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0 Introdu
tionContents: • Dis
retisations of partial di�erential equations: Analysis and under-standing of 
omponents of numeri
al solvers
• Dis
retisations for di�erent types of problemsWhat is a partial di�erential equation (PDE) ?Typi
ally, in an image we have 2 spa
e dimensions, often denoted x and y. A PDE isa di�erential equation, relating a fun
tion u(x, y) with its derivatives, e.g.,

∂

∂x
u(x, y) +

∂

∂y
u(x, y) = 1The partial derivatives work like usual derivatives; other variables than the indi
atedone are treated like 
onstants.Example:

∂

∂x

[
x2 + y2

]
= 2xIs this di�
ult?It is only possible to 
ompute solutions analyti
ally in simple settings, so we look fornumeri
al approximations. Dealing with PDEs 
an be very di�
ult in the details.Whi
h types of PDEs do exist?

• Ellipti
 PDEsIts solutions des
ribe equilibrium states of a given quantity. Thereby, an �equi-librium state�, or simply an equilibrium, denotes a stable status whi
h does not
hange in time.
• Paraboli
 PDEsDes
ribing time-dependent pro
esses on the way to an equilibrium.
• Hyperboli
 PDEsDenoting time-dependent transport of a given quantity without an inherent ten-den
y to an equilibrium as in the 
ase of paraboli
 PDEs. 5



0 Introdu
tionWhat about other PDEs?There exists an in
redibly large zoo of variations whi
h may all require spe
ial numeri
altreatments.
• PDEs of mixed type
• single equations and systems of equations
• systems of PDEs of di�erent types
• linear and non-linear ones
• PDEs of �rst, se
ond, third or higher order
• et
...What has this to do with Visual Computing?
• Ellipti
 PDEs arise, e.g., in tasks like image impainting, image segmentation oropti
 �ow
• Paraboli
 PDEs are dire
tly related to di�usion �lters
• Hyperboli
 PDEs arise in mathemati
al morphology, shape from shading and aswell as sub-models in many PDE-based �lters.
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1 Important notions and someba
kgroundWe 
on
entrate in this paragraph on simple model problems of the main three types(ellipti
, paraboli
, hyperboli
).However, before this we summarise some important notions.Let u ≡ u(x, y) (�≡� means �identi
al with�) be a smooth fun
tion; �smooth� means,it is as many times 
ontinously di�erentiable (�stetig di�erenzierbar�) in the variables
x and y as required.Then: • ∂

∂x
u(x, y) = ux(x, y) ≡ ux

• ∂

∂y
u(x, y) = uy(x, y) ≡ uy

• ∂

∂x

(
∂

∂x
u(x, y)

)

=
∂2

∂x2
u(x, y) ≡ uxx

• ∇u =

(
ux

uy

), �∇� is the Nabla-Operator,
• ∇ ·∇u =






∂

∂x
∂

∂y




 ·
(

ux

uy

)

=
∂

∂x
(ux)+

∂

∂y
(uy) = uxx + uyy =

∆u, �∆� is the Lapla
e-Operator.Also, we re
all the following notions.De�nition 1.1 The highest o

uring derivative in a PDE determines its order.Examples: • ux + uy = 0 is a �rst-order PDE.
• ux + uyy = 0 is a se
ond-order PDE.
• ∆u = 0 is a se
ond-order PDE.
• uxxx + uy = 0 is a third-order PDE.De�nition 1.2 In a PDE relating a fun
tion u to its derivatives, we denote sometimes

• u as the dependent variable (as it is not known and depends on x and y). 7



1 Important notions and some ba
kground
• x, y as the independent variables (as they do not depend on something else).De�nition 1.3 Non-linear PDEs in a dependent variable u arise by 
oe�
ients of uand derivatives of u that depend on u itself.Examples: • ∆u = 0 is a linear PDE,

• u∆u = 0 is a non-linear PDE,
• ∇ · (u2∇u) = 0 is a non-linear PDE.Remark:Sometimes in the literature, linearity of PDEs is de�ned in the way that they need tobe linear in u and its derivatives; all other PDEs are hen
e non-linear. In order to �ll anotional gap between non-linear PDEs as de�ned by De�nition 1-3 and this de�nitionof linearity, PDEs featuring spa
e-variant 
oe�
ients are markes by the phrase �withnon-
onstant (or variable) 
oe�
ients�. Examples for this 
an be found in the tutorials.Stri
tly speaking, we have abused the term PDE up to now − for example, just theequation

∆u = 0 (1.1)is not a well-de�ned mathemati
al obje
t by itself. Further 
onditions must be spe
i�edin order to obtain a meaningful solution. For instan
e, in 
ase of (1.1), if u is a fun
tionde�ned over R
2, any fun
tion

u(x, y) = c, c ∈ R

u(x, y) = ax + by, a, b ∈ R

u(x, y) = axy + by + c, a, b, c ∈ R

...
an be a solution. However, in the 
ontext of a spe
i�
 task, it would be 
onvenient tosingle out one �interesting� solution. It turns out, that it makes sense mathemati
allyand intuitively to distinguish initial 
onditions (for time-dependent problems where udepends also on a time t, u ≡ u(x, y, t)) and boundary 
onditions (where the domainof a PDE ends).We then distinguish the following 
ases.De�nition 1.4 Let u not only be a fun
tion of spa
e, but also of time t, i.e., u ≡
u(x, y, t). Let the time-s
ale of interest begin with t = 0. Then the initial value problem (IVP)is given by a 
ombination

{PDE for u(x, y, t)

u(x, y, 0) = ϕ(x, y)8



with a suitable fun
tion ϕ. In 
ase of a �nite domain of interest we 
all here Ω, as is the
ase when dealing with images, it often makes sense to spe
ify boundary 
onditions.We �rst de�ne initial-boundary value problems (IBVPs) given by a 
ombination






PDE for u(x, y, t) with x, y ∈ Ω, t > 0

u(x, y, 0) = ϕ(x, y), x, y ∈ Ω

u(x, y, t) = η(x, y, t), x, y ∈ ∂Ω,where ∂Ω is the boundary of Ω, and where Ω is an open domain, i.e., it does notin
lude its boundary.If u does not depend on time, no initial 
ondition for a time-evolution is needed andwe 
onsider boundary value problems (BVPs) given by a 
ombination
{PDE for u(x, y), x, y ∈ Ω,

u(x, y) = η(x, y), x, y ∈ ∂Ω.Remarks:
• Hyperboli
 and Paraboli
 PDEs lead to IVPs or IBVPs.
• Ellipti
 PDEs o

ur in BVPs.
• We will loosely identify PDEs with 
orresponding problems and just speak of thePDEs.
• One usually has to spe
ify in whi
h fun
tion spa
e u is sought as this greatlyin�uen
es theoreti
al (and some pra
ti
al) issues. We will usually assume thatour fun
tions are in L2, L1,H1 (≡ �rst derivatives are in L2) or in any otherlinear fun
tion spa
e.Also, be aware that not all kinds of boundary or initial 
onditions are usually �allowed�.If a set-up as above is done properly, one 
an (sometimes) show rigorously, that onedoes not waste time with a pathologi
al problem:De�nition 1.5 We say that a given problem to a PDE is well-posed in the sense ofHadamard, ifa) the problem has a solution,b) this solution is unique,
) the solution depends 
ontinuously on the data given in the problem.

9



1 Important notions and some ba
kground
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2 Introdu
tion to the FiniteDi�eren
e MethodWe begin by dis
retizing the spatial domain by pla
ing a grid over it, starting in 1-D.We use the grid, or mesh, de�ned by
xj = j∆x, (2.1)where ∆x is the so-
alled mesh width and xj are 
alled nodes.

Sket
h: mesh points
x-axis

∆x ∆x ∆x ∆x ∆x ∆x ∆xNotationally, we use approximations
uj ≈ u(j∆x) (2.2)The next step is to approximate derivatives on this grid. We begin by noti
ing, thatsin
e

u′(x) = lim
h→0

u(x + h)− u(x)

h
,a reasonable approximation of u′(j∆x) 
an be given by

uj+1 − uj

∆x
. (2.3)(2.3) is 
alled forward di�eren
e. Other useful approximations to u′(j∆x) are:

uj − uj−1

∆x
ba
kward di�eren
e, (2.4)

uj+1 − uj−1

2∆x

entral di�eren
e. (2.5)In a similar fashion we may approximate u′′ at j∆x by

uj+1 − 2uj + uj−1

∆x2
(2.6)11



2 Introdu
tion to the Finite Di�eren
e MethodTo see, that this is a reasonable approximation, 
onsider that
u′((j + 1

2)∆x)− u′((j − 1
2 )∆x)

∆x
(2.7)approximates u′′(j∆x).

Sket
h: (j − 1)∆x j∆x (j + 1)∆x

(
j − 1

2

)
∆x

(
j + 1

2

)
∆x

The values u′((j ± 1
2)∆x) 
an be approximated by

uj+1 − uj

∆x
and uj − uj−1

∆x
, (2.8)respe
tively. Then

u′′(j∆x) ≈ u′((j + 1
2)∆x)− u′((j − 1

2)∆x)

∆x

≈
uj+1 − uj

∆x
− uj − uj−1

∆x
∆x

=
uj+1 − 2uj + uj−1

∆x2
, (2.9)
ompare (2.6).2.1 The lo
al trun
ation errorLet us 
onsider the di�erential equation

u′′(x) = 0, (2.10)i.e., the 1-D Lapla
ian. Let the dis
retisation of u′′(j∆x) = 0 we use be
uj+1 − 2uj + uj−1

∆x2
= 0. (2.11)The lo
al trun
ation error is then de�ned as follows. We assume the smoothness ofan underlying solution u of (2.10). Asso
iating then







x ≡ j∆x,

x + ∆x ≡ (j + 1)∆x,

x−∆x ≡ (j − 1)∆x

(2.12)
12



2.1 The lo
al trun
ation errorit will usually not hold exa
tly
u(x + ∆x)− 2u(x) + u(x−∆x)

∆x2
= 0. (2.13)(Why not? Be
ause (2.11) is the method for determining the uj 's, and it is obtainedby approximating u′′(x). In 
ontrast, u(x) and u(x±∆x) in (2.13) are supposed tobe exa
t values of u.)The di�eren
e between the left and right hand side in (2.13) is 
alled the lo
al trun
ation error:

L∆x(u(x)) =
u(x + ∆x)− 2u(x) + u(x−∆x)

∆x2
(−0) (2.14)Having a look at (2.13), it is 
lear that the di�eren
e between left and right handside may strongly depend on powers of ∆x. We now pro
eed evaluating this depen-den
e in more detail. To this end, we use the assumed smoothness of u and 
omputeTaylor series expansions:

u(x + ∆x) = u(x) + [(x + ∆x)− x] · u′(x) +
[(x + ∆x)− x]2

2
· u′′(x)

+
[(x + ∆x)− x]3

6
· u′′′(x) + . . . (2.15)

u(x−∆x) = u(x) + [(x−∆x)− x] · u′(x) +
[(x−∆x)− x]2

2
· u′′(x)

+
[(x−∆x)− x]3

6
· u′′′(x) + . . . (2.16)The general formula for Taylor series expansions useful for us is

u(x + h) =

P∑

k=0

hk

k!
u(k)(x) +O(hp+1). (2.17)Thereby, O (�big-oh�) is the so-
alled Landau-symbol; we will elaborate on this notionlater.We plug the expansions (2.15), (2.16) into (2.14), obtaining (negle
ting the argument

x) 13



2 Introdu
tion to the Finite Di�eren
e Method
L∆x(u) =

[

u + ∆x · u′ +
∆x2

2
u′′ +

∆x3

6
u′′′ +

∆x4

24
u′′′′ +

∆x5

120
u′′′′′ +O(∆x6)

]

∆x2

+

−2u +

[

u−∆x · u′ +
∆x2

2
u′′ − ∆x3

6
u′′′ +

∆x4

24
u′′′′ − ∆x5

120
u′′′′′ +O(∆x6)

]

∆x2

=
1

∆x2







∆x2 · u′′ +
∆x4

12
u′′′′ +O(∆x6)

︸ ︷︷ ︸

=O(∆x4)







= u′′
︸︷︷︸

=0 bythe PDE+O(∆x2)

= O(∆x2)

(2.18)
2.2 Consisten
yLet us formulate the assertion of (2.18) expli
itly, as it is very important.

