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SHAPE RECOGNITION, PRAIRIE FIRES,
CONVEX DEFICIENCIES AND SKELETONS

L. CALABI axp W. E. HARTNETT, Parke Mathematical Laboratories

1. Introduction. Imagine an ideally homogeneous prairie, dry and ready to
burn except for a very wet area 4, with total absence of disturbing effects, as
those of winds and slopes. Assume now that the grass at the edge of 4 is set afire,
all at once, and observe how the fire develops. Since the shape of 4 is the only
factor that we have not excluded, it and it alone will influence the spreading of
the fire.

For instance, if 4 is a full circular region (a disc), each point outside 4 is
eventually burned by fire moving radially away from 4 and continuing on,
unchecked, in the same direction. If we now take for 4 two separate discs 43,
A,, again the fire will eventually reach every point outside 4, moving radially
away from 4. But now there are special points at which the radial spreading is
checked: at these points the fire quenches itself.: Assuming for simplicity that 4,
and 4. have equal radii and centers Oy, 0,, the quench points are those equidis-
tant from O: and O,: in fact, at such points x the radial motion of the fire is
stopped, since the rays O;x and O,x enter regions already burned.

For a last example, assume 4 to be the perimeter of a square field. The fire
now will burn both the field and the prairie outside the fence; and it will quench
itself at the points of the diagonals of the square, with the exception of the end-
points.

Other experiments with such prairie fires (and we mean Gedanken Experi-
menten) should readily suggest that the presence of quench points is equivalent
to the nonconvexity of the region 4 at whose edge the fire starts; further, that
the set of quench points reflects some shape attributes of 4.

Blum [2] had used the prairie fire as a model for a phase of the neurophysi-
ological process of visual perception and suggested that a mathematical study
of the correspondence between 4 and the set S of quench points, together with
the function ¢ expressing the time at which the fire reaches them, be undertaken.

In carrying out this study we have obtained results which clearly show that
the pair (S, ¢) is a natural tool for the study of closed, nonconvex sets 4 in the
Euclidean plane. Our work should thus be of interest to mathematicians even
more perhaps than to firemen and neurophysiologists.

We present here, without proofs, the more important theorems, inviting the
interested reader to obtain copies of the detailed treatment appearing in [3],
[4], [5] and [8]. In Section 2 we introduce some of our basic tools and use a
well-known theorem of Motzkin to identify closed convex sets as those for
which there are no quench points. We define S and ¢ in Section 3; and after an
heuristic discussion of some examples, we characterize the family of sets 4 hav-
ing a given pair (S, ¢). This theorem is an extension of Motzkin’s theorem and
identifies that property of 4, called its convex deficiency, which is determined by
the pair (S, ¢). The section terminates by discussing some situations in which
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S and ¢ uniquely determine 4. In Section 4 we treat some intuitive properties of
S and ¢ and their interpretations in terms of 4. In the paper we indicate some
of the more obvious outstanding questions.

2. Preliminaries. We begin by recalling a number of standard notions about
the Euclidean plane and some of its subsets. Throughout the rest of the paper
A will always denote a nonvoid closed subset.

For each point x in the plane, the distance r(x) from x to A is defined by
r(x) =glb{d(x, 9): yEA} where d is the usual Euclidean metric. Because 4 is
closed, there always exists at least one point ¥ of 4 “nearest” x such that
#(x) =d(x, y) and so the set mx = {y: €4, r(x) =d(x, y)} is never void. Hence
we have a function = defined on the plane with subsets of 4 as values; 7 is
called the projection omto A, and wx the projection of x omto A. Notice that
mx={x} if and only if xEA.

Such set-valued functions have been studied by a number of authors (see [1],
for example) and one may introduce the concepts of upper and lower semi-
continuity as well as that of continuity. The projection 7 onto 4 is upper semi-
continuous in the plane and is continuous on the set of points x such that wx
is a singleton [7].

