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Aufgabe 1

A =

 3 −1 −1
−1 4 −2
−1 −2 4


(a)

Kj = {µ ∈ C | |µ− ajj | ≤
3∑

k=1
k 6=j

|akj |} j = 1, 2, 3, ...

K1 = {µ | |µ− 3| ≤ 2} ⇒ 0 6∈ K1

K2 = {µ | |µ− 4| ≤ 3} ⇒ 0 6∈ K2

K3 = {µ | |µ− 4| ≤ 3} ⇒ 0 6∈ K3

⇒ 0 6∈
3⋃

j=1

Kj ⇒ A ist invertierbar.

(b)

Spektralnorm: ‖A‖2 =
√

λmax(tA ·A)
Da A symmetrisch ist, ist ‖A‖2 = λmax(A).
Hierbei ist λmax(A) = max

j
{|λi| | λj ist Eigenwert von A}

Berechne die Eigenwerte von A:

det(A− t · E3) = 0

det

 3− t −1 −1
−1 4− t −2
−1 −2 4− t

 = (3− t) · (4− t)2 − 2− 2− (4− t)− 4 · (3− t)− (4− t)

= (3− t) · (16− 8t + t2)− 4− 4 + t− 12 + 4t− 4 + t

= 48− 24t + 3t2 − 16t + 8t2 − t3 − 24 + 6t

= −t3 + 11t2 − 34t + 24
= (−1) · (t3 − 11t2 + 34t− 24)

t3 − 11t2 + 34t− 24 = 0
t1 = 1 ist Lösung

t3 − 11t2 + 34t− 24 = (t2 − 10t + 24) · (t− 1)

Die Eigenwerte von A sind demnach:

λ1 = 1, λ2 = 6, λ3 = 4

⇒ ‖A|2 = λmax(A) = max{1; 6; 4} = 6

Also: ‖A‖2 = 6 ≤ 7 (w) �
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Aufgabe 2

(b)

f1(t) = f(t)

f(t) = (cos(t), sin(t), t)
f ′(t) = (−sin(t), cos(t), 1)
f ′′(t) = (−cos(t),−sin(t), 0)

‖f ′(t)‖2 = sin2(t) + cos2(t) + 1 = 2

3∑
j=1

f ′j(t) · f ′′j (t) = f ′1(t) · f ′′1 (t) + f ′2(t) · f ′′2 (t)f ′3(t) · f ′′3 (t)

= −sin(t) · (−cos(t)) + cos(t) · (−sin(t)) + 1 · 0
= 0

A2(a)⇒ κ(t) =
1
2
·

∥∥∥∥∥∥∥∥(−cos(t),−sin(t), 0)− 1
2
· (−sin(t), cos(t), 1) · 0︸ ︷︷ ︸

=(0,0,0)

∥∥∥∥∥∥∥∥
κ(t) =

1
2
·
√

cos2(t) + sin2(t) + 02︸ ︷︷ ︸
=1

=
1
2

3



f3(t) = h(t)

h(t) = (t, t2, t3)
h′(t) = (1, 2t, 3t2)
h′′(t) = (0, 2, 6t)

‖h′(t)‖2 = 1 + 4t2 + 9t4

3∑
j=1

h′j(t) · h′′j (t) = h′1(t) · h′′1(t) + h′2(t) · h′′2(t) + h′3(t) · h′′3(t)

= 1 · 0 + 2t · 2 + 3t2 · 6t

= 4t + 18t3

A2(a)⇒ κ(t) =
1

1 + 4t2 + 9t4
·
∥∥∥∥(0, 2, 6t)− 4t + 18t3

1 + 4t2 + 9t4
· (1, 2t, 3t2)

∥∥∥∥
κ(t) =

1
1 + 4t2 + 9t4

·
∥∥∥∥(0, 2 + 8t2 + 18t4, 6t + 24t3 + 54t4)− (4t + 18t3, 8t2 + 36t4)

1 + 4t2 + 9t4

∥∥∥∥
κ(t) =

1
(1 + 4t2 + 9t4)2

·
∥∥(−4t− 18t3, 2− 18t4, 6t + 12t3)

∥∥
κ(t) =

1
(1 + 4t2 + 9t4)2

·
√

(−4t− 18t3)2 + (2− 18t− 4)2 + (6t + 12t3)2

κ(t) =
1

(1 + 4t2 + 9t4)2
·
√

16t2 + 144t4 + 324t6 + 4− 72t4 + 324t8 + 36t2 + 144t4 + 144t6

κ(t) =
1

(1 + 4t2 + 9t4)2
·
√

52t2 + 216t4 + 468t6 + 324t8 + 4

Zwischenrechnung:
Radikand = 4 · (1 + 13t2 + 54t4 + 117t6 + 81t8)