L∆x(u) = O(∆x2) (2.19)means: If, for a smooth solution u of u′′(x) = 0, the mesh parameter ∆x goes tozero, then the error of the dis
retisation of the problem (see (2.10)) goes in the limit
∆x→ 0 with the rate ∆x2 also to zero. By (2.19), we say, that the s
heme (2.11) is
onsistent of se
ond order with the di�erential equation (2.10).2.3 Ex
ursion on �Big-Oh�The Landau symbol O(·) is de�ned as an equivalen
e 
lass of fun
tions.For any given fun
tion ϕ : R→ R, we set

ϕ(h) = O(hp) ⇔ lim
h→0

ϕ(h)

hp
= C, (2.20)

C = 
onstant, with (important!) 0 ≤ |C| <∞.Let us note the di�eren
e of (2.20) to the use of O(·) in 
omplexity theory. There, oneis typi
ally interested in 
omparing the 
omputational e�ort of algorithms dependingon a 
hara
teristi
 number n for large problems. There O(n),O(n2), . . . , tells us howan algorithm performs for large n.In 
ontrast, we are here interested in 
hara
teristi
 numbers of dis
retisations of PDEsrelated to dis
retisation errors, i.e., we are interested in vanishing mesh widths, typ-i
ally in ∆x,∆y,∆t → 0. Thus, we study the behaviour of algorithms for small
hara
teristi
 numbers.14



2.3 Ex
ursion on �Big-Oh�2.3.1 Properties of O(·)Obviously, the de�nition (2.20) is not satis�ed by a lot of fun
tions ϕ. As O(hp) 
anbe understood as a set of fun
tions, it seems to be appropriate to write
ϕ(h) ∈ O(hp). (2.21)However, the notion (2.20) is 
ommonly used in pra
ti
e. Sti
king for the moment tothe notation (2.21), we illustrate now further properties.Examples(i) Let ϕ1(h) = h. Then, with p = 1, we obtain

lim
h→0

h

h1
= 1,and with 0 ≤ 1 (:= C) <∞ we have ϕ1(h) ∈ O(h).(ii) Let ϕ2(h) = h2. Then, again with p = 1, we obtain

lim
h→0

h2

h1
= lim

h→0
h = 0,and with 0 ≤ 0 (:= C) <∞ we also have ϕ2(h) ∈ O(h).(iii) Let us 
onsider again ϕ2(h), this time with p = 2:

lim
h→0

h2

h2
= 1,and with 0 ≤ 1 (:= C) <∞ we also have ϕ2(h) ∈ O(h2).Remark:As obvious by (ii) and (iii), we have

O(h) ⊃ O(h2) ⊃ O(h3) ⊃ . . . (2.22)(iv) Let ϕ3(h) = 0. For any p, we obtain
lim
h→0

0

hp
= 0,and with 0 ≤ 0 (:= C) <∞, ϕ3(h) ∈ O(hp) for any p.Thus, by (2.20) we have generated a 
ompli
ated system of fun
tion sets!Mathemati
ally O(hp) 
an be understood, for any �xed p, as an ideal of afun
tion ring.As observable by example (iv), the zero fun
tion is a member of every ideal

O(hp), and thus, e.g. the operation
1

O(hp)
(2.23)is not allowed as it 
an mean division by zero. 15



2 Introdu
tion to the Finite Di�eren
e Method
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3 Introdu
tion to S
hemes for Ellipti
and Paraboli
 PDEsIn this paragraph, we 
onsider the ellipti
 Lapla
e equation
∆u = uxx + uyy = 0 (3.1)and the paraboli
 linear di�usion equation (or heat equation)

ut = ∆u (3.2)over a �nite domain Ω. We use the approximation from (2.6) in x- and y-dire
tion,respe
tively. Hen
e, we obtain with ujk ≈ u(j∆x, k∆y) a �nite di�eren
e approxima-tion of (3.1) as
uj+1,k − 2ujk + uj−1,k

∆x2
+

uj,k+1 − 2ujk + uj,k−1

∆y2
= 0. (3.3)Choosing ∆x = ∆y (as will be usual in image pro
essing) we 
an multiply (3.3) by

∆x2 to obtain
uj+1,k − 2ujk + uj−1,k + uj,k+1 − 2ujk + uj,k−1 = 0

⇔ ujk =
1

4
(uj+1,k + uj−1,k + uj,k+1 + uj,k−1) (3.4)By formula (3.4), we see that ujk is the arithmeti
 average of the four neighboringvalues. The so-
alled sten
il (�Stempel�) of the method indi
ates whi
h values parti
-ipate at the point (j, k) in approximating ∆u:

Sten
il 
entered at point indexed by j, k. 17



3 Introdu
tion to S
hemes for Ellipti
 and Paraboli
 PDEsLemma 3.1 Be
ause of the averaging, a maximum or minimum of the data 
an onlybe attained at the boundary of Ω, or the dis
rete solution (ujk) is 
onstant.Proof:Let a �nite domain be given together with a lo
al maximum at an inner point (j, k).�Inner point� means that at j∆x, k∆y, there is not a boundary point (where typi
allythe value is somehow pres
ribed). Let a stri
t lo
al maximum at (j, k) be given by
uj,k = C, C ∈ R,while

uj+1,k =: D1, uj−1,k =: D2, uj,k+1 =: D3, uj,k−1 =: D4,with Di < C, i = 1, . . . , 4. Then formula (3.4) yields
C =

1

4
(D1 + D2 + D3 + D4)
︸ ︷︷ ︸

<4C

< C.Hen
e, there 
an be no stri
t lo
al extremum at any inner point. The alternativeassertion of the Lemma follows by Di = C.
2.An important issue arises:Is this an unwanted property of our method (3.4), or does this re�e
t a 
orrespondingproperty of the dis
retised PDE ∆u = 0? If not, we make a serious error! We dealwith this question later.We now turn to a di�erent point of importan
e. If we 
onsider the BVP

{

∆u = 0 in Ω

u = ϕ on ∂Ω
(3.5)and �x for the moment our grid identi
al to a typi
al image size, e.g., 256×256 pixels,then we have a dis
rete representation of Ω with 256 × 256 grid points. These partsneed to be de�ned by use of formula (3.4).Noti
e, that (3.4) de�nes a linear system of equations where ea
h pixel index (j, k)parti
ipates on
e on the left hand side. Thus for 256×256 points of interest the systemmatrix has 65536 lines and 
olumns. For even more points the matrix dimension 
aneasily be
ome very large.18



A simple yet popular way to solve (3.4) 
onsists of starting with an arbitrary �rstapproximation u
(0)
jk and iterating by:
u

(n+1)
jk =

1

4

[

u
(n)
j+1,k + u

(n)
j−1,k + u

(n)
j,k+1 + u

(n)
j,k−1

]

. (3.6)The method (3.6) is 
alled Ja
obi-iteration. It is easy to 
ode, as one only needs to gothrough the list of inner points (j, k) and 
ompute the new iteration values un+1
jk outof the surrounding given data. Su
h a formula is 
alled expli
it. However, the method(3.6) 
onverges very slowly to the solution of (3.4).Having stressed what to do at �inner points� above, let us also 
onsider the boundarypoints ∂Ω. As we deal by (3.5) with a BVP, we have pres
ribed values ulm for

(l∆x,m∆y) ∈ ∂Ω. Thus, we only need to iterate (3.6) over the inner points of Ω.The boundary values 
ome into play if (l,m) for (l∆x,m∆y) ∈ ∂Ω is a neighbour ofthe iteration point (j, k), thus appearing on the right hand side of (3.6).Let us now 
onsider u ≡ u(x, y, t), and let us look at the paraboli
 linear di�usionequation
ut = ∆u. (3.7)Now, let un

jk ≈ u(j∆x, k∆y, n∆t), i.e., the upper index denotes the time level(�Zeits
hi
ht�). Then, let us approximate the time-derivative in (3.7) by a forwarddi�eren
e:
ut(j∆x, k∆y, n∆t) ≈

un+1
jk − un

jk

∆t
. (3.8)Plugging the approximations (3.8) and (3.3) into the appropriate positions in (3.7),we obtain

un+1
jk = un

jk +
∆t

∆x2

(
un

j+1,k − 2un
jk + un

j−1,k

) (3.9)
+

∆t

∆y2

(
un

j,k+1 − 2un
jk + un

j,k−1

)
.Note, that all expressions in
luding ut are approximated at time t = n∆t in (3.9).Analogously to the expli
itness of the Ja
obi-iteration formula (3.6), the s
heme (3.9)is an expli
it time-mar
hing s
heme.If we would approximate ut by a ba
kward di�eren
e, i.e.

ut(j∆x, k∆y, n∆t) ≈
un

jk − un−1
jk

∆t
, (3.10)the resulting s
heme would read 19



3 Introdu
tion to S
hemes for Ellipti
 and Paraboli
 PDEs
un

jk = un−1
jk +

∆t

∆x2

(
un

j+1,k − 2un
jk + un

j−1,k

) (3.11)
+

∆t

∆y2

(
un

j,k+1 − 2un
jk + un

j,k−1

)
.Shifting indi
es n − 1 → n, n → n + 1, we see, that a new value un+1

jk depends notonly on given values from time level n∆t, but also on other unknowns un+1
j±1,k, un+1

j,k±1.The s
heme (3.11) is an example of an impli
it time-mar
hing s
heme.
un+1

jk = un
jk +

∆t

∆x2

(

un+1
j+1,k − 2un+1

jk + un+1
j−1,k

) (3.12)
+

∆t

∆y2

(

un+1
j,k+1 − 2un+1

jk + un+1
j,k−1

)

.However, let us turn our attention ba
k to the expli
it s
heme (3.9). Let us 
hoose
∆x = ∆y and ∆t := ∆x2

4 . The latter 
hoi
e is an allright 
hoi
e for use in the s
heme(3.9). With these 
hoi
es, we rewrite the s
heme (3.9) as
un+1

jk = un
jk +

(
∆x2

4

)

∆x2

(
un

j+1,k − 2un
jk + un

j−1,k

)

+

(
∆y2

4

)

∆y2

(
un

j,k+1 − 2un
jk + un

j,k−1

)

= un
jk +

1

4

(
un

j+1,k + un
j−1,k − 4un

jk + un
j,k+1 + un

j,k−1

)

⇔ un+1
jk =

1

4

(
un

j+1,k + un
j−1,k + un

j,k+1 + un
j,k−1

) (3.13)Observation:We 
an interprete the iteration indi
es (n), (n + 1) in the Ja
obi-iteration (3.6) astime levels n∆t, (n+1)∆t. Then the Ja
obi-iteration for solving the Lapla
e equationis identi
al to a spe
i�
 s
heme for solving the linear di�usion equation!Te
hni
ally, the solution of ∆u = 0 is obtained by running t → ∞ in the equation
ut = ∆u, looking for so-
alled steady-states (�stationäre Zustände�) identi�ed by
ut = 0. Let us stress, that a pointwise validity of ut = 0 means, that u does not
hange anymore when going forward in time.We obtain the following relationship:(i) The Lapla
e equation 
an be solved by introdu
ing a time variable t as anadditional variable. The solution is retrieved as a steady-state solution of thearising di�usion equation.20



(ii) Vi
e versa: Steady-state solutions of the linear di�usion equation 
an be 
om-puted dire
tly by solving the Lapla
e-equation.The strategy introdu
ed in point (i) is 
alled method of arti�
ial time. It is frequentlyused for solving ellipti
 problems.Having established the above relationship, let us also stress di�eren
es between (3.6)and (3.13) here:(i) Using (3.6) for solving the BVP (3.5), one may use arbitrary initial data u
(0)
jk .Moreover, the iterates are meaningless, only the solution of (3.6) satisfying (3.4)is meaningful.Example: In Inpainting, only the �nal, fully painted result is useful.(ii) In 
ontrast, (3.13) solves the linear di�usion equation whi
h is part of an IVP orIBVP. The initial data u0

jk used for the �rst iteration of (3.12) is not arbitrary,and the iterates un
jk are of interest.Example: Employing di�usion �lters in image pro
essing, these are usually onlyiterated over a short time interval. A steady-state solution is in general not ofinterest.Con
lusion:Paraboli
 and ellipti
 pro
esses are 
on
eptually very di�erent, but there exist impor-tant 
onne
tions that are useful for 
omputations.

21



3 Introdu
tion to S
hemes for Ellipti
 and Paraboli
 PDEs

22



4 Basi
 Theory of Ellipti
 Problems I:The Maximum Prin
ipleMotivation:
• Is there an important property of solutions of ellipti
 PDEs?
• Can we establish a 
onne
tion between analyti
al and dis
rete worlds?We 
onsider again the Lapla
e equation

∆u = 0, (4.1)as well as its extension
−∆u = f, (4.2)where f is a given fun
tion. The PDE (4.2) is 
alled Poisson equation.Remark:The Poisson equation 
an be used for image 
ompletion.Theorem 4.1 Let Ω be a 
onne
ted, �nite and open domain. Let u(x, y) solving(4.1) in Ω be 
ontinuous in Ω = Ω ∪ ∂Ω. Then either the minimal as well as themaximal fun
tion value of u is situated on the boundary of Ω, i.e., on ∂Ω, or u is
onstant.Proof:We only 
onsider the 
ase of a lo
al maximum, the 
ase of a lo
al minimum followsanalogously. For the proof, let ~x := (x, y). The maximum prin
iple states, that thereexist points ~xm and ~xM on ∂Ω, su
h that

u(~xm) ≤ u(~x) ≤ u(~xM ) (4.3)holds for all ~x ∈ Ω. For u 6= 
onstant, there do not exist other points ~xm, ~xM in Ωwith the property (4.3). We prove the non-existan
e of inner maxima by means of the�proof by 
ontradi
tion�. Thus, let us assume, that there exists a maximum of u in Ω.Then, it would hold there
uxx ≤ 0 and uyy ≤ 0 23



4 Basi
 Theory of Ellipti
 Problems I:The Maximum Prin
ipleby the standard test on the se
ond derivatives in 
al
ulus. Combined, this gives us
uxx + uyy (= ∆u) ≤ 0.At isolated maxima it holds uxx < 0 and uyy < 0.

Sket
h:This 
ase dire
tly yields a 
ontradi
tion with (4.1), however, let us also 
onsider non-stri
t maxima:
Sket
h:Therefore, let ε > 0, and we de�ne the auxiliary fun
tion

vε(~x) := u(~x) + ε‖~x‖22, ‖~x‖22 = x2 + y2. (4.4)Let us brie�y 
omment on vε(~x). By (4.4), it is 
lear that we always add a non-negative
ontribution to u(~x). A non-stri
t maximum of u will be 
onverted to a monotonepart of vε:

Sket
h x

vε

u

Espe
ially, we may 
hoose ε small enough, so that u de
ays faster than ε‖~x‖22 grows.This leads to the existan
e of a maximum of vε, see sket
h. Then, at a non-stri
t24



maximum of u,
∆vε = ∆u + ∆(ε‖~x‖22)

= ∆u
︸︷︷︸

=0 at a non-stri
tmaximum +ε∆(x2 + y2)

= ε

(
∂2

∂x2
+

∂2

∂y2

)

(x2 + y2)

= ε
∂2

∂x2
(x2 + y2) + ε

∂2

∂y2
(x2 + y2)

= ε · 2 + ε · 2 = 4ε > 0,i.e., ∆vε > 0 in Ω. But, as ∆vε ≤ 0 must hold at a maximum of vε in Ω, vε 
annothave a maximum in Ω. This is in 
ontradi
tion to the 
onstru
tion of vε, as dis
ussedabove. Thus, the assumption that u has a non-stri
t maximum in Ω must be wrong.It remains to show, that there exists a maximum of u on ∂Ω. However, this followsimmediately as u is assumed to be 
ontinuous, and thus it must have a maximum in
Ω = Ω ∪ ∂Ω: As Ω is ex
luded, ∂Ω remains for 
andidates.

