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Aufgabe 1

3 -1 -1
A= -1 4 -2
-1 -2 4
(a)
3
Kj={neC|lu—ay| <) lal} j=1,2,3..
=i
Ki = {p[lp=31<2}=0¢&K
Ko = {p| [p—4<3}=0¢ K,
Ky = {p||p-4<3=0¢Ks

3
=0¢ U K; = A ist invertierbar.

j=1

(b)

Spektralnorm: ||All2 = v/ Amaz(tA - A)

Da A symmetrisch ist, ist [|A|l2 = Amaz(A4).

Hierbei ist Apaz(A) = max{|A;| | A; ist Eigenwert von A}
J

Berechne die Eigenwerte von A:

det(A —t- E3) =
3—t -1 —1

det -1 4—-t =2 =
—1 -2 4t

3 — 112 + 34t — 24 =
t =

- 112 4+ 34t — 24 =

B—t)-4—t)>—2-2—-(4—t)—4-(3—1t)—(4—1)

(3—1)-(16 —8t+1*) —4—4+t—12+4t —4+1
48 — 24t + 3% — 16t + 8% — 13 — 24 + 6t
—13 + 11t — 34t + 24

(=1) - (£ — 11#% 4 34t — 24)

0
1 ist Losung

(t2 — 10t +24) - (t — 1)

Die Eigenwerte von A sind demnach:
A=1, \a=6, \3=4
= || Al2 = Mnaz(4) = max{1;6;4} =6

Also: ||All2 =6 <7 (w)



Aufgabe 2
(b)

f(t)

(cos(t), sin(t),t)
(—sin(t),cos(t), 1)
(

t),0)

(—cos(t), —sin

sin?(t) + cos®(t) + 1 =2

fr(t) - [ () + fo(t) - f3 () f3(8) - f5(2)

—sin(t) - (—cos(t)) + cos(t) - (—sin(t)) +1-0
0

(—cos(t), —sin(t),0) — % (—sin(t), cos(t),1) - 0

:(0,0,0)
1

- \/cos2(t) + sin2(t) + 02 = 3

=1



f3(t)

h(t)
W (t)
0

IR ()]

3
> H) B
Jj=1

Zwischenrechnung:
Radikand

h(t)

(t, 12, t%)
(1,2t, 3t%)
(0,2, 6t)

1+ 4¢% + 9¢t

y(t) - B (1) + D (t) - hg(t) + hy(t) - by ()

1-0+2t-2+3t2-6t

4t + 18t
1 4t + 18¢3 )
7 [|(0,2,60) = ————— - (1,2¢,3¢
1+ 482 + 94 H(’ ,6t) 1+ 4¢2 + 94 (1,2t,3t%)
1 (0,2 + 8t 4 18t4, 6t + 24t3 + 54t*) — (4t + 18t3, 8> + 36t*)
1+ 4t2 + 9t 1+ 412 + 94
1
(YT |(—4t — 18t%,2 — 18¢*, 6t + 12¢°) |
1
(1+ 462 +9t4)2 V(=4 — 18892 + (2 — 18¢ — 4)2 + (6t + 126)?
1
(RS V1612 + 14414 + 32416 + 4 — 72¢4 + 32448 + 3612 + 14444 + 1.
1

/5212 + 216t4 + 4686 + 32418 + 4

(1 + 4¢2 + 9t4)?

4+ (141362 + 54t* + 1178 + 8148)

4-(1+ 8% 4 34t* + 72% 4 8113) + 4 - (5¢% + 20t* + 45¢5)
4-(1+42 +9tN2 4567 - (1 + 42 + 9t

4o (1442 + 9ty - [1 4 462 + 9t* 4 5¢7)

4- (144t 4+ 9tY) - (1 + 9% + 9th)

21+ 42 + 9t4 ST T oi
V1 +9t2 4 9t
(1 + 42 + 9t4)? o

21+ 9t 4+ 94
(14 4£2 + 9t4)2




Aufgabe 4

Sei a € Rsg.
f:R—R% f(t)= (e cos(t),e™ - sin(t))

Bemerkung: Die Kurve f ist eine logarithmische Spirale.

(a)

Bestimme die Bogenlédnge von f(] — o0, t]),t € R
Losung: Die Bogenlinge von f(] — oo, t]) sei L(t).

Es gilt:

L) = [ 1@ = tim [ @l a<e

fi(r) = (a-e"cos(t)+ e (—sin(7)),a- e sin(t) + * cos(t))

f'(r) = (* - (a-cos(t) — sin(t)),e" - (a- sin(T) + cos(1)))

= O = €27 (a-cos(r) — sin(7))* 4+ €277 - (a - sin(T) + cos(1))?
= 7. (a®- cos*(T) — 2a - sin(T)cos(T) + sin(1)) + €27 - (a* - sin®*(T) + 2a - sin(T
= ¥ . [a* - (cos® (1) + sin® (7)) + (sin®(1) + cos*(7))]
-1 =1
IFOIF = - (a®+1)
= (Dl = Ve -(a®+1)