= 4 · (1 + 8t2 + 34t4 + 72t6 + 81t8) + 4 · (5t2 + 20t4 + 45t6)
= 4 · (1 + 4t2 + 9t4)2 + 4 · 5t2 · (1 + 4t2 + 9t4)
= 4 · (1 + 4t2 + 9t4) · [1 + 4t2 + 9t4 + 5t2]
= 4 · (1 + 4t2 + 9t4) · (1 + 9t2 + 9t4)

⇒ κ(t) =
2 ·
√

1 + 4t2 + 9t4

(1 + 4t2 + 9t4)2
·
√

1 + 9t2 + 9t4

⇔ κ(t) =
2 ·
√

1 + 9t2 + 9t4

(1 + 4t2 + 9t4)
3
2

�
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Aufgabe 4

Sei a ∈ R>0.
f : R → R2, f(t) = (eat · cos(t), eat · sin(t))

Bemerkung: Die Kurve f ist eine logarithmische Spirale.

(a)

Bestimme die Bogenlänge von f(]−∞, t]), t ∈ R
Lösung: Die Bogenlänge von f(]−∞, t]) sei L(t).
Es gilt:

L(t) =
∫ t

−∞
‖f ′(τ)‖dτ = lim

u→−∞

∫ t

u
‖f ′(τ)‖dτ, u < t

f ′(τ) = (a · eaτcos(τ) + eaτ (−sin(τ)), a · eaτsin(τ) + eaτ cos(τ))
f ′(τ) = (eaτ · (a · cos(τ)− sin(τ)), eaτ · (a · sin(τ) + cos(τ)))

⇒ ‖f ′(τ)‖2 = e2aτ · (a · cos(τ)− sin(τ))2 + e2aτ · (a · sin(τ) + cos(τ))2

= e2aτ · (a2 · cos2(τ)− 2a · sin(τ)cos(τ) + sin2(τ)) + e2aτ · (a2 · sin2(τ) + 2a · sin(τ)cos(τ) + cos2(τ))
= e2aτ · [a2 · (cos2(τ) + sin2(τ))︸ ︷︷ ︸

=1

+(sin2(τ) + cos2(τ))︸ ︷︷ ︸
=1

]

‖f ′(τ)‖2 = e2aτ · (a2 + 1)
⇒ ‖f ′(τ)‖ =

√
e2aτ · (a2 + 1)

⇔ ‖f ′(τ)‖ =
√

a2 + 1 · eaτ

⇒
∫ t

u
‖f ′(τ)‖dτ =

∫ t

u

√
a2 + 1 · eaτdτ

=
√

a2 + 1 ·
[
1
a
· eaτ

]t

u

=
√

a2 + 1
a

·
(
eat − eau

)
⇒ L(t) = limu→−∞

(√
a2 + 1
a

·
(
eat − eau

))
, a > 0

⇔ L(t) =
1
a
·
√

a2 + 1 · eat

(b)

Bestimme den Winkel zwischen der Geraden durch 0 und f(t) und den Tan-
gentialvektor von f und f(t)
Die Gerade g(τ) durch 0 und f(t) = (eat · cos(t), eat · sin(t)) ist

g(τ) = (0, 0) + τ · (eat · cos(t), eat · sin(t)) = τ · f(t)
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Es gilt:

g(1) = (eat · cos(t), eat · sin(t)) = f(t), t ∈ R
g′(τ) = f(t) ∀τ

⇒ g′(1) = (eatcos(t), eatsin(t))

Der Tangentialvektor von f in f(t), d.h. zum Parameterwert t, ist

f ′(t) = (eat · (a · cos(t)− sin(t)), eat · (a · sin(t) + cos(t)))

Der Winkel ϑ berechnet sich aus

cos(ϑ) =
< f ′(t), g′(1) >

‖f ′(t)‖ · ‖g′(1)‖
, ϑ ∈ [0, π]

< f ′(t), g′(1) > = eat · (a · cos(t)− sin(t)) · eat · cos(t) + eat · (a · sin(t) + cos(t)) · eat · sin(t)
= e2at · [a · cos2(t)− sin(t)cos(t) + a · sin2(t) + sin(t)cos(t)]
= e2at · a · (cos2(t) + sin2(t))
= a · e2at

‖f ′(t)‖ =
√

a2 + 1 · eat

‖g′(1)‖ =
√

e2at · cos2(t) + e2at · sin2(t) = eat

⇒ cos(ϑ) =
a · e2at

√
a2 + 1 · eat · eat

=
a√

a2 + 1

⇒ ϑ = arccos

(
a√

a2 + 1

)
Bemerkung 1: a > 0 ⇒ 0 <

a√
a2 + 1

< 1 ⇒ ϑ ∈
[
0;

π

2

]
Bemerkung 2: Der Schnittwinkel ϑ ist von t unabhängig, d.h. jede Gerade durch
0 schneidet die logarithmische Spirale (bei festem a) unter dem gleichen Winkel.