For each x we let B(x) denote the closed ball of radius r(x) and let B%(x)
denote its interior. It is easy to see that B°(x) is nonvoid if and only if x belongs
to the complement —4 of 4. If x4, we shall call B(x) the ball of support of
A at x. Observe that

7% = AN B(x) = bd(4) N B(x)

and ANB°(x) = &, where bd(4) denotes the boundary of 4.
The function 7 has the property [6] that for x, %" in the plane

| r(x) - r(xl) | é d(x;;x/),

that is, 7 is a Lipschitzian function with constant 1. If x4, yEwrx, and
1= [y, x—) is the closed ray through x with endpoint 9, then it is easy to observe
that 7(x) =r(x’)+d(x, x) if '€ [y, x]. This last equality is equivalent to the
fact that B(x") CB(x) with { y} =ANB(x'); that is, one ball of support is con-
tained in the other and y&EmrxMN7x’. In terms of prairie fires this means that the
fire burns along the ray / from y through x’ and on to x. The natural question
arises: is there a last point on the ray beyond which the fire will not spread?
If so, then that point must be a quench point.

Before we try to answer the general question we look at a special case. Sup-
pose 4 is a convex set, xEA, yEmx, I= [y, x—) and x is the last point beyond
which the fire on ! will not spread. Pick a point x” beyond x on [, let k=d(x’, ¥)
and construct a ball B’(x’) with center x” and radius k. Then v is on the boundary
B’(x") but the ball is not a ball of support. Hence there exists a point ¥ EA4
in the interior of B’(x") such that y'&mx’. But 4 is convex and so the closed
interval [y, '] belongs to 4, which is impossible because [y, y'] contains points
of B%x) and B(x) is a ball of support. Therefore, no last point exists.
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Notice further that for each ¥’ &/, wx’' = { y} and so 7« is a singleton for each
% in the plane. Hence if ' &/ there always exists other balls of support which
contain B(x') and so there are no balls of support which are maximal with
respect to inclusion.

Our first theorem affirms that the converse implications also hold, as ex-
pected:

TrEOREM 1. The following statements are equivalent:

(a) 4 is a convex set;

(b) wx is a singleton for each x;

(c) There exist no balls of support that are maximal with respect to inclusion.

As mentioned in the introduction, we could use a result of [10] proving the
equivalence of (a) and (b). This equivalence can also be obtained as an immedi-
ate corollary of Theorem 2 below; and may be interpreted as the equivalence
between the convexity of 4 and the absence of quench points, This interpreta-
tion will become more obvious after the definition of the set .S in the next section.

3. The correspondence between 4 and (S, ¢). We are now ready to for-
malize the notion of quench point as the elements of what we shall call the skele-
ton of 4. Recalling our earlier comments about the behaviour of the function 7,
we define the skeleton S of A as the set of those points x& 4 for which

r(x) = r(x’) + d(x, &) if & € [y, «],
r(x') <r(x) + d(z, «') ifa €1— [y, %],

where yEmx and I= [y, x—).

The last inequality simply expresses the fact that for points x’ beyond x on /
there are points of 4 closer to x’ than y. In the language of prairie fires, then,
the burning reaches %’ via another ray before it can reach it along I. Thus x is
the last point of / burned by fire coming from ¥; that is, x is a quench point.

In terms of balls of support, it is easy to recognize that S is the set of those
points x4 at which B(x) is maximal, that is not contained in any other ball
of support. Both characterizations are useful in the development of the theory.

It might be worthwhile to observe that the first definition may be used to
define the skeleton of any Lipschitzian function f with constant 1. We have only
to replace 7 by f and to interpret the relation y&wx to mean that y belongs to
the zero-set of f and to the boundary of the ball around x of radius f(x). On the
other hand, the second characterization of .S may be used to define the skeleton
of subsets 4 of metric spaces more general than the Euclidean plane.