2.Can we 
arry over this result to the dis
rete world?Theorem 4.2 If
− ui+1,j − 2uij + ui−1,j

∆x2
− ui,j+1 − 2uij + ui,j−1

∆y2
=: Lijuij ≤ 0 (4.5)on Ω, then the maximum value of uij is attained on the boundary points ∂Ω.Remark:We may relate the sign of Lijuij to the sign of a given fun
tion f , see (4.2).Proof:We show that uij 
annot have a lo
al maximum in Ω. To do this, we note that

Lijuij ≤ 0 
an be rewritten as
uij

∆x2
+

uij

∆y2
≤ 1

2

(
ui+1,j + ui−1,j

∆x2
+

ui,j+1 + ui,j−1

∆y2

)

. (4.6)Now, let uij be a lo
al maximum, i.e.,
uij ≥ {ui+1,j , ui−1,j , ui,j+1, ui,j−1}. (4.7)25



4 Basi
 Theory of Ellipti
 Problems I:The Maximum Prin
ipleUsing (4.7) to estimate the right hand side of (4.6) gives:
1

2

(
ui+1,j + ui−1,j

∆x2
+

ui,j+1 + ui,j−1

∆y2

)

≤ 1

2

(
2uij

∆x2
+

2uij

∆y2

)

=

(
1

∆x2
+

1

∆y2

)

uij ,(4.8)and we obtain:
uij

∆x2
+

uij

∆y2
︸ ︷︷ ︸left hand side of (4.6) (4.8)

≤
(

1

∆x2
+

1

∆y2

)

uij . (4.9)Sin
e the left and right hand side of (4.9) are the same, all inequalities are equal-ities. Now, let us think of (4.7) as a �3-out-of-4� pro
edure. First, assume uij ≥
{ui−1,j , ui,j+1, ui,j−1}. Then analogously to (4.8) we 
an 
ompute using �=� insteadof �≤� (as this is already established):

1

∆x2
uij =

1

2

(
1

∆x2
ui+1,j +

1

∆x2
uij

)

, (4.10)so that ui+1,j = uij . In the same manner, we 
an apply this pro
edure at the othervalues in (4.7), and thus
uij = {ui+1,j , ui−1,j , ui,j+1, ui,j−1}. (4.11)Hen
e, if uij is a lo
al maximum in Ω, then the dis
rete solution uij is 
onstant.Consequently, it 
annot have a lo
al maximum in Ω.

2.Remarks:i) The assertion of Theorem 4.1 is 
alled maximum prin
iple. As it is a 
ombinationof assertions for minimum and maximum, it is also sometimes 
alled minimum-maximum-prin
iple.ii) The assertion of Theorem 4.2 is 
alled dis
rete maximum prin
iple.iii) The validity of a dis
rete minimum prin
iple follows analogously for Lijuij ≥ 0.Con
lusion:Continuous-s
ale and dis
rete world are 
onne
ted. The dis
rete result 
an be viewedas the translation of the analyti
al result to the dis
rete world.
26



5 Basi
 Theory of Ellipti
Problems II: Uniqueness of Solutions
Motivation:
• Can we expe
t a unique solution to solve for numeri
ally?
• Setting up an iterative method, do there exist several solutions depending onthe initial iteration state?By the maximum prin
iple established in �4 the uniqueness of a solution follows. Tosee this, we de�ne the BVPs:

{

−∆u = f in Ω

u = ϕ on ∂Ω
(5.1)and

{

−∆v = f in Ω

v = ϕ on ∂Ω
(5.2)We want to show u ≡ v in Ω. Therefore, we set w := u− v and 
ompute

∆w = ∆(u− v) = ∆u−∆v = (−f)− (−f) = 0.Thus, ∆w = 0 in Ω. On the boundary ∂Ω, we have w = u − v = ϕ − ϕ = 0. Let
~x = (x, y). By the maximum prin
iple, there exist points ~xm and ~xM on ∂Ω with

0 = w(~xm) ≤ w(~x) ≤ w(~xM ) = 0 for all x ∈ ΩThus w ≡ 0 and u ≡ v. We see, that the analyti
al uniqueness result is easilyestablished. Can we translate it to the dis
rete world?To make this issue 
on
rete, we 
onsider a �test-grid� [0, 1] × [0, 1]:
27



5 Basi
 Theory of Ellipti
Problems II: Uniqueness of Solutions

and approximate (5.1) by use of our standard approximation:
−
[
ui+1,j − 2uij + ui−1,j

∆x2
+

ui,j+1 − 2uij + ui,j−1

∆y2

]

= fij (5.3a)for i = 1, . . . ,Mx − 1, j = 1, . . . ,My − 1,

u0,j = ϕ0,j, j = 1, . . . ,My − 1, (5.3b)
uMx,j = ϕMx,j, j = 1, . . . ,My − 1, (5.3
)

ui,0 = ϕi,0, i = 1, . . . ,Mx − 1, (5.3d)
ui,My = ϕi,My , i = 1, . . . ,Mx − 1. (5.3e)We ask for the related issues of existan
e and uniqueness of a solution of (5.3a), asthe solvability of (5.3a) is of 
omputational importan
e.

We dis
uss two methods that 
an be used to ensure that (5.3a) has a unique solution.Observe that (5.3a) is a linear system of equations that 
an be written as
Ax = g, A ∈ R

L×L, x, g ∈ R
L (5.4)28



If we 
ould show, that A is invertible, then the existan
e and uniqueness of the solutionof the dis
rete problem follows. If we order the unknowns uij in lexi
ographi
al order

and put them into a ve
tor
(
u11, . . . , uMx−1,1, u12, . . . , uMx−1,2, . . . , uMx−1,My−1

)⊤ (5.5)the matrix A from (5.4) 
an be written in blo
k form:
A =














B − 1

∆y2
I 0

− 1

∆y2
I B

. . .

. . .
. . . − 1

∆y2
I

0 − 1

∆y2
I B














(5.6)
with (My − 1)× (My − 1) blo
ks, where B is the (Mx − 1)× (Mx − 1) matrix

B =










2

(
1

∆x2
+

1

∆y2

)

− 1

∆x2
0

− 1

∆x2

. . .
. . . − 1

∆x2

0 − 1

∆x2
2

(
1

∆x2
+

1

∆y2

)










, (5.7)and I is the (Mx − 1)× (Mx − 1) identity matrix.Remark: Any zeros along the super- and subdiagonals in A are due to the boundary
onditions at x = 0 and x = 1. 29



5 Basi
 Theory of Ellipti
Problems II: Uniqueness of SolutionsThe �rst method to dis
uss (5.4) involves the assumption that A is positive de�nite.De�nition 5.1 A matrix A is positive de�nite if x⊤Ax > 0 for all ve
tors x 6= 0.Remark:An important spe
ial assertion valid for symmetri
 matri
es A is: A is positive de�niteif and only if all eigenvalues of A are larger than zero.One 
an easily show:Corollary 5.1 If A is positive de�nite, then A is invertible.It is not di�
ult to see that A from (5.6), (5.7) is symmetri
, however, to prove that Ais positive de�nite involves more mathemati
s and is mu
h more di�
ult (but feasible).The se
ond method relies on the diagonal dominan
e of the matrix.De�nition 5.2 A = (akl) is diagonally dominant respe
tively stri
tly diagonallydominant, if
|akk| ≥

L∑

l=1
l 6=k

|akl| =: pk for all k = 1, . . . , L, (5.8)respe
tively
|akk| >

L∑

l=1
l 6=k

|akl| =: pk for all k = 1, . . . , L (5.9)holds.We then obtain the following important result:Corollary 5.2 If A is stri
tly diagonally dominant, then A is invertible.The bad news is, that we 
annot use Corollary 5.2 on our model problem. In thematrix A, though many of the rows are stri
tly diagonally dominant, a large number(rows asso
iated with the interior points) are only diagonally dominant.Let us make the following de�nition.De�nition 5.3 The L× L-matrix A is redu
ible, if either30



i) L = 1 and A = 0, orii) L ≥ 2, and there exists a permutation matrix P and some integer r, 1 ≤ r ≤ L,su
h that
P⊤AP =

(
B C

0 D

)

,where B is r×r. D is (L−r)×(L−r), C is r×(L−r), and 0 is the (L−r)×rzero matrix. The matrix A is irredu
ible, if it is not redu
ible.Obviously, the above information is not palatable. A more 
onvenient 
hara
terisationin terms of systems Ax = b is: A matrix A is irredu
ible if a 
hange in any of the
omponents of b will 
ause a 
hange in the solution x.Remark:To obtain a redu
ible matrix in a �nite di�eren
e setting means to solve a problemthat 
an be seperated into two (or more) problems.The assertion that we want is as follows:Corollary 5.3 If A is an irredu
ible diagonally dominant matrix for whi
h |akk| > pkholds for at least one k, then A is invertible.Result:The matrix A in (5.7) is invertible.Con
lusion:It 
an be di�
ult to translate uniqueness results from the 
ontinuous-s
ale world tothe dis
rete world. Also, in the dis
rete setting, the re
ommended te
hniques stronglyrely on the 
hosen dis
retisation method.
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5 Basi
 Theory of Ellipti
Problems II: Uniqueness of Solutions
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6 Basi
 Theory of Ellipti
Problems III: IsotropyWe now adress the rotational invarian
e of PDEs and their numeri
al dis
retisations.The often en
ountered word isotropy has the following greek origins:iso ≡ in the same way,trop ≡ rotated or dire
tedThe 
ontrary of isotropy is anisotropy, referring to a �stru
ture� showing a prefereddire
tion.We 
onsider again the Lapla
e equation
∆u = 0, (6.1)the solution of whi
h are 
alled harmoni
 fun
tions. We will rely on the followingassertion (without proof).Theorem 6.1 Let u be a harmoni
 fun
tion in Ω ⊂ R

2. Then u possesses in Ωpartial derivatives of arbitrary order.6.1 Rotational invarian
e of the Lapla
e operatorIn the plane, a rotation by an angle α is des
ribed by
x′ = x · cos α + y · sin α

y′ = −x · sin α + y · cos α.
(6.2)By use of the 
hain rule, we 
ompute

ux(x
′, y′) =

∂u

∂x′
· ∂x′

∂x
+

∂u

∂y′
· ∂y′

∂y

ux(x
′, y′) = ux′ · cos α− uy′ · sinα,

uy(x
′, y′) = ux′ · sinα + uy′ · cos α,

uxx(x
′, y′) = (ux′ · cos α− uy′ · sin α)x′ · cos α− (ux′ · cos α− uy′ · sin α)y′ · sin α

uyy(x
′, y′) = (ux′ · sin α + uy′ · cos α)x′ · sin α + (ux′ · sin α + uy′ · cos α)y′ · cos α33



6 Basi
 Theory of Ellipti
Problems III: IsotropyAdding the last two terms together yields
uxx + uyy = [ux′x′ cos2 α− uy′x′ sin α cos α− ux′y′ cos α sin α + uy′y′ sin2 α]

+ [ux′x′ sin2 α + uy′x′ cos α sin α + ux′y′ sin α cos α + uy′y′ cos2 α]

= (ux′x′ + uy′y′)(cos2 α + sin2 α
︸ ︷︷ ︸

=1

) = ux′x′ + uy′y′Thus, the Lapla
e operator does not prefer any one dire
tion over the others: anisotropi
 situation is modeled.Remark: The rotational invarian
e is a very important property, as �lters shouldnot introdu
e dire
tional artifa
ts.Is it possible to identify isotropy in numeri
al s
hemes?6.2 Anatomy of a numeri
al dis
retisationFor dis
retising ∆u = uxx + uyy = 0, let us 
onsider
uxx ≈ ui+1,j − 2uij + ui−1,j

h2
, (6.3)

uyy ≈ ui,j+1 − 2uij + ui,j−1

h2
, (6.4)where h = ∆x = ∆y. Summarising (6.3),(6.4) we obtain

1

h2
(ui+1,j + ui−1,j + ui,j+1 + ui,j−1 − 4uij) = 0 (6.5)We now employ the Taylor series expansions to assess the lo
al trun
ation error s
heme(6.5), writing u ≡ uij .

ui+1,j = u + hux +
h2

2
uxx +

h3

6
uxxx +

h4

24
uxxxx +

h5

120
uxxxxx +O(h6)(6.6a)

ui−1,j = u− hux +
h2

2
uxx −

h3

6
uxxx +

h4

24
uxxxx −

h5

120
uxxxxx +O(h6)(6.6b)

ui,j+1 = u + huy +
h2

2
uyy +

h3

6
uyyy +

h4

24
uyyyy +

h5

120
uyyyyy +O(h6)(6.6
)

ui,j−1 = u− huy +
h2

2
uyy −

h3

6
uyyy +

h4

24
uyyyy −

h5

120
uyyyyy +O(h6)(6.6d)Plugging (6.6) into (6.5) yields

∆u +
h2

12
(uxxxx + uyyyy) +O(h4) = 0. (6.7)The leading order error term in (6.7), i.e.,
h2