SIFEI = Vari-en
t t
:»/ I (@)dr = /\/a2+1-e‘”d7

t
= Va?+1- 1-e‘” _Yar+l
a u

. (6at _ eau)

211
= L(t) = zz'muﬁ_oo( s .(eat—e““)>, a>0

a

(b)

Bestimme den Winkel zwischen der Geraden durch 0 und f(¢) und den Tan-
gentialvektor von f und f(t)
Die Gerade g(7) durch 0 und f(t) = (e - cos(t), e - sin(t)) ist

g(1) = (0,0) + 7 - (e - cos(t),e™ - sin(t)) = 7 - f(t)



Es gilt:

g(1) = (e™-cos(t),e™ - sin(t)) = f(t), t €R
g(r) = f)yvr
= g'(1) = (e"cos(t),e™sin(t))

Der Tangentialvektor von f in f(¢), d.h. zum Parameterwert t, ist
f'(t) = (™ - (a-cos(t) — sin(t)),e™ - (a - sin(t) + cos(t)))

Der Winkel ¥ berechnet sich aus

< f'(t),g'(1) >

SN FOTRPTO TN
<f'(t),d(1)> = e (a-cos(t) — sin(t))-e™ - cos(t) + e - (a- sin(t) + cos(t)) - e - sin(t)
= 2. [q- cos?®(t) — sin(t)cos(t) + a - sin?(t) + sin(t)cos(t)]
= e® . q. (cos*(t) + sin’(t))
R 2
17Ol = va2+1-e"
I (D) = Vet cos2(t) + e2at - sin2(t) = e
a- et a

= cos(¥) = =

1/(12_*_1,60,15_60,15 a2+1

a
=19 = arccos( )
a?+1

= +1<1:>196[0;g}

Bemerkung 2: Der Schnittwinkel ¥ ist von ¢ unabhéngig, d.h. jede Gerade durch
0 schneidet die logarithmische Spirale (bei festem a) unter dem gleichen Winkel.

Bemerkung 1: ¢ > 0= 0 <

Aufgabe 5
a,b,c,d € R?
Vorbetrachtung:
Sei e = (e1, €2, €3) die kanonische Basis des R®. Betrachte
ap by e
det(a,b,e) = | az by ey
as b3 €3

= a1b2€3 + a3b1€2 + a2b3€1 — a3b2€1 - albgeg — (12b1€3

= (agbs — asba)er + (asby — aibs)ea + (ar1ba — agzb)es

asbs — azby
= azby — aybz

aiby — asby
= axb



ar (bacg —bzc2) e
ax (bxec) = | az (bsc1 —bic3) ez
az (bica —bacy) e3
= ai(bzer — bics)es + az(bacz — bzca)ea + aa(bica — bacy)ey
—as(bscy — bies)er — ai(bica — bacy)ea — az(bacs — bsca)es
GQ(blcQ — bQCl) — ag(bgcl — blcg)

= az(bacz — bzca) — ay(bica — bacy)
al(b361 — blcg) — ag(b203 — b3€2)
bi(azca + azbs) — c1(azbz + asbs) bi(aicr) — ci(aiby
= bg(a161 + a3b3) — 02((111)1 + a3b3) + bQ(CLQCQ — Cz(agbg
ba(aicy + azca) — c3(arby + azbs) bs(ascz) — c3(aszbs

bi(aici + agea + azes) — ci(a1by + azbs + asbs)

= bg(alcl + asco + CL303) — Cg(albl + agby + a3b3)
bz(arci + agea + azcg) — c3(arby + agbs + aszbs)
bi- <a,c> c1- < a,b>

= by < a,c> — co < a,b>
bs- < a,c> c3- < a,b>
by c1

= b <a,c>— | co - <a,b>
b3 C3

= b<a,c>—-c<ab>

(b)
a2b3 — a3b2 62d3 — ngQ
<axbexd> = < asby — a1bs s c3d] — cids >
a1b2 — a2b1 Cldz — Cle

= (agbs — agby)(cads — c3da) + (azby — a1bz)(c3dy — c1d3)
+(a1bs — agb1)(c1de — cady)
= agcebsds + azcsbads + agcsbidy + ajcibsds
+ajcibady + azcobidy
—bsgczasdy — bacoagds — biciasds — byesaidy
—bocoaidy — bicraads



Addition von 0 in der Form (a101b1d1 — blclaldl) + (GQCngdQ — bQCgagdg) +
(ascsbsds — bscsasds), Umordnen von Summen und Klammern ergibt:

<axbexd> = (ajc1bidy + ajcibads 4+ ajcibsds
4ascobidy + ascabads + ascobsds
+azcsbidy + azcsbada + azczbsds)
—(bicrardy + bicraads + bicrasds
+bacaardy + bacaasds + bacaasds
+bsczaidy + baczaads + byczazds)
= ajicy- < b,d > +ascy- < b,d > +ases- < b,d >
—(bie1- < a,d > +bacy- < a,d > +bscs- < a,d >)
= (aic1 + ages + ages)- < b,d >
—(bic1 + bacg + bses)- < a,d >
= <a,c>-<bd>—-<bc>-<a,d>