Returning now to our subset 4 of the plane, observe that, by Theorem 1,
S is empty if and only if 4 is convex. Thus if 4 is not convex, there are points
in S. More specifically, if 4 is not convex there are points x at which wx contains
at least two paints (again by Theorem 1); and such points x belong to .S because
no ball of support can contain B(x) unless it coincides with it. Those may not
be all the points of .S; however, as already shown [11], they are at least every-
where dense in S.
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As already indicated in the introduction, besides its skeleton .S we associate
to A also the restriction ¢ of  to S, called the gquench function of A. The pair
(S, q) will then be called the skeletal pair of A. For example, if A is convex then
S is empty and so is ¢ (we call empty the only function defined on the empty
set); thus (&, &) is the skeletal pair associated to each convex set 4. Some ex-
amples with 4 nonconvex, chosen primarily to suggest and illustrate the results
of this section on the correspondence 4—(S, ¢) are given in Fig. 1. In the draw-
ings, S is represented by dashed lines while 4 is drawn with heavy points, con-
tinuous lines and shaded areas. The value of ¢ at some points %, x’ of S is the
length of the corresponding dotted and labelled segments; if [y, x] is such a
segment, then yEwx by the definition of g.

(b)
n
e 4(®)
L g(x) Tl
— ) - — - - - -
% %
Y2

Fig. 1

The sets A4 illustrated in Fig. 1 are all constructed around the arc of the
parabola y;, ¥: of example (b), and all have the same skeleton S, the axis of
parabola from the center of curvature at the vertex on. While examples (a) and
(b) clearly have different quench functions ¢, the reader will readily realize that,
as indicated, the last three examples do have the same quench function. Thus
different sets A may have the same skeletal pairs, even if they are not convex.

Those examples, as well as the entire study so far, suggest that .S and ¢ could
be determined by the manner in which A4 fails to be convex. In order to formu-
late this thought in a more precise manner, let us denote by C the closed convex
hull of 4 and let us call the set D=CN(—A4)=C—A the convex deficiency of A.
For the example (a) of Fig. 1, D is the region interior to the parabola; while for
each of the other three examples D is part of the same set but does not extend
beyond the open segment (¥1, ¥2). Our examples then support the conjecture
that the skeletal pair is more closely related to the convex deficiency D than to
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the set A itself. That this be indeed true is established in our central result,
which may be considered as an extension of Motzkin’s characterization of con-
vex sets and of a theorem of Valentine [15, p. 96]:

THEOREM 2. Two closed sets have the same skeletal pair if and only if they have
the same convex deficiency.

Thus, in suggestive language, not only the skeletal pair is determined by the
“holes” and the “dents” of 4, but also these, in turn, are determined by (S, ¢).
In the more detailed studies [4] and [5] it has been shown how the holes of 4
correspond to connected components of S, and the dents of 4 to unbounded
components of S—C.

Since it is possible to describe all the sets 4 having a given set D for their
convex deficiency, we obtain a complete description of the correspondence
A—(S, q) by way of the decomposition 4—D—(S, ¢). We do not describe these
results here, preferring to emphasize the following corollaries of Theorem 2.

COROLLARY 3. A closed set is uniquely determined by ils convex hull and its
skeletal pair. '

Our examples are good illustrations of this last result; in the light of it, ex-
ample (b) suggests that there is but one set 4 having a given skeletal pair and
satisfying 4°= . This is actually not true if 4 is contained in a line; but if
C*s£0, then such a set 4 is the smallest having (.S, g) as skeletal pair and is thus
unique:

COROLLARY 4. Assume CO5~ & and A°= . Then A is uniquely determined by
its skeletal pair.

This result is particularly important for the application of our theory to the
visual recognition process: it establishes the adequacy of our tools for the char-
acterization of “line figures,” that is, of contours, the prime aim of Blum’s inves-
tigation [2].