12
(uxxxx + uyyyy), (6.8)34



6.3 Isotropi
 se
ond derivativeshas a dire
tional bias! This 
an be seen as follows. We know from �6.1, that thefun
tions do not feature a dire
tional preferen
e. Setting
Ψ := ∆u, (6.9)

Ψ is a harmoni
 fun
tion without dire
tional bias. As it is in C∞ by Theorem 6.1, we
an apply the Lapla
e operator at it yielding
∆Ψ = ∆(∆u)

=

(
∂2

∂x2
+

∂2

∂y2

)(
∂2

∂x2
+

∂2

∂y2

)

u

=
∂4u

∂x4
+ 2

∂4u

∂x2∂y2
+

∂4u

∂y4

6= uxxxx + uyyyy.Thus, due to the missing mixed derivatives 2 ∂4u
∂x2∂y2 the term (6.8) in
orporates adire
tional preferen
e.6.3 Isotropi
 se
ond derivativesThe idea behind isotropi
 numeri
al dis
retisations is to remove a dire
tional bias inthe largest part of the numeri
al error. The 
onventional 
entral di�eren
e (�C�)dis
retisation of uxx is given by

(uxxC
)ij =

1

h2
(ui+1,j − 2uij + ui−1,j), (6.10)whi
h 
an be modeled, to leading order in the error term, as

(uxxC
)ij ≡

(

1 +
h2

12

∂2

∂x2

)

uxx. (6.11)In 
ontrast, by the methodology of �6.2 the isotropi
 dis
retisation of uxx, (uxxI
)ij ,is obtained from

(uxxI
)ij ≡

(

1 +
h2

12
∆

)

uxx. (6.12)Taking into a

ount the fa
torisation
(

1 +
h2

12

∂2

∂x2

)(

1 +
h2

12

∂2

∂y2

)

= 1 +
h2

12

(
∂2

∂x2
+

∂2

∂y2

)

+
h4

144

∂4

∂x2∂y2

= 1 +
h2

12
∆ +

h4

144

∂4

∂x2∂y2
,

(6.13)we observe by (6.11) and (6.12) that with an error O(h4) we 
an write
(uxxI

)ij ≡
(

1 +
h2

12

∂2

∂y2

)

(uxxC
)ij , (6.14)35



6 Basi
 Theory of Ellipti
Problems III: Isotropywhi
h gives the dis
retisation
(uxxI

)ij = (uxxC
)ij +

h2

12

∂2

∂y2
(uxxC

)ij

=
1

h2
(ui+1,j − 2uij + ui−1,j)

+
h2

12

[
1

h2
((uxxC

)i,j+1 − 2(uxxC
)ij + (uxxC

)i,j−1)

]

=
1

h2
(ui+1,j − 2uij + ui−1,j)

+
1

12

[
1

h2
(ui+1,j+1 − 2ui,j+1 + ui−1,j+1)−

2

h2
(ui+1,j − 2uij + ui−1,j)

+
1

h2
(ui+1,j−1 − 2ui,j−1 + ui−1,j−1)

]

=
1

h2

[
10

12
(ui+1,j − 2uij + ui−1,j) +

1

12
(ui+1,j+1 − 2ui,j+1 + ui−1,j+1)

+
1

12
(ui+1,j−1 − 2ui,j−1 + ui−1,j−1)

] (6.15)6.4 The isotropi
 numeri
al Lapla
e operatorThe isotropi
 numeri
al Lapla
e operator is obtained from the isotropi
 dis
retisationsof uxx and uyy:
∆Iu = (uxxI

) + (uyyI
). (6.16)Su
h isotropi
 dis
retisations usually in
orporate more 
omputational nodes than sim-ple s
hemes. For example, our �simple� s
heme from (6.5) has a 5-point sten
il:

In 
ontrast, the isotropi
 dis
retisation (6.16) has a 9-point sten
il:
36



6.4 The isotropi
 numeri
al Lapla
e operatorIntuitively, this is 
lear, sin
e an isotropi
 dis
retisation should in
orporate points fromall dire
tions.
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7 Iterative Solvers for LinearSystems I: Introdu
tionMotivation:Many models lead to linear systems of equations that need to be solved, e.g. opti
�ow, or PDE-based 
ompression.Typi
al properties of arising systems Ax = b are:
(a) A is inexa
t. Often, it is given by a dis
retisation of a PDE.
(b) b is inexa
t. Often, it is dire
tly given by noisy image data.
(
) A is often sparse, i.e. only a small number of entries relative to the matrixdimension are non-zero. Usually, only these values are stored.Consequen
es:
• We aim only for an approximate solution, as an exa
t solution will not be ofbetter quality.
• We aim only for a method working with little more than the stored entries.It turns out that iterative methods are good for doing the job.7.1 Mathemati
al PreliminariesWe 
an only 
ompile here the most important assertions we use. We will rely on thenotion of the spe
tral radius and 
onsider 
omplex numbers.De�nition 7.1 Let B ∈ C

n×n be a matrix.
(i) A 
omplex number λ ∈ C is 
alled eigenvalue of B, if there exists a ve
tor

x 6= 0, x ∈ C
n, with Bx = λx.

(ii) This ve
tor x is 
alled eigenve
tor 
orresponding to λ.
(iii) The set σ(B) = {λ : λ is eigenvalue of B} is 
alled spe
trum of B.
(iv) The number ρ(B) = max{|λ| : λ ∈ σ(B)} is 
alled spe
tral radius of B.We also rely on ve
tor norms 39



7 Iterative Solvers for LinearSystems I: Introdu
tionDe�nition 7.2 Let X be the C
n, i.e. a 
omplex linear spa
e. A mapping ‖.‖ : X →

R with the properties, for x ∈ C
n,

(N1) ‖x‖ ≥ 0 (positivity)
(N2) ‖x‖ = 0⇔ x = 0 (de�niteness)
(N3) ‖α · x‖ = |α| · ‖x‖ ∀x ∈ X,∀α ∈ C (homogenity)
(N4) ‖x + y‖ ≤ ‖x‖+ ‖y‖ ∀x, y ∈ X (triangle inequality)is 
alled a norm on X.Examples are

‖x‖1 :=
n∑

i=1

|xi|, (7.1)
‖x‖2 :=

(
n∑

i=1

|xi|2
)1

2

, (7.2)
‖x‖∞ := max

i=1,...,n
|xi|. (7.3)We also require a 
onvergen
e notion.De�nition 7.3 A sequen
e {xn}n∈N of elements in C

n is 
onvergent with the limit element
x ∈ C

n, if there exists for any ε > 0 a natural number N = N(ε) with
‖xn − x‖ < ε ∀n ≥ N. (7.4)A sequen
e, whi
h is not 
onvergent, is divergent.We now 
ompile some important assertions on norms, 
onvergent sequen
es and theirrelationship.De�nition and Corollary 7.4 (i) If {xn} is a 
onvergent sequen
e, then the limitelement is unique.

(ii) Two norms ‖.‖a and ‖.‖b are equivalent, if the following assertion holds: Anysequen
e 
onverges with respe
t to the norm ‖.‖a, if and only if it 
onvergeswith respe
t to ‖.‖b.
(iii) For one and the same sequen
e {xn}, the limit elements determined with respe
tto equivalent norms are identi
al.
(iv) On a �nite-dimensional spa
e like C

n or R
n, all norms are equivalent.We now generalise the ve
tor norms to matrix norms by using the 
on
ept of40



7.1 Mathemati
al PreliminariesDe�nition 7.5 If B ∈ C
n×n and ‖.‖a : C

n → R is a norm, then
‖B‖a := sup

‖x‖a=1
‖Bx‖a (7.5)is the matrix norm indu
ed by the ve
tor norm ‖.‖a.Examples are

‖B‖1 = max
k=1,...,n

n∑

i=1

|bik| (7.6)
‖B‖∞ = max

i=1,...,n

n∑

k=1

|bik| (7.7)
‖B‖2 ≤





n∑

i,k=1

|bik|2




1

2

= ‖B‖F . (7.8)The norm ‖.‖F is 
alled Frobenius-norm, and it is not an indu
ed norm.One 
an prove the following assertion:Corollary 7.6 Let B ∈ C
n×n and B∗ be its adjoint matrix (transpose with 
omplex
onjugated entries), then

‖B‖2 =
√

ρ(B∗B). (7.9)Remark:For the spe
ial 
ase of real, symmetri
 matri
es, we obtain by (7.9) the relation ‖B‖2 =
ρ(B).One of the 
entral assertions we �nally need isCorollary 7.7 For all matri
es B and all ε > 0, there exists a norm ‖.‖ with

ρ(B) ≤ ‖B‖ ≤ ρ(B) + ε. (7.10)Remark:In general, 
onvergen
e assertions not relying on a spe
i�
 norm 
an be dire
tly trans-fered to the spe
tral radius by Corollary 7.7. 41



7 Iterative Solvers for LinearSystems I: Introdu
tion7.2 The Fix-Point-Theorem of Bana
hMany iterative s
hemes for solving Ax = b 
an be written in the fashion
xn+1 = F (xn), n = 0, 1, 2, . . . . (7.11)Two important notions are given as followsDe�nition 7.8 An element x in D ⊂ X is 
alled �xpoint of the operator F : D ⊂

X → X, if
F (x) = x. (7.12)De�nition 7.9 An operator F : D ⊂ X → X is 
alled 
ontra
ting (on D), if anumber q, 0 ≤ q < 1, exists with

‖F (x) − F (y)‖ ≤ q‖x− y‖ ∀x, y ∈ D. (7.13)The number q is the 
ontra
tion number of F .One 
an prove:Corollary 7.10 Contra
ting operators do have at most one �x point.Proof:Let x, y ∈ D be two �x points of F , then
‖x− y‖ = ‖F (x)− F (y)‖ ≤ q‖x− y‖,so that by

‖x− y‖ ≤ q‖x− y‖
⇔ (1− q)

︸ ︷︷ ︸

≥0

‖x− y‖
︸ ︷︷ ︸

≥0

≤ 0the relation ‖x− y‖ = 0 follows. By (N2), see Def. 7.2, holds x = y.
2.This 
ulminates toTheorem 7.11 (Theorem of Bana
h) Let F : D → D be a 
ontra
ting operator,then there exists exa
tly one �x point x ∈ D of F , and the sequen
e de�ned by

xn+1 = F (xn), n = 0, 1, 2, . . ., 
onverges for all initial ve
tors x0 ∈ D to x. Moreover,we obtain the following error estimates:
‖xn − x‖ ≤ qn

1− q
‖x1 − x0‖ (a priori),

‖xn − x‖ ≤ q

1− q
‖xn − xn−1‖ (a posteriori),where q is the 
ontra
tion number of F .42



7.3 Outlook7.3 OutlookWe will need the important theoreti
al results from �7 to establish 
onvergen
e foriterative solvers, and to quantify how e�
ient they are.
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8 Iterative Solvers for LinearSystems II: Basi
 TheoryWe 
onsider again the linear system of equations
Ax = b (8.1)where

• b ∈ C
n is a given right hand side (RHS),

• A ∈ C
n×n is regular.Iterative methods su

essively 
ompute approximations xm of the exa
t solution A−1bvia

xm+1 = φ(xm, b) for m = 0, 1, . . . , (8.2)for a given initial ve
tor x0 ∈ C
n.We deal with so-
alled linear s
hemes.De�nition 8.1 An iterative s
heme given by the mapping
φ : C

n × C
n → C

n (8.3)is 
alled linear, if matri
es M,N ∈ C
n×n exist, so that φ 
an be written as

φ(x, b) = Mx + Nb. (8.4)The matrix M is 
alled the iteration matrix of φ.Remark: Note, that M and N are uniquely determined by φ.We aim for 
onstru
ting a sequen
e xm approa
hing A−1b. Thus, we de�ne:De�nition 8.2 A ve
tor x̃ ∈ C
n is the �xed point of the iterative method φ 
orre-sponding to b ∈ C

n, if
x̃ = φ(x̃, b). (8.5)45



8 Iterative Solvers for LinearSystems II: Basi
 TheoryWe now 
ome to two very important notations.De�nition 8.3 (i) An iterative s
heme φ is 
onsistent to A if, for all b ∈ C
n, thesolution A−1b is a �xed point of φ 
orresponding to b.

