2n = #({−2n−1, ..., 2n−1 − 1}) und da [ ] injektiv ist, ist [ ]
surjektiv.

Damit ist gezeigt, dass [ ] bijektiv ist.
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Aufgabe 2: associativity

((g2, p2) ◦ (g1, p1)) ◦ (g3, p3) = (g2 ∨ (g1 ∧ p2), p1 ∧ p2) ◦ (g3, p3)
= ([g2 ∨ (g1 ∧ p2)] ∨ [g3 ∧ (p1 ∧ p2)], p1 ∧ p2 ∧ p3)
= (g2 ∨ [(p2 ∧ g1) ∨ (p2 ∧ (g3 ∧ p1))], p1 ∧ p2 ∧ p3)
= (g2 ∨ [p2 ∧ (g1 ∨ (g3 ∧ p1))], p1 ∧ p2 ∧ p3)
(∗)
= (g2 ∨ [(g1 ∨ (g3 ∧ p1)) ∧ p2], p1 ∧ p2 ∧ p3)
(∗)
= (g2, p2) ◦ (g1 ∨ (g3 ∧ p1), p1 ∧ p3)
(∗)
= (g2, p2) ◦ ((g1, p1) ◦ (g3, p3))

�
Beweis von (∗):

(g2, p2) ◦ ((g1, p1) ◦ (g3, p3)) = (g2, p2) ◦ (g1 ∨ (g3 ∧ p1), p1 ∧ p3)
= (g2 ∨ ((g1 ∨ (g3 ∧ p1)) ∧ p2), p1 ∧ p2 ∧ p3)

4



Aufgabe 3: cost of parallel prefix computation

C(l) =
l∑

i=1

(2i − 1)

=
l∑

i=1

2i − l

=
l∑

i=0

2i − 1− l

= 2l+1 − 1− 1− l

= 2l+1 − l − 2

Ind(l): (n = 2l)

• l = 1:

C(1) = 1
= 21+1 − 1− 2

• l l + 1:

C(l) = C(l − 1) + 2l − 1
IV= 2l − (l − 1)− 2 + 2l − 1
= 2l+1 − l − 2

�
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Aufgabe 4: Adder

neg
!= an−1 ⊕ bn−1 ⊕ cn−1

Proof:

[a] + [b] + cin = −an−1 · 2n−1 + 〈a[n− 2 : 0]〉 − bn−1 · 2n−1 + 〈b[n− 2 : 0]〉+ cin

= −(an−1 + bn−1) · 2n−1 + 〈a[n− 2 : 0]〉+ 〈b[n− 2 : 0]〉+ cin︸ ︷︷ ︸
〈cn−2,s[n−2:0]〉

= −(an−1 + bn−1) · 2n−1 + cn−2 · 2n−1 + 〈s[n− 2 : 0]〉
= −2n−1(an−1 + bn−1 + cn−2︸ ︷︷ ︸

〈cn−1,sn−1〉

−2cn−2) + 〈s[n− 2 : 0]〉

= −2n−1(2cn−1 + sn−1 − 2cn−2) + 〈s[n− 2 : 0]〉
= [s[n− 1 : 0]]− 2n(cn−1 − cn−2) = δ

Cases:

• cn−1 = 1, cn−2 = 0:

δ = [s]− 2n

= −2n − [s[n− 1 : 0]]︸ ︷︷ ︸
≤2n−1−1

≤ −2n−1 − 1 6∈ Tn

• cn−1 = 0, cn−2 = 1:

δ = [s] + 2n

= 2n + [s[n− 1 : 0]]︸ ︷︷ ︸
≥−2n−1

≥ 2n−1 6∈ Tn

• cn−1 = cn−2:

δ = [s] ∈ Tn

Looking at case cn−1 = cn−2

⇒ δ = [s[n− 1 : 0]]
= −sn−1 · 2n−1 + 〈s[n− 2 : 0]〉
= −2n−1(an−1 + bn−1 − cn−2) + 〈s[n− 2 : 0]〉

an−1 bn−1 cn−1 = cn−2 (an−1 + bn−1 − cn−2)[0] neg = an−1 ⊕ bn−1 ⊕ cn−1

0 0 0 0 0
1 0 0 1 1
0 1 0 1 1
1 1 0 0 0
0 0 1 1 1
1 0 1 0 0
0 1 1 0 0
1 1 1 1 1
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