Corollary 4 may be obtained independently of Theorem 2 in the following
way. We first show that the assumptions C° & and A%= & imply 7.S=bd(4)
=4, where 7S denotes the closure of the union of 7x for x&.S. We then establish
that the restriction of 7 to S, and hence 7.5, is explicitly determined by S and ¢:
for xES, Tx = {y: d(x, y) =q(x) and d(x’, y) Z¢(x") for ' ES}.

In this context we might also quote the following more general statement:

COROLLARY 5. Among the sets A having (S, q) as skeletal pair there is at most
one for which bd(A) =wS. Thus, if there is one, it is uniquely determined by (S, g).

We terminate this section by mentioning two open questions concerning the
correspondence 4—(S, ¢). The first is: what is the range of that mapping?
In other words, if X is a subset of the plane and if f is a real valued function
defined on it, under what conditions is (X, f) the skeletal pair of some set 4?
We know several rather stringent necessary but not sufficient conditions, some
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discussed below in Section 4; and we have obtained some sufficient but not
necessary conditions. A satisfactory solution seems still far away.

The second and still wide-open problem may be introduced as follows.

If (S, g) can be used to recognize 4 (up to its convex hull C), “similar” sets 4
should have “neighboring” skeletal pairs. In more technical terms, let @, 8, 8*
be, respectively, the family of closed, nonconvex sets 4 of the plane, the family
of their skeletal pairs (S, ¢) and the family of the triplets (S, ¢, C). Can we define
topologies on these families such that the mapping 4—(S, g, C) of @ onto $*
be an homeomorphism and the induced mapping 4—(S, ¢) of @ onto § be con-
tinuous? Clearly the answer is yes: but can we do it in a natural manner? We
feel that here “natural” is a very strict though still vague requirement, since it
refers at once to mathematical and to visual criteria.

4. Two properties of .S, In order to eliminate some of the pathology that can
occur because of our weak assumptions on 4, we shall restrict ourselves in this
section to sets 4 such that (§—.5)CA. For this section only we say that such a
set is a good set. All of the examples given so far have been good. An example of
a nongood set 4 is a convergent sequence of points on a circle together with the
limit point y. Each point on the open segment from the center x to y belongs
then to S—.S but clearly not to 4.

In this example, the point x belongs to S but has no compact neighborhoods
in S. Thus, if 4 is nongood, S may fail to be locally compact. It is easy to prove,
on the other hand, that S is always “thin,” at least insofar as S°= ¢f. When 4
is good the situation is much nicer. Recall [16] that a dendrite is a compact,
connected, and locally connected set which contains no simple closed curves;
essentially, a dendrite is a nice union of simple arcs. We have then:

THEOREM 6. Suppose A is good and x& S. Then there exists a ball By(x) with
center x such that SMBy(x) is a dendrite.

Thus S is not only locally compact and “thin,” but even “graphlike.” Actu-
ally we can say a bit more. Recall [16] that the order o(x) of x in S is the smallest
cardinal number, if it exists, such that each neighborhood of x in S contains
another neighborhood whose boundary consists of o(x) points. In a graph, o(x)
is defined for each x and is the number of branches issuing from x. Our theorem
enables us to prove that the closure S of S is a graph (not necessarily bounded)
when all of its points have finite order and when, say, o(x) 2 for a finite number
of points x€S. In all our examples, except for our nongood set, S is a graph. In
the example of the square field, the vertices have order 1, the center has order 4,
and all other points have order 2.

It is quite interesting to observe that the order o(x) carries some information
on what we could call the local shape of 4. Denoting by #(X) the number of
connected components of a set X, one can show that, without any special as-
sumption, #(mrx) never exceeds o(x) (when defined) for x in .S. Under our present
assumptions we have more precisely:
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THEOREM 7. Suppose that A is good and x &S. Then there exists a ball B around
x such that n(rx) equals n((SNB)— { x } ). Moreover, if o(x) is defined, then
n(wx) = o(x) whenever either of these numbers 1s finite.