(ii) An iterative s
heme φ is 
onvergent, if, for all b ∈ C
n and all initial ve
tors

x0 ∈ C
n, a limit element

x̂ = lim
m→∞

xm = lim
m→∞

φ(xm−1, b) (8.6)exists.Remarks:
(i) By de�nition, the limit element x̂ shall arise independently of the 
hoi
e of x0.
(ii) Consisten
y is a ne
essary property of φ, as otherwise there is no link between

φ and Ax = b.
(iii) Convergen
e means that a �xed-point exists. Without 
onsisten
y, this 
ould beanywhere, having nothing to do with A−1b.Can we quantify 
onditions showing 
onsisten
y and 
onvergen
e?Theorem 8.4 A linear iterative s
heme is 
onsistent to A, if and only if

M = I −NA (8.7)holds, where I is the identity Matrix.Proof: Let x∗ = A−1b. We show both impli
ation dire
tions of the theorem, thusproving the equivalen
e assertion (�if and only if�).�⇒� Assumption: Let φ be 
onsistent to A. Then
x∗ = φ(x∗, b) = Mx∗ + Nb = Mx∗ + NAx∗, (8.8)and thus

Mx∗ = x∗ −NAx∗ = (I −NA)x∗, (8.9)so that M = I −NA.�⇐� Assumption: M = I −NA.Then, by I = M + NA

x∗ = Ix∗ = Mx∗ + N Ax∗
︸︷︷︸

=b

= Mx∗ + Nb = φ(x∗, b). (8.10)By φ(x∗, b) = x∗ follows that x∗ is a �xed-point. As we did not impose any propertyon b, φ(x∗, b) = x∗ holds for any b, and thus the 
onsisten
y of φ to A follows.46



2.Remark: Does 
onsisten
y su�
e as a 
ondition to de�ne a method φ that makessense?No, 
hoose: M = I,N = 0, then we obtain φ(x, b) = x. Then, for x∗ = A−1b wehave that x∗ is a �xed-point, but this also holds for any other x.Theorem 8.5 A linear iterative s
heme φ is 
onvergent, if and only if the spe
tralradius of the iteration matrix M satis�es the 
ondition
ρ(M) < 1. (8.11)Proof:�⇒� Assumption: Let φ be 
onvergent.Let λ be the eigenvalue of M with |λ| = ρ(M), and let x ∈ C

n \ {0} be the
orresponding eigenve
tor. As we aim to show here that (8.11) is a ne
essary 
ondition,we may spe
ify b as = 0 ∈ C
n. Then by x0 = x we get

xm = φ(xm−1, b) = Mxm−1 = M(Mxm−2) = . . . . (8.12)Finally, we obtain
xm = Mmx0 = λmx0. (8.13)For |λ| > 1 we should obtain by ‖xm‖ = |λ|m · ‖x0‖ the divergen
e of the sequen
e

{xm}m∈N.For |λ| = 1, M is nothing else but a rotation of the eigenve
tor. Convergen
e of
{xm}m∈N 
ould be a
hieved for the trivial rotation, i.e., λ = 1. In the latter 
ase
xm = x0 holds for all initial ve
tors x0 for all m ∈ N, so that

x̂ = lim
m→∞

xm = x0is a limit ve
tor depending on x0. Thus, the iterative s
heme is not 
onvergent be
auseof this dependen
e.In summary, |λ| = ρ(M) < 1 is a ne
essary 
ondition.�⇐� Assumption: ρ(M) < 1 (su�
ient 
ondition). By De�nition and Corollary 7.4,all norms are equivalent on C
n. Thus, the 
onvergen
e of φ 
an be proven in anynorm. Let

ε :=
1

2
(1− ρ(M)) > 0, (8.14)then there exists by Corollary 7.7 a norm on C

n×n so, that
q := ‖M‖ ≤ ρ(M) + ε. (8.15)47



8 Iterative Solvers for LinearSystems II: Basi
 TheoryFor any given b ∈ C
n we de�ne

F : C
n → C

n (8.16)
x

F7→ F (x) = Mx + NbHerewith we obtain
‖F (x) − F (y)‖ = ‖Mx−My‖ ≤ ‖M‖ · ‖x− y‖ = q‖x− y‖. (8.17)Let us brie�y 
omment on the step

‖Mx−My‖ ≤ ‖M‖ · ‖x− y‖. (8.18)We 
ompute in detail
‖Mx−My‖ = ‖M(x− y)‖

=
1

‖x− y‖
︸ ︷︷ ︸

∈R+

‖M(x− y)‖ · ‖x− y‖

= ‖M
(

x− y

‖x− y‖

)

︸ ︷︷ ︸

=:z∈Cn, ‖z‖=1

‖ · ‖x− y‖

≤ sup
z∈Cn, ‖z‖=1

‖Mz‖ · ‖x− y‖

= ‖M‖ · ‖x− y‖.Let us stress, that we obtain from (8.15) and (8.17)
‖F (x) − F (y)‖ ≤ q‖x− y‖, 0 < q < 1. (8.19)Applying the �xed-point-theorem of Bana
h, see Theorem 7.11, we get the 
onvergen
eof the sequen
e xm+1 = F (xm) for any x0 ∈ C

n and for the unique limit element x̂holds:
x̂ = lim

m→∞
xm+1 = lim

m→∞
F (xm)

(8.16)
= lim

m→∞
φ(xm, b). (8.20)

2.The developments 
ombine toTheorem 8.6 Let φ be 
onvergent iterative s
heme also 
onsistent to A. Then, thelimit element x∗ of the sequen
e
xm = φ(xm−1, b), m = 1, 2, . . . (8.21)solves the system Ax = b for any x0 ∈ C

n.48



9 Iterative Solvers for LinearSystems III: Splitting-methodsThe basis of splitting-methods for solving Ax = b is the splitting
A = B + (A−B), (9.1)so that Ax = b is equivalent to
[B + (A−B)]x = b

⇔ Bx = (B −A)x + b

⇔ x = B−1(B −A)x + B−1b (9.2)The idea is to 
hoose B ∈ C
n×n

• as 
lose as possible to A, but
• easily invertible.By (9.2), it is easy to formulate splitting-methods in terms of a linear iterative s
heme,

xm+1 = φ(xm, b) = B−1(B −A)
︸ ︷︷ ︸

=:M

xm + B−1
︸︷︷︸

=:N

b, (9.3)where φ is automati
ally 
onsistent to A. In 
ase A is positive de�nite and symmetri
(PDS), symmetri
 splitting-methods preserve and make use of this stru
ture by usinga B that is also PDS.To assess the e�
ien
y of splitting-methods, we will make use of the following (gen-eral!) assertion for the iteration matrix M .Theorem 9.1 Let ρ(M) < 1. Then there exists a norm so, that q := ‖M‖ < 1holds. For any given ε > 0, it follows that
‖xm −A−1b‖ ≤ ε (9.4)for all m ∈ N with

m ≥
ln

(
ε(1− q)

‖x1 − x0‖

)

ln q
(9.5)49



9 Iterative Solvers for LinearSystems III: Splitting-methodsProof:By ρ(M) < 1 and Corollary 7.7, there exists for all ε > 0 with 0 < ε < 1 − ρ(M) anorm yielding
ρ(M) ≤ ‖M‖

︸ ︷︷ ︸

:=q

≤ ρ(M) + ε < 1 (9.6)Using the a-priori-estimate of the �xed-point-theorem of Bana
h, see Theorem 7.11,we obtain dire
tly
‖xm −A−1b‖ ≤ qm

1− q
‖x1 − x0‖. (9.7)Setting 
on
retely

ε :=
qm

1− q
‖x1 − x0‖, (9.8)we obtain (9.4) via

ε
1− q

‖x1 − x0‖
=

qm

1− q
‖x1 − x0‖ ·

1− q

‖x1 − x0‖
= qm (9.9)and using the rule ln qm = m · ln q, we get (9.5)

ln

(
ε(1− q)

‖x1 − x0‖

)

ln q
= m (≤ m + 1 ≤ m + 2 ≤ . . .). (9.10)

2.Remark:By Theorem 9.1, it be
omes 
lear that the aim is to 
hoose B in a way that ρ(M)≪ 1.9.1 The method of Ja
obiThe simplest 
hoi
e for an easily invertible approximation of A is to take just itsdiagonal:
D := B := diag(a11, a22, . . . , ann). (9.11)In this 
ase,

D−1 = B−1 = diag( 1

a11
,

1

a22
, . . . ,

1

ann

)

. (9.12)Obviously, we need non-zero diagonal entries. The resulting Ja
obi-s
heme is
xm+1 = D−1(D −A)xm + D−1b, m = 0, 1, 2, . . . , (9.13)50



9.2 The Gauÿ-Seidel-methodreading 
omponentwise for xm+1 = (xm+1,1, xm+1,2, . . . , xm+1,n)⊤ as:
xm+1,i =

1

aii







bi −
n∑

j=1
j 6=i

aijxm,j







(9.14)for i = 1, . . . , n. As observable by (9.14), for the 
omputation of xm+1 we only employ
xm. Consequently, the Ja
obi-s
heme features

(i) independen
y of the numbering of ve
tor entries xm+1,i, and
(ii) a high potential for parallel implementation.Remark: One 
an prove 
onvergen
e to A−1b of the iterates xm+1 of the Ja
obi methodunder the uniqueness assumptions on A elaborated on in �5.9.2 The Gauÿ-Seidel-methodWe now split A as

A = L + D + U, (9.15)where D is as in 9.11, and
L = (lij) with lij =

{

aij , i > j,

0, else, (9.16)
U = (uij) with uij

{

aij, i < j,

0, else, (9.17)i.e., L and U are the lower and upper triangular 
omponents of A, respe
tively. Then
Ax = b ⇔ (D + L)x = −Ux + b (9.18)and

x = −(D + L)−1U
︸ ︷︷ ︸

=:MGS x + (D + L)−1

︸ ︷︷ ︸

=:NGS b (9.19)With these obvious de�nitions for φ, we now aim for a similar formula as (9.14). Tothis end, we look at the i-th row of the system (9.18):
i∑

j=1

aijxm+1,j = −
n∑

j=i+1

aijxm,j + bi. (9.20)Computing the entries of xm+1 in the order 1, 2, 3, . . . , up to n we assume that at theindex i the values
xm+1,j for j = 1, . . . , i− 1, (9.21)51



9 Iterative Solvers for LinearSystems III: Splitting-methodsare already known. Plugging these into the left hand side of (9.20) gives
xm+1,i =

1

aii



bi −
i−1∑

j=1

aijxm+1,j −
n∑

j=i+1

aijxm,j



 (9.22)for i = 1, . . . , n.Remarks:
• The method relies on the ordering.
• Also here, we need aii 6= 0.
• One 
an prove 
onvergen
e of {xn} to A−1b under moderate assumptions.9.3 Relaxation methodsWe now rewrite the general formula

xm+1 = B−1(B −A)xm + B−1b (9.23)as
xm+1 = xm + B−1(b−Axm)

︸ ︷︷ ︸

=:rm

. (9.24)Thus, we may interprete xm+1 as a 
orre
tion of xm making use of the ve
tor um.The idea is to get a better performan
e by weighting the ve
tor rm, stret
hing it bysome fa
tor ω < 1 (�underrelaxation�) or ω > 1 (�overrelaxation�), yielding:
xm+1 = xm + ωB−1(b−Axm), ω ∈ R

+. (9.25)Sket
h:
b

xm+1

xm

ω · rm

Rewriting again (9.25) as
xm+1 = (I − ωB−1A)

︸ ︷︷ ︸

=:M(ω)

xm + ωB−1
︸ ︷︷ ︸

N(ω)

b, (9.26)an optimal 
hoi
e for ω is obviously
ω = min

α∈R+
ρ(M(α)). (9.27)52



9.4 The SOR-s
heme9.4 The SOR-s
hemeWe now 
onsider the overrelaxation of the Gauÿ-Seidel-method (�su

essive-overrelaxations
heme�). Using
1

aii



−
n∑

j=i+1

aijxm,j



 = xm,i +
1

aii



−
n∑

j=i

aijxm,j



in (9.22), we rewrite the latter formula in the style of (9.25):
xm+1,i = xm,i +

ω

aii



bi −
i−1∑

j=1

aijxm+1,j −
n∑

j=i

aijxm,j



 , (9.28)obtaining
xm+1,i = (1− ω)xm,i +

ω

aii



bi −
i−1∑

j=1

aijxm+1,j −
n∑

j=i+1

aijxm,j



 . (9.29)In terms of matri
es, (9.29) reads as
(I + ωD−1L)xm+1 = [(1− ω)I − ωD−1U ]xm + ωD−1b, (9.30)whi
h is identi
al to

D−1(D + ωL)xm+1 = D−1[(1− ω)D − ωU ]xm + ωD−1b. (9.31)We obtain by (9.31) the SOR-s
heme as
xm+1 = (D + ωL)−1[(1− ω)D − ωU ]

︸ ︷︷ ︸

=:MGS(ω)

xm + ω(D + ωL)−1

︸ ︷︷ ︸

=:NGS(ω)

b. (9.32)We 
onsider two key assertionsTheorem 9.2 For A ∈ C
n×n with aii 6= 0, it holds:

ρ(MGS(ω)) ≥ |ω − 1| (9.33)Proof:Let λ1, . . . , λn be the eigenvalues of MGS(ω), then
n∏

i=1

λi = detMGS(ω)(9.32)
= det(( D + ωL

︸ ︷︷ ︸lower triangular)−1) · det((1 − ω)D − ωU
︸ ︷︷ ︸upper triangular )using det(AB) = detA · detB for any A,B

= det(D−1) · det((1− ω)D) as L,U do not 
ontribute
= (detD)−1 · (1− ω)n · det D by rules for determinants
= (1− ω)n. 53



9 Iterative Solvers for LinearSystems III: Splitting-methodsThus,
ρ(MGS(ω)) = max

i
|λi| ≥ |1− ω|, (9.34)as otherwise

n∏

i=1

λi < (1− ω)nmust hold.
2.The most important 
onsequen
e of Theorem 9.2 isCorollary 9.3 A ne
essary 
ondition for the 
onvergen
e of the SOR method is ω ∈

(0, 2).In order to assess the 
onvergen
e of SOR, one needs to 
onsider the Ja
obi-methodwith
MJ := D−1(D −A) (9.35)Let ρ := ρ(MJ) < 1. Then, under some mild assumptions, one 
an show that ρ(MGS)is minimal for

ωoptimal =
2

1 +
√

1− p2
, (9.36)and then

ρ(MGS(ωoptimal)) = ωoptimal − 1 =
1−

√

1− p2

1 +
√

1− p2
(9.37)follows. Let us brie�y 
onsider the main step of the proof to give a �avour.One 
an relate the eigenvalues µ ∈ C \ {0} of MGS and λ ∈ R of MJ by the formula

λ =
µ + ω − 1

ωµ
1

2

(9.38)(there exists a formula for √µ for µ 
omplex). From (9.38) we derive the 
ondition
(µ + ω − 1)2 − ω2µλ2 = 0 (9.39)By the quadrati
 equation (9.39) we get, e.g. by the p-q-formula two eigenvalues µ±as