Aufgabe 5

a, b, c, d ∈ R3

Vorbetrachtung:
Sei e = (e1, e2, e3) die kanonische Basis des R3. Betrachte

det(a, b, e) :=

∣∣∣∣∣∣
a1 b1 e1

a2 b2 e2

a3 b3 e3

∣∣∣∣∣∣
= a1b2e3 + a3b1e2 + a2b3e1 − a3b2e1 − a1b3e2 − a2b1e3

= (a2b3 − a3b2)e1 + (a3b1 − a1b3)e2 + (a1b2 − a2b1)e3

=

 a2b3 − a3b2

a3b1 − a1b3

a1b2 − a2b1


= a× b
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(a)

a× (b× c) =

∣∣∣∣∣∣
a1 (b2c3 − b3c2) e1

a2 (b3c1 − b1c3) e2

a3 (b1c2 − b2c1) e3

∣∣∣∣∣∣
= a1(b3c1 − b1c3)e3 + a3(b2c3 − b3c2)e2 + a2(b1c2 − b2c1)e1

−a3(b3c1 − b1c3)e1 − a1(b1c2 − b2c1)e2 − a2(b2c3 − b3c2)e3

=

 a2(b1c2 − b2c1)− a3(b3c1 − b1c3)
a3(b2c3 − b3c2)− a1(b1c2 − b2c1)
a1(b3c1 − b1c3)− a2(b2c3 − b3c2)


=

 b1(a2c2 + a3b3)− c1(a2b2 + a3b3)
b2(a1c1 + a3b3)− c2(a1b1 + a3b3)
b3(a1c1 + a2c2)− c3(a1b1 + a2b2)

+

 b1(a1c1)− c1(a1b1)
b2(a2c2)− c2(a2b2)
b3(a3c3)− c3(a3b3)


︸ ︷︷ ︸

=


0
0
0



=

 b1(a1c1 + a2c2 + a3c3)− c1(a1b1 + a2b2 + a3b3)
b2(a1c1 + a2c2 + a3c3)− c2(a1b1 + a2b2 + a3b3)
b3(a1c1 + a2c2 + a3c3)− c3(a1b1 + a2b2 + a3b3)


=

 b1· < a, c >
b2· < a, c >
b3· < a, c >

−

 c1· < a, b >
c2· < a, b >
c3· < a, b >


=

 b1

b2

b3

 · < a, c > −

 c1

c2

c3

 · < a, b >

= b < a, c > −c < a, b >

(b)

< a× b, c× d > = <

 a2b3 − a3b2

a3b1 − a1b3

a1b2 − a2b1

 ,

 c2d3 − c3d2

c3d1 − c1d3

c1d2 − c2d1

 >

= (a2b3 − a3b2)(c2d3 − c3d2) + (a3b1 − a1b3)(c3d1 − c1d3)
+(a1b2 − a2b1)(c1d2 − c2d1)

= a2c2b3d3 + a3c3b2d2 + a3c3b1d1 + a1c1b3d3

+a1c1b2d2 + a2c2b1d1

−b3c3a2d2 − b2c2a3d3 − b1c1a3d3 − b3c3a1d1

−b2c2a1d1 − b1c1a2d2
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Addition von 0 in der Form (a1c1b1d1 − b1c1a1d1) + (a2c2b2d2 − b2c2a2d2) +
(a3c3b3d3 − b3c3a3d3), Umordnen von Summen und Klammern ergibt:

< a× b, c× d > = (a1c1b1d1 + a1c1b2d2 + a1c1b3d3

+a2c2b1d1 + a2c2b2d2 + a2c2b3d3

+a3c3b1d1 + a3c3b2d2 + a3c3b3d3)
−(b1c1a1d1 + b1c1a2d2 + b1c1a3d3

+b2c2a1d1 + b2c2a2d2 + b2c2a3d3

+b3c3a1d1 + b3c3a2d2 + b3c3a3d3)
= a1c1· < b, d > +a2c2· < b, d > +a3c3· < b, d >

−(b1c1· < a, d > +b2c2· < a, d > +b3c3· < a, d >)
= (a1c1 + a2c2 + a3c3)· < b, d >

−(b1c1 + b2c2 + b3c3)· < a, d >

= < a, c > · < b, d > − < b, c > · < a, d >
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