To interpret this theorem picturesquely, imagine that we stand at a point
x& .S whose order is finite. Then, in the ball B of the theorem, S consists of o(x)
branches leading into x. Because #(mrx) —o(x), the z(mrx) components of mx must
occur “between” the branches of S (consider the example of the square with x
the center). Hence, if we could look around us but only see points at exactly
distance ¢(x) away, then we would be able to see the n(wx) connected subsets
of bd(4)MB(x) but no other points of 4. Indeed, 4 must “bend away” from the
circumference of B(x) by having o(x) “dents” or “cuts” as seen from x.

5. Concluding remarks. In presenting the material above we have considered
only nonvoid closed sets in the plane with the usual metric. There are two obvi-
ous modifications possible. One may specialize and study sets with additional
properties or one may generalize and investigate the situation in the setting of
different spaces and/or different metrics.

The first path has been taken by Riley [13] and by Ting [14]. Riley limits
himself to sets 4 which are graphs whose vertices have no points of accumulation
and whose edges have a differentiable curvature with only finitely many changes
of sign. Under these assumptions he shows in particular that S is itself a graph.

The work of Ting contains results that, in our context, suggest that the result
of Riley may be strengthened. It appears that one may relax some of Riley’s
assumptions and still prove not only that S is a graph but that the edges are
themselves differentiable.

The second path, already started by Motzkin and continued, for example,
in [9] and [12] in connection with convex sets, seems also quite fruitful. The
consideration of non-Euclidean metrics in the plane would moreover enhance
the applicability of our studies to the neurophysiological process considered by
Blum.

Supported by Air Force Cambridge Research Laboratories, under contract.
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ON MUNTZ’' THEOREM AND COMPLETELY MONOTONE FUNCTIONS
WILLIAM FELLER, Princeton University

1. Introduction. Weierstrass’ theorem asserts that every continuous (real)
function on [0, 1] is the uniform limit of an appropriate sequence of polynomials.
In a famous paper [7] Ch. Miintz considered the possibility of a similar approxi-
mation when not all powers of the coordinate variable are admitted, that is, an
approximation by polynomials of the form

(1.1) X crxee
k=1

with prescribed exponents p;. In this formulation it is not necessary that the p;
be integers, but the exponent 0 plays a special role being indispensable for
approximations to the constant function. It is therefore preferable to consider
only functions vanishing at the origin, and we denote the Banach space of such
functions by Co[0, 1]. As usual we put ||f]| =max|f(x)|. Given a sequence of
numbers p;, satisfying

(1.2) 0<pp<p1<:--, Pr —> O,
Miintz’ result may be stated as follows

THEOREM 1. In order that the linear combinations of the form (1.1) be dense in
Col0, 1] it is necessary and sufficient that

(13) pfc"1=00.

In the case of nondenseness there exists a bounded linear functional anni-
hilating all the powers x%. But linear functionals on C,'can be represented by
signed measures on the half-open interval (0, 1]. Given such a (finite) measure
M we put

(1.4) i = [ o).



	Article Contents
	p. 335
	p. 336
	p. 337
	p. 338
	p. 339
	p. 340
	p. 341
	p. 342

	Issue Table of Contents
	The American Mathematical Monthly, Vol. 75, No. 4 (Apr., 1968), pp. 335-452
	Front Matter
	Shape Recognition, Prairie Fires, Convex Deficiencies and Skeletons [pp. 335-342]
	On Muntz' Theorem and Completely Monotone Functions [pp. 342-350]
	Decomposability of Positive Functions on R [pp. 350-357]
	Invert Sets in Polyhedra [pp. 357-362]
	On the Iteration of Linear Fractional Transformations [pp. 362-366]
	Mathematical Notes
	The Classification of Real Division Algebras [pp. 366-368]
	Approximate Function Values and Hyperplanes [pp. 368-370]
	Magnitude of the Coefficients of the Cyclotomic Polynomial F(x) [pp. 370-372]
	On the Coefficients of the Cyclotomic Polynomials [pp. 372-377]
	A Note on 0-Dimensional Decompositions of E [pp. 377-378]
	Some Theorems on Generalized Invertible Spaces [pp. 378-382]
	Repetitions [pp. 382-383]
	The Pan-4-Agonal Magic Tessaract [p. 384]
	Properties of Set-Valued Additive Functions [pp. 384-386]
	A Characterization of Star-Shaped Sets [p. 386]