µ± = µ±(ω, λ) =
1

2
λ2ω2 − (ω − 1)± λω

√

1

4
λ2ω2 − (ω − 1)

︸ ︷︷ ︸

=:ĝ

. (9.40)
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9.4 The SOR-s
hemeObviously, µ± gets minimal in the general 
ase if there is no 
ontribution by ĝ. Thus,we look for its zeroes:
g(ω, λ) :=

1

4
λ2ω2 − (ω − 1)

!
= 0. (9.41)These are given by

ω± = w±(λ) =
2

1±
√

1− λ2
, (9.42)and by ω ∈ (0, 2) we 
an negle
t the �−�-
ase, yielding ωoptimal from (9.36).
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9 Iterative Solvers for LinearSystems III: Splitting-methods
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10 Iterative Solvers for LinearSystems IV:Krylov-Subspa
e-MethodsWe 
onsider again
Ax = b, A ∈ R

n×n, b ∈ R
n. (10.1)The idea we will follow is to sear
h for an approximate solution of (10.1) in a suitablelow-dimensional subspa
e of R

n. To this end, let Km and Lm be m-dimensionalsubspa
es of R
n.De�nition 10.1 A proje
tion method 
omputes approximate solutions xm ∈ x0 +

Km obeying and making the use of orthogonality 
ondition
(b−Axm) ⊥ Lm, (10.2)where x0 ∈ R

n. Orthogonality is de�ned via the Eu
lidean s
alar produ
t
a ⊥ b := (a, b)2 = 0 ⇔ a⊤b = 0 ⇔ a1b1 + . . . + anbn = 0. (10.3)In 
ase of Km = Lm, (10.2) says that the residual ve
tor rm = b−Axm is orthogonalto Km:Sket
h:

×

×

×

×

b

x0

approximation x1

r1 exa
t solution
x0 + K1
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10 Iterative Solvers for LinearSystems IV: Krylov-Subspa
e-MethodsIn this 
ase, we have an orthogonal proje
tion method. For Km 6= Lm, the proje
tionmethod is 
alled skewed.Let us emphasize di�eren
es between splitting s
hemes and proje
tion methods.Table 10.2 Splitting methods Proje
tion methodsComputed xm ∈ R
n xm ∈ x0 + Km,iterates are Km ⊂ R

n, dim Km = m ≤ nS
heme xm = Mxm−1 + Nb b−Axm ⊥ Lm,de�ned by Lm ⊂ R
n, dim Lm = m ≤ nWe now get more spe
i�
.De�nition 10.3 A Krylov-Subspa
e-Method is a proje
tion method where Km is
hosen as

Km = Km(A, r0) = span{r0, Ar0, . . . , A
m−1r0} (10.4)with r0 = Ax0 − b.The meaning of the formula (10.4) is nothing else but an algorithm to in
rease su
-
essively the dimension of Km.Krylov-Subspa
e-Methods are often derived by reformulating (10.1) as a minimisationtask. The two most popular s
hemes in this 
lass are the CG-s
heme for symmetri
 pos-itive de�nite (SPD) matri
es of Hestenes and Stiefel (1952) and the GMRES-s
hemefor general regular matri
es of Saad and S
hultz (1986). We will go for CG.10.1 The gradient des
ent s
hemeAt the basis of all derivations is the fun
tion

F : R
n → R

x 7→ 1

2
(Ax, x)2 − (b, x)2 (10.5)together with the following observation:Corollary 10.4 If A is an SPD matrix, then the minimum x∗ of F from (10.5) isattained if and only if Ax∗ = b.We now aim to minimise F su

essively, starting from some point x ∈ R

n and min-imising along dire
tions p ∈ R
n. For these x, p ∈ R

n we de�ne the fun
tion
fx,p : R → R

λ 7→ fx,p(λ) := F (x + λp). (10.6)
58



10.2 The method of 
onjugate dire
tionsCorollary 10.5 The global minimum of fx,p, i.e. the minimum of F , starting in xand sear
hing along x + λp, is given by
λopt =

(r, p)2
(Ap, p)2

, (10.7)where r := b−Ax.Remark: The proof relies on elementary 1-D 
al
ulus; f ′
x,p(λopt) = 0 and f ′′

x,p(λ) > 0for all λ. Given thus a sequen
e of sear
h dire
tions {pm}, we 
an formulate a basi
algorithm.Algorithm 10-1:(1) Choose x0 ∈ R
n.(2) For m = 0, 1, . . ., do

• rm = b−Axm

• λm =
(rm, pm)2

(Apm, pm)2
• xm+1 = xm + λmpmWe now need an algorithm determining {pm}, demanding ‖pm‖2 = 1.The gradient des
ent method is de�ned via the �downhill-
hoi
e�: By

∇F (x) =
1

2
(A + A⊤)x− b

A symmetri

= Ax− b = −r, (10.8)the dire
tion of steepest des
ent −∇F (x) at x is

p :=







r

‖r‖2
for r 6= 0,

0 for r = 0,
(10.9)de�ning {pm} in an obvious way. For later use, let us stress that the residual ve
torsde�ne the sear
h dire
tions.10.2 The method of 
onjugate dire
tionsOne 
an generalise the pro
edure by taking into a

ount several sear
h dire
tionswithin the 
onstru
tion of the algorithm.De�nition 10.6 For F as in (10.5), x ∈ R

n is(a) optimal w.r.t. the dire
tion p ∈ R
n, if

F (x) ≤ F (x + λp) ∀λ ∈ R, (10.10)59



10 Iterative Solvers for LinearSystems IV: Krylov-Subspa
e-Methods(b) optimal w.r.t. the subspa
e U ⊂ R
n, if

F (x) ≤ F (x + ξ) ∀ξ ∈ U, (10.11)As in Corollary 10.5, one 
an proveCorollary 10.7 For F as in (10.5), x ∈ R
n is optimal w.r.t. U ⊂ R

n, if
r = b−Ax ⊥ U (10.12)holds.For de�ning a 
onstru
tive pro
edure, it is important to be sure about the dimen-sion of U . We now explore a means to ensure that a 
olle
tion of sear
h dire
tions

p0, . . . , pm−1 spans a m-dimensional subspa
e of R
n, so thatdim Um = m for Um = span{p0, . . . , pm−1}. (10.13)De�nition 10.8 The ve
tors p0, . . . , pm−1 ∈ R
n are pairwise 
onjugate, or A-orthogonal, if

(pi, pj)A := (Api, pj)2 = 0 ∀i, j ∈ {0, . . . ,m− 1} and i 6= j. (10.14)The key to su

ess is:Corollary 10.9 For A a SPD matrix and p0, . . . , pm−1 ∈ R
n \ {0} pairwise A-orthogonal, then dim(span{p0, . . . , pm−1}) = m. (10.15)Proof:Let m−1∑

j=0

αjpj = ~0 with the 
oe�
ients αj ∈ R. If the pj's are linearly independent,
αj = 0 must follow, whi
h we want to show. We 
ompute for any pi:

0 = (~0, Api)2 =





m−1∑

j=0

αjpj, Api





2

=

m−1∑

j=0

αj(pj , Api)2

A-Orthogonality
= αi (pi, Api)2

︸ ︷︷ ︸

>0 as A is SPD .From 0 = αi(pi, Api)2, αi = 0 must follow.60



10.3 The CG-Method
2.Thus, let

• p0, . . . , pm−1 ∈ R
n \ {0} be pairwise 
onjugate sear
h dire
tions,

• xm be optimal w.r.t. Um = span{p0, . . . , pm−1}. Then we obtain the optimalityof
xm+1 = xm + λpm (10.16)w.r.t. Um+1, if for j = 0, . . . ,m, we have:

0 = (b−Axm+1, pj)2 = (b−Axm, pj)2
︸ ︷︷ ︸

=0 for j 6=m by (10.12) + λ(Apm, pj)2
︸ ︷︷ ︸

=0 for j 6=m by (10.14) . (10.17)For the only interesting 
hoi
e j = m we obtain
λ =

(rm, pm)2
(Apm, pm)2

. (10.18)This yields the following algorithm, where {pm} still needs to be determined.Algorithm 10-2(a) Choose x0 ∈ R
n(b) r0 := b−Ax0(
) For m = 0, . . . , n− 1

• λm =
(rm, pm)2

(Apm, pm)2
• xm+1 = xm + λpm

• rm+1 = rm − λmApm.10.3 The CG-MethodThe CG-Method of Hestenes and Stiefel 
ombines the gradient des
ent method withthe method of 
onjugate dire
tions. To this end we use as in (10.9) the residual ve
torsas sear
h dire
tions:
p0 = r0, pm = rm +

m−1∑

j=0

αjpj. (10.19)For αj = 0 we retrieve the gradient des
ent s
heme. For more general αj , the sear
hdire
tions p0, . . . , pm−1 are taken into a

ount now, leaving by the αj 's m degrees offreedom for ensuring A-orthogonality. The latter 
ondition implies
0 = (Apm, pi)2

(10.19)
= (Arm, pi)2 +

m−1∑

j=0

αj(Apj , pi)2 (10.20)61



10 Iterative Solvers for LinearSystems IV: Krylov-Subspa
e-Methodsfor i = 0, . . . ,m− 1. By (Apj , pi)2 = 0 for i, j ∈ {0, . . . ,m− 1} and i 6= j follows
αi =

(Arm, pi)2
(Api, pi)2

. (10.21)In prin
iple we are done, however, in pra
ti
e the s
heme derived up to now is ine�
ientas for 
omputing pm via (10.19) the storage of all the sear
h dire
tions p0, . . . , pm−1is required. This 
an be 
ir
umvented by using the simpli�ed formula
pm = rm +

(rm, rm)2
(rm−1, rm−1)2

pm−1, (10.22)whi
h 
an be derived from (10.19)-(10.21). The �nal result isAlgorithm 10-3(a) Choose x0 ∈ R
n.(b) p0 := r0 := b−Ax0, α0 := ‖r0‖22 = (r0, r0)2(
) For m = 0, . . . , n− 1 do

• If αm 6= 0 pro
eed, else STOP
• vm := Apm, λm :=

αm

(vm, pm)2
• xm+1 := xm + λmpm

• rm+1 := rm − λmvm

• αm+1 := ‖rm+1‖22
• pm+1 := rm+1 +

αm+1

αm
pmRemarks:

• One 
an prove, that if the stopping 
riterion is ful�lled, the solution of (10.1) isfound.
• The CG-s
heme is an orthogonal Krylov-Subspa
e-Method.
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11 Paraboli
 problems: Di�usionequationsMotivation: Get an idea of di�usion �ltering.The key to understand di�usion equations is the Theorem of Gauÿ:
∫

σ

∇(∇u) d~x =

∫

∂σ

∇u · ~n ds, (11.1)where ∇(∇u) = ∆u, ~n is the outer unit normal ve
tor of σ, and ds is a �surfa
eelement� on ∂σ.As we usually deal with pixels in images, we have for any pixel σ:
Sket
h:

• ∂σ = l1 ∪ l2 ∪ l3 ∪ l4

• ‖ ~n1‖2 = . . . = ‖ ~n4‖2 = 1

• ~n1 = (1, 0)⊤, ~n2 = (0, 1)⊤,
~n3 = (−1, 0)⊤, ~n4 = (0,−1)⊤Let us now look ba
k at a 
omplete linear di�usion equation:

ut = ∆u. (11.2)Integrating (11.2) over a pixel σi and dividing by its area we denote as |σi| yields:
1

|σi|

∫

σi

ut(~x, t) d~x =
1

|σi|

∫

σi

∇(∇u) d~x (11.3)
63



11 Paraboli
 problems: Di�usion equationsAssuming smoothness of u, we draw ∂

∂t
out of the left integal, and use (11.1) on theright hand side:

∂

∂t




1

|σi|

∫

σi

u(~x, t) d~x





︸ ︷︷ ︸average grey value over pixelσi

=
1

|σi|

∫

∂σi

∇u · ~n ds. (11.4)Let us put (11.4) into words: The temporal 
hange of the average grey value of a pixel
σi is determined by the �ux given by ∇u at its boundary.Sket
h of 1-D situation:

left: ∇u · ~n ≡ u′
︸︷︷︸

>0

·(−1) < 0right: ∇u · ~n ≡ u′
︸︷︷︸

<0

·1 < 0

⇒ by the di�usion equation ut = uxx, the average grey value 1

|σi|

∫

σi

u(x, t) dx willbe
ome smaller.11.1 Conservation of the average grey valueLet us 
onsider a spe
ial property of di�usion equations
ut = ∇ · (∇u), (11.5)namely the so-
alled divergen
e form: the right hand side is of the form

∇· < member of the ve
tor �eld > (11.6)The divergen
e form enables the appli
ation of the Theorem of Gauÿ, leading to
d

dt
ui(t) =

1

|σi|

∫

∂σi

∇u · ~n ds, (11.7)
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11.1 Conservation of the average grey valuesee (11.4), where
ui(t) :=

1

|σi|

∫

σi

u(~x, t) d~x (11.8)is the average grey value of the pixel σi.In the following, let us employ, for any pixel σi, the ordering of boundary segments assket
hed here:
li2

li3 σi li1
li4

(11.9)Also, for adja
ent pixels, we spe
ify the dire
tions of outer unit normal ve
tors:
σk

↑ ~nik

~nil←− ↓ ~nki ~nji←−
σl σi σj−→

~nli ↑ ~nmi

−→
~nij

↓ ~nim

σm

(11.10)
Note, that for adja
ent pixels as in (11.9) - (11.10), e.g. σi and σj, we have
• li1 = lj3

• ~nij = −~njiAs ∇u is nothing else than a ve
tor-valued fun
tion evaluated along pixel boundariesbetween pixels σi and σj, we have by ~nij = −~nji:
∫

∂σi∩∂σj

∇u · ~nij ds = −
∫

∂σi∩∂σj

∇u · ~nji ds (11.11)Result No.1:By the �ux over a boundary segment ∂σi∩∂σj, no additional amount ofgrey is generated or annihilated. What �ows out of σi over lij is addedin σj, and vi
e versa.Furthermore, let us brie�y 
omment on ∇u·~nij. A standard formula for s
alar produ
tsreads:
cos �(∇u, ~nij) =

∇u · ~nij

‖∇u‖2 · ‖~nij‖2
here
=
∇u · ~nij

‖∇u‖2
(11.12)65



11 Paraboli
 problems: Di�usion equationsThis means:
∇u · ~nij = ‖∇u‖2 · cos �(∇u, ~nij). (11.13)Result No.2:

• if ∇ ‖ ~nij and they point in the same dire
tion, then ∇u · ~nij =
‖∇u‖2 is maximal,

• if ∇u ‖ ~nij and they point in opposite dire
tions, the �ow given by
∇u · ~nij = −‖∇u‖2 is minimal,

• if ∇u ⊥ ~nij, we have zero �ow: ∇u · ~nij = 0.Let us now 
onsider di�usion over a 
omplete image, i.e., over a 
onne
ted set
{σi}i=1,...,N of pixels.Sket
h:

σN−1 σN

... . .
.

σ1 σ2 . . .
∂Ω

(11.14)In this 
ontext, it is pra
ti
al to use the average grey value at time t, obviously givenby
U(t) :=

1

N

N∑

i=1

ui(t) (11.15)Then the temporal 
hange of the average grey value van be 
omputed as:
d

dt
U(t) =

d

dt

[

1

N

N∑

i=1

ui(t)

]

=
1

N

N∑

i=1

[
d

dt
ui(t)

](11.7)
=

1

N

N∑

i=1




1

|σi|

∫

∂σi

∇u · ~n ds





(11.16)Having again a look at our sket
h (11.14), we observe that for any pixel σi, we 
ande
ompose ∂σi in 
ontributions
∂σi ∩ ∂σj , j ∈ N(i), (11.17)where N(i) is the index set 
orresponding to neighboring pixels of σi, and

∂σi ∩ ∂Ω, (11.18)if some part of ∂σi is not shared with another pixel. Thus, we obtain from (11.16)-(11.18).
d

dt
U(t) =

1

N

N∑

i=1






1

|σi|
∑

j∈N(i)

∫

∂σi∩∂σj

∇u · ~nij ds +
1

|σi|

∫

∂σi∩∂Ω

∇u · ~n ds




 .(11.19)

66



11.1 Conservation of the average grey valueLet us now employ (11.11). For this, let us note, that by the summation over allpixels i = 1, . . . , N in (11.19), we have at ea
h inner boundary segment ∂σk ∩ ∂σk′ ,
k, k′ ∈ {1, . . . , N}, exa
tly two 
ontributions:

N∑

i=1






1

|σi|
∑

j∈N(i)

∫

∂σi∩∂σj

∇u · ~nij ds






∣
∣
∣
∣
∣
∣
∣
∂σk∩∂σk′

=
1

|σi|

∫

∂σk∩∂σk′

∇u · ~nkk′ ds +
1

|σi|

∫

∂σk′∩∂σk

∇u · ~nk′k ds.

(11.20)
Assuming that the pixels are the same, |σk| = |σk′ |, whi
h we usually have, sin
e pixelsin an image do not vary in size, we obtain equivalently to (11.20):

1

|σi|






∫

∂σk∩∂σk′

∇u · ~nkk′ ds +

∫

∂σk′∩∂σk

∇u · ~nk′k ds




 . (11.21)Sin
e (∂σk ∩ ∂σk′) = (∂σk′ ∩ ∂σk), we use (11.11) with ~nkk′ = −~nk′k to 
on
lude:

∫

∂σk∩∂σk′

∇u · ~nkk′ ds +

∫

∂σk′∩∂σk

∇u · ~nk′k ds

=

∫

∂σk∩∂σk′

∇u · ~nkk′ ds−
∫

∂σk′∩∂σk

∇u · ~nkk′ ds = 0.

(11.22)As we have exa
tly the same result than in (11.22) at any inner pixel boundary segment,we obtain
N∑

i=1






1

|σi|
∑

j∈N(i)

∫

∂σi∩∂σj

∇u · ~nij ds




 = 0, (11.23)and thus

d

dt
U(t) =

1

N

N∑

i=1




1

|σi|

∫

∂σi∩∂Ω

∇u · ~n ds



 . (11.24)Result No.3:
• By the divergen
e form of the di�usion, all �uxes in the inner partof an image 
an
el ea
h other when 
omputing the 
omplete �ow.
• Changes of the average grey value of an image o

ur only due to�uxes over the image boundary if the �lter is of divergen
e form.67



11 Paraboli
 problems: Di�usion equationsOf spe
i�
 interest − as it is an invariant or stability property of the di�usion problem
− is the 
ase

d

dt
U(t) = 0 (11.25)By (11.24), the property (11.25) 
an only be a
hieved if(i) in�ow and out�ow over the image boundary are exa
tly in balan
e, or(ii) ∇u ≡ ~0 along ∂Ω.We 
on
entrate for the moment on situation (ii), leading to the following notionDe�nition 11.1 The boundary 
ondition of the form

∇u = 0 at ∂Ω (11.26)is 
alled von Neumann boundary 
onditions.11.2 Summary of �11.1
• By von Neumann boundary 
onditions, the average grey value is 
onserved for-ever.
• By the divergen
e form, it is important that no amount of grey is generated ofannihilated by �uxes over pixel boundaries.
• Changes of the average grey value take pla
e only by the �uxes over the imageboundary.
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12 Constru
tion of numeri
als
hemes for di�usion �ltersWe begin with the basi
 form of a di�usion equation.
ut = ∇ · (D∇u). (12.1)Using average greyvalues, this leads as in �11 to the evolution equation

d

dt
ui(t) =

1

|σi|

∫

∂σi

(D∇u) · ~n ds, (12.2)i.e., taking into a

ount the four pixel boundary segments li1, . . . , li4, to
d

dt
ui(t) =

1

|σi|

4∑

k=1

∫

lik

(D∇u) · ~n ds. (12.3)12.1 Time integrationIn order to obtain a numeri
al s
heme from (12.3), one has to integrate for every pixel
σi the ordinary di�erential equation (ODE) (12.3) in time. For the left hand side of(12.3) follows:

t+δt∫

t

[
d

dt
ui(t)

]

dt = ui(t + δt) − ui(t). (12.4)For the right hand side we have
1

|σi|

t+δt∫

t







4∑

k=1

∫

lik

(D∇u) · ~n ds







dt (12.5)This means, we have to integrate in time the values of D∇u along li1, . . . , li4, however
D∇u generally 
hanges during the time evolution over [t, t + δt]. 69



12 Constru
tion of numeri
al s
hemes for di�usion �ltersModelled in 1-D, we have to integrate at a spatial integration point the fun
tion
D∇u(t), the spa
e variable is kept �xed:

(12.6)For a numeri
al method, it is appropriate to 
onsider a numeri
al approximation,or quadrature, of the above integral, whi
h is distinguished via the 
hoi
e of thequadrature rule applied to D∇u(t′) over [t, t + δt].De�nition 12.1 Let us denote the time integration weight by
t∗ := tΘ + (1−Θ)[t + δt], Θ ∈ [0, 1](i) The 
hoi
e

Θ = 1 ⇔ t∗ = t (12.7)is 
alled the Euler forward time integration, it is �rst-order a

urate.
Sket
h:Quadrature by 
hoosing the left boundary point of [t, t + δt].(ii) The 
hoi
e

Θ = 0 ⇔ t∗ = t + δt (12.8)is 
alled the Euler ba
kward time integration, it is also �rst-order a

urate.
Sket
h:70



12.2 Spatial integrationQuadrature by 
hoosing the right boundary point of [t, t + δt].(iii) The 
hoi
e
Θ =

1

2
⇔ t∗ = t +

δt

2
(12.9)is 
alled the Crank-Ni
olson s
heme. It is se
ond-order a

urate.

Sket
h:Quadrature by 
hoosing the middle of [t, t + δt].(iv) For unspe
i�ed Θ, or varying Θ during a 
omputation, the general 
hoi
e
t∗ = t ·Θ + (1−Θ)[t + δt] (12.10)is often 
alled the Θ-s
heme.Remarks: (i) For only one integration point, the Crank-Ni
olson o�ers the besta

ura
y.(ii) Let us stress, that image data is given at time t. Thus, ex
ept for

Θ = 1, i.e., ex
ept for the Euler forward method, all other 
hoi
esof Θ take into a

ount future values at t + δt. The Euler forwardmethod is expli
it. All other Θ-methods are impli
it.(iii) It is possible to 
ir
umvent some of the di�
ulties asso
iated withthe impli
itness of the Crank-Ni
olson s
heme: In a �rst step, onemay 
ompute from the data at time t a predi
ted value at the in-tegration time t + δt
2 , and use this predi
ted value for integration.This leads to expli
it Predi
tor-Corre
tor, or Runge-Kutta methods.

Sket
h:12.2 Spatial integrationLet us 
onsider for the moment the most simple time integration method, i.e., the Eulerforward s
heme. This means, (12.5) yields, as the length of the interval [t, t + δt] is71



12 Constru
tion of numeri
al s
hemes for di�usion �lters
δt:

1

|σi|

t+δt∫

t






4∑

k=1

∫

lik

(D∇u) · ~n ds




 dt′ ≈ δt

|σi|

4∑

k=1

∫

lik

(D∇u)
∣
∣
∣
t
· ~n ds. (12.11)We now omit for a simpli�ed notation the time index t. Then, let us remember thepixel geometry.

Sket
h:Assuming uniform pixel sizes, we 
an 
ompute
|σi| = l2ik for any k ∈ {1, 2, 3, 4},

= h2 for h = ∆x = ∆y (as assumed). (12.12)We 
hoose now as quadrature points along the boundary segments lik their mid points:
Sket
h:Then, the boundary integrals in (12.11) are approximated as

∫

lik

(D∇u) · ~n ds ≈ h · [(D∇u) · ~n]
∣
∣
∣
mik

(12.13)It is 
lear, how the unit outer normal ve
tors ~n are 
hosen in mik:
• along x-dire
tion, we have ~n = (±1, 0)⊤

• along y-dire
tion, we have ~n = (0,±1)⊤.72



12.2 Spatial integrationThus, at ea
h point mik, we only need the x- or y-
omponent of D∇u, respe
tively.Let us 
onsider the right boundary segment of σi:
Sket
h:As D typi
ally relies in a nonlinear way on u, there is the problem, how to 
ompute
u along li1 from the given greyvalue averages ui, ui+1. In di�usion problems, one 
anoften 
ir
umvent this problem, 
omputing

Di ≡ D(ui) and Di+1 ≡ D(ui+1) (12.14)and 
hoosing at mi1:
D
∣
∣
∣
mi1

=: Di+ 1

2

:=
Di + Di+1

2
. (12.15)What remains is to approximate ∇u|mi1

. This is easiest done as:
∇u
∣
∣
∣
mi1

= ∇u · n
∣
∣
∣
i+ 1

2

≈ 1

h
(ui+1 − ui) (12.16)In the other dire
tions, the pro
edure is analogously.Remarks: (i) Further re�nements are possible, espe
ially 
onsidering the evalua-tion of a full di�usion tensor D. For instan
e, one may �rst evaluate

D∇u, and dis
retise the arising 
ontributions.(ii) To a
hieve higher order spatial a

ura
y, the pro
edure 
an be
omequite 
ompli
ated. It is also possible not to 
onsider the �physi
s�of di�usion in su
h a detail as above; however, a la
k of a

ura
yin su
h a model may generate prin
iple errors.(iii) For D = I, we retrieve in the end from (12.14) - (12.16) the usualdi�eren
e formula, for h = ∆x = ∆y, and t = nδt,
un+1

i,j = un
i,j −

δt

∆x2

(
un

i+1,j − 2un
i,j + un

i−1,j

) (12.17)
− δt

∆y2

(
un

i,j+1 − 2un
i,j + un

i,j−1

)
.(iv) Te
hni
ally, we have used in this le
ture a so-
alled Finite-Volumeset-up, whi
h is equivalent to Finite Di�eren
es but highlights the�physi
s� of di�usion.
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12 Constru
tion of numeri
al s
hemes for di�usion �lters
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13 Hyperboli
 PDEs
Motivation: Hyperboli
 PDEs may arise, in Shape from Shading, mathemati
al mor-phology, skeletonisation, and other pro
esses.In order to assess general numeri
al prin
iples for this type of equations, it is useful to
onsider 1-D hyperboli
 PDEs of the form

ut + f(u)x = 0, u ≡ u(x, t), x ∈ R, t > 0. (13.1)The fun
tion f in (13.1) is 
alled �ux fun
tion.13.1 Conservation form and 
onsisten
yAs the PDE (13.1) is of divergen
e form, it seems to be at �rst glan
e similar todi�usion equations. This leads us to formulateDe�nition 13.1 A dis
retisation of (13.1) whi
h 
an be written in the form
un+1

j = un
j −

∆t

∆x
(gj+ 1

2

− gj− 1

2

) (13.2)is 
alled (grey-value) 
onservative. The fun
tion g, where for a 3-point s
heme
gj+ 1

2

≡ g(un
j , un

j+1), (13.3)
gj− 1

2

≡ g(un
j−1, u

n
j )holds, is 
alled numeri
al �ux fun
tion.Remarks:

• The average grey value
1

N

N∑

j=1

uj 75



13 Hyperboli
 PDEsover an interval of N pixels does not 
hange, but only due to �uxes at theinterval ends:
N∑

j=1

un+1
j =

N∑

j=1

(

un
j −

∆t

∆x
(gj+ 1

2

− gj− 1

2

)