	Correction: Amicable Numbers with Opposite Parity [p. 386]
	Brief Versions
	Note on Regular Semigroups [p. 387]
	Two Operator Formulae and Their Application [p. 388]
	On Quasi-Injective Ideals in the Prime Rings [pp. 388-389]
	Correction to a Note on Abelian Group Axioms [p. 389]
	Absolutely Independent Axioms for a Finite Group [p. 390]
	Submodules Which Determine Certain Linear Mappings [pp. 390-391]
	The Separation Axioms for Invertible Spaces [pp. 391-392]
	Commutativity in Rings of Zero Divisors [p. 392]
	Functions Positive Definite in the Space C [p. 393]
	On Commuting Mappings by Successive Approximations [pp. 393-394]

	Classroom Notes
	Invariant Definitions for Vector Calculus [pp. 394-396]
	A Proof of Newton's Power Sum Formulas [pp. 396-397]
	Countable and Net Convergence [pp. 397-398]
	An Abstraction [p. 398]
	The Optical Property of the Conics [p. 399]
	A Remark on a Fixed-Point Theorem for Iterated Mappings [pp. 399-400]

	Mathematical Education Notes
	Southern Methodist's Summer Program in Mathematics for High Ability Secondary School Students [pp. 400-402]

	Problems and Solutions
	Elementary Problems: E2075-E2084 [pp. 403-404]
	Solutions of Elementary Problems
	E1935 [p. 404]
	E1936 [p. 405]
	E1937 [pp. 405-406]
	E1938 [p. 407]
	E1939 [p. 407]
	E1940 [pp. 407-408]
	E1941 [pp. 408-409]
	E1942 [pp. 409-410]
	E1943 [p. 410]
	E1944 [pp. 410-411]
	E1945 [p. 411]
	E1946 [pp. 411-412]
	E1947 [pp. 412-413]


	Correction: E1914 [p. 413]
	Problems and Solutions
	Advanced Problems: 5580-5589 [pp. 414-415]
	Solutions of Advanced Problems
	4664 [p. 415]
	5428 [pp. 415-416]
	5481 [p. 416]
	5482 [p. 417]
	5483 [pp. 417-418]
	5484 [pp. 418-419]
	5485 [pp. 419-420]
	5486 [pp. 421-422]
	5487 [pp. 422-425]
	5488 [pp. 425-426]


	Reviews
	Review: untitled [p. 426]
	Review: untitled [pp. 426-427]
	Review: untitled [pp. 427-428]
	Review: untitled [pp. 428-429]
	Review: untitled [pp. 429-430]
	Review: untitled [p. 431]
	Review: untitled [p. 431]
	Review: untitled [p. 432]
	Telegraphic Reviews [pp. 432-435]
	Review: untitled [pp. 435-436]

	News and Notices [pp. 436-437]
	Mathematical Association of America: Official Reports and Communications
	The Fifty-First Annual Meeting of the Association [pp. 437-443]
	Officers and Committees as of February 1, 1968 [pp. 443-448]
	The Chauvenet Prize [pp. 448-449]
	Report of the Treasurer for the Year 1967 [p. 449]
	Academic Members Elected into the Association [p. 450]
	November Meeting of the Indiana Section [p. 450]
	November Meeting of the Northeastern Section [pp. 450-451]
	Committee on Assistance to Developing Colleges [p. 451]
	Calendar of Future Meetings [p. 452]
	Future Meetings of Other Organizations [p. 452]

	Back Matter