) (13.4)
=

N∑

j=1

un
j −

∆t

∆x
(gN+ 1

2

− g 1

2

)

• We 
an write the 
onsisten
y of the method (13.2), (13.3) in terms of the
ondition
g(u, u) = f(u) (13.5)For more arguments of g, (13.5) 
an be extended a

ordingly.13.2 Weak formulationIn general, solutions of hyperboli
 PDEs of type (13.1) have a devastating feature:even initial data given in the form of fun
tions from C∞ (e.g. sine, 
osine) produ
edis
ontinuous solutions. This is relevant as e.g. edges are important dis
ontinoussolution features. As ∂u

∂t
, ∂u

∂x
are not de�ned at dis
ontinuities, we want to get ridof the derivatives. This is done by the following tri
k. First, we multiply the PDE(13.1) with a so-
alled test fun
tion ϕ(x, t) ∈ C∞

0 , where the lower index 0 stands for�nite support, i.e.support(ϕ) = {(x, t)|ϕ(x, t) 6= 0} ∪ ∂{(x, t)|ϕ(x, t) 6= 0} (13.6)
⊆ [a, b] × [c, d], |a|, |b|, |c|, |d| <∞,yielding
ϕut + ϕf(u)x = 0. (13.7)Now we integrate (13.7) over spa
e (from −∞ to ∞) and time (starting with t = 0,up to ∞):

∞∫

0

∞∫

−∞

ϕut + ϕf(u)xdxdt = 0. (13.8)Assuming that we 
an swit
h the integration order of spa
e and time integration, weapply the partial integration rule to obtain for the 
orresponding parts in (13.8):
∞∫

0

ϕut dt = [ϕu]
∣
∣∞

0
−

∞∫

0

ϕtu dt (13.9)
= −ϕ(x, 0)u(x, 0) −

∞∫

0

ϕtu dt76



13.3 Di�usion a.k.a. vis
osity solutions(adding relevant arguments) sin
e ϕ ≡ 0 for t→∞ as it has �nite support, and
∞∫

−∞

ϕf(u)x dx = [ϕf(u)]
∣
∣∞

−∞
−

∞∫

−∞

ϕxf(u) dx (13.10)
= −

∞∫

−∞

ϕxf(u) dxsin
e ϕ ≡ 0 for x→ ±∞ as it has �nite support, see (13.6). Plugging (13.9)-(13.10)into (13.8) leads, after a few trivial rearrangements, to
∞∫

0

∞∫

−∞

ϕtu + ϕxf(u)dxdt = −
∞∫

−∞

ϕ(x, 0)u(x, 0) dx. (13.11)De�nition 13.2 For arbitrarily 
hosen test fun
tions ϕ and for initial values u(x, 0),a solution u(x, t) of (13.11) is 
alled a weak solution, or distributional solution, of thePDE (13.1).Note that derivatives are now taken from the smooth test fun
tion ϕ, not from u and
f(u) anymore. Note also that the relation (13.11) needs to hold for an in�nite numberof test fun
tions.It is 
ru
ial to understand that (13.11) is the relevant form, not the original PDE(13.1) anymore. The latter is meaningful only in parts where u is at least in C1.13.3 Di�usion a.k.a. vis
osity solutionsWhile we have gained that weak solutions admit edges in solutions of PDEs, there isa trade-o�. Weak solutions are in general not unique anymore. Without going intodetails, let us simply noti
e the fa
t that on
e a dis
ontinuity arises, in�nitely many(!) weak solutions are generated.There is only one parti
ular, �intuitively� 
orre
t weak solution we are usually inter-ested in. The question is, how to pi
k exa
tly this one out, and how to 
ompute it.The basi
 idea is as follows. First we add a small di�usion term to the original PDE(13.1), 
ontrolled by a small parameter ε > 0:

ut + f(u)x = εuxx. (13.12)By the di�usion term εuxx, any solution of (13.12) is smeared out slightly and will bein C∞. The idea is then to retreive the 
orre
t solution of ut + f(u)x = 0 in the limitof vanishing di�usion. This leads toDe�nition 13.3 By the physi
al interpretation of the εuxx-term arising in �uid dy-nami
s, a solution of (13.12) , for ε → 0, is 
alled vis
osity solution of the PDE(13.1). 77



13 Hyperboli
 PDEsRemark:The vis
osity solution is also often 
alled entropy solution in the literature, anotion arising from gas dynami
s.13.4 Theory of numeri
al methodsWe are lu
ky in two good news in the form of the following theorems:Theorem 13.1 (of Lax and Wendro� (1960)) Given a numeri
al method approx-imating (13.1) whi
h is 
onsistent and 
onservative. Let λ = ∆t
∆x

be a 
onstant. Then,for ∆t,∆x→ 0, if the s
heme 
onverges to some fun
tion, then u is a weak solutionof (13.1).For the se
ond theorem, let us before give the following de�nition:De�nition 13.4 Let us de�ne expli
it monotoni
 methods as follows. If we write anexpli
it 3-point s
heme as
un+1

j = H(un
j−1, u

n
j , un

j+1) (13.13)then the s
heme is monotone, if and only if
∂H
∂un

i

≥ 0 (13.14)for all i ∈ {j − 1, j, j + 1} and for all possible values arising as arguments of H.Remark: An exa
t vis
osity solution of (13.1) satis�es some monotoni
ity property:
u1(x, 0) ≥ u2(x, 0) ⇒ u1(x, t) ≥ u2(x, t) ∀t > 0, (13.15)if u1, u2 are put as initial 
onditions into (13.11). The above de�ned notion of mono-toni
ity of a method ensures that the analogous property of approximate solutionsholds at the dis
rete level.Theorem 13.2 (of Crandall and Majda (1980)) Consistent, 
onservative and mono-tone s
hemes approximating (13.1) also approximate its unique vis
osity solution.To summarise, having a monotone s
heme, everything is good - at least in theory.However, there is also a stone in the garden of this theory:Theorem 13.3 (of Goodman and LeVeque (1985)) Monotone methods are al-ways only �rst order a

urate.
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14 UpwindingThe most popular s
hemes used for hyperboli
 PDEs in image pro
essing are so-
alledupwind s
hemes. Let us illustrate the idea at hand of the linear adve
tion equation
ut + aux = 0. (14.1)The PDE (14.1) needs to be supplemented by an initial 
ondition

u(x, 0) := u0(x). (14.2)The solution of (14.1)-(14.2) is
u(x, t) := u0(x− at). (14.3)Let us verify this. Assume (14.3) is true, then:

∂

∂t
u(x, t) =

∂

∂t
[u0(x− at)] = u′

0(x− at) · (−a), (14.4)
a

∂

∂x
u(x, t) = a · ∂

∂x
[u0(x− at)] = au′

0(x− at) · 1. (14.5)Computing (14.4) and (14.5) gives zero as required by solving the PDE.Let us stress, that we observe that the hyperboli
 transport only goes in one dire
tiondetermined by the sign of a at ea
h point x. This is in 
ontrast to di�usion.The notion of �upwinding� 
omes from thinking of a sail boat whi
h turns its sails intothe dire
tion of the wind. For a numeri
al method this means in analogy, that we havea one-sided sten
il whi
h is turned into the �wind dire
tion� des
ribed by the velo
ity
a:
• If we are sitting in a pixel xj and 
onsider transport to the right, then we feelthe wind blowing from the left and use information from pixel xj−1 to dis
retise

ux:
ux ≈

un
j − un

j−1

∆x
(14.6)

• Analogously, for a < 0 we feel the wind blowing from the right and use informa-tion from pixel xj+1 to dis
retise ux:
ux ≈

un
j+1 − un

j

∆x
(14.7)79



14 UpwindingUsing the Euler time dis
retisation method, we obtain for a > 0 the upwind s
heme
un+1

j = un
j − a

∆t

∆x
(un

j − un
j−1), (14.8)for a < 0 the pro
edure is analogously.We may write this in terms of a s
heme fun
tion H as in (13.13), whi
h gives

H(un
j−1, u

n
j ) = un

j − a
∆t

∆x
(un

j − un
j−1) =

(

1− a∆t

∆x

)

un
j +

a∆t

∆x
un

j−1.(14.9)The s
heme is monotone under restri
tion on the time step size:
∂H

∂un
j−1

=
a∆t

∆x
≥ 0 for a > 0 (see above),

∂H

∂un
j

= 1− a∆t

∆x

!
≥ 0 ⇔ ∆t ≤ ∆x

a
(14.10)Remarks:The 
ondition on the time step size (14.10) is 
alled CFL-
ondition (Courant, Friedri
hs,Lewy (1928)). A restri
tion on the time step size is typi
al for hyperboli
 and paraboli
problems. The meaning is, that information 
an only be transported at a rate of upto one pixel per time step.
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15 StabilityIn the analysis of numeri
al s
hemes for di�erential equations, three 
on
epts areintimately 
onne
ted (Lax and Ri
htmyer (1956)):
• Consisten
y
• Stability
• Convergen
eConsisten
y means espe
ially:The lo
al trun
ation error is an expression of the mesh width h and goes to zero if

h→ 0.Convergen
e means:For vanishing mesh width h → 0, the solution of the dis
rete problem - i.e. of thes
heme - be
omes identi
al to the solution of the di�erential problem - i.e. of thePDE. This is the �ultimate property� saying that dis
rete and di�erential world �t.What is the di�eren
e between 
onsisten
y and 
onvergen
e?To give an answer, let us 
onsider some approximation of a PDE over Ω = [0, 1],having at pixel i the lo
al trun
ation error Li(h). Let us assume we have n pixels, or
ells, so that n · h = 1, i.e., Ω is made up of n 
ells of width h. Then, at ea
h pointthe lo
al trun
ation error Li(h) arises, i.e. over Ω we obtain the total approximationerror E(h) =
n∑

i=1

Li(h).Then the following issue arises:While the individual Li(h) go to zero for h→ 0, there may be some subset p ⊂ Ω forwhi
h this goes very slowly. For h→ 0, and 
onsequently n→∞ as n ·h = 1, we get
E(h) =

∑

i,ih 6∈p

Li(h)

︸ ︷︷ ︸

(a)

+
∑

i,ih∈p

Li(h)

︸ ︷︷ ︸

(b)

. (15.1)While the individual terms Li(h) arising in (b) may go to zero, the sum may diverge.81



15 StabilityIs there a remedy? Exa
tly the remedy to this phenomenon is often 
alled stabilityproperty. Its role is to ensure a 
ondition so that 
onvergen
e (and E(h) → 0) isguaranteed.Stability 
an be understood as a 
ombination of three aspe
ts.
• Aspe
t No.1: We say that a numeri
al approximation of a PDE is stable, if itmimi
s important stru
tural properties of the dis
retised PDE. As there may beseveral of su
h properties, one speaks of �stability with respe
t to 〈 importantproperty 〉�.Example: For the Lapla
e equation with Diri
hlet boundary 
onditions, we iden-ti�ed a minimum-maximum-prin
iple. A stable s
heme should �t a dis
reteminimum-maximum-prin
iple.
• Aspe
t No.2: Stability is usually related to a bound on the numeri
al solution,or of a number extra
ted from it. Note that su
h a bound may rely on the normin use.Example: For hyperboli
 PDEs, the monotony property implies be
ause of a ≥

u0 ≥ b ⇔ a ≥ u ≥ b an upper and lower bound in the L∞-norm on thesolution. A stable s
heme is stable with respe
t to the L∞-norm.
• Aspe
t No.3: A stability notion should be a ne
essary ingredient to prove 
on-vergen
e (along with 
orresponding assumptions on the solution).Example: Rotational invarian
e is a stru
tural property of solutions of theLapla
e equation. However, it is not 
ru
ial for 
onvergen
e. Thus, it is not astability notion, but refers to an a

ura
y problem in the dis
rete setting.What about non-linear stability? Above we mentioned the Lapla
e equation whi
h islinear. However, the dis
rete minimum-maximum prin
iple is also meaningful in thenonlinear 
ase, and it is our most important stability property in many 
ases, as itensures the absen
e of numeri
al os
illations that 
an be misinterpreted as noise.
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16 Fast Mar
hingThe goal is now to 
onstru
t an e�
ient algorithm for solving the hyperboli
 Eikonalequation
|∇T |F = 1 (16.1)subje
t to boundary 
onditions. PDEs of this type arise, e.g. in Shape from Shading.The PDE (16.1) des
ribes the motion of a 
urve in its normal dire
tions. Thereby,

• T (x, y) ∈ R is the arrival time, i.e. the time the initial 
urve arises at (x, y),
• F is the speed fun
tion, F > 0 means that the 
urve moves ourward.For establishing what 
an be done numeri
ally, we 
onsider the general Hamilton-Ja
obiequation

Ut + H(Ux, Uy) = 0. (16.2)The fun
tion H is known as the �Hamiltonian�, for the boundary value problem (16.1)we have the Hamiltonian
H(Ux, Uy) = F

√

U2
x + U2

y − 1 (16.3)Let us fo
us on a 1-D version of (16.2), i.e.
Ut + H(Ux) = 0. (16.4)If we let Ux = u and di�erentiate,

∂

∂x
[Ut + H(u)] = (Ut)x + H(u)x (16.5)

= (Ux)t + H(u)x,i.e.
ut + H(u)x = 0. (16.6)The PDE (16.6) is of the form (13.1) we are already used to, this is 
alled 
onservationlaw form. Identifying the 
onservation form from (13.1) with (16.6), we obtain H(u) =

g(u, u) with
Hi+ 1

2

≈ g(un
i , un

i+1), Hi− 1

2

≈ g(un
i−1, u

n
i ) (16.7)at the points (i± 1

2)∆x, respe
tively. 83



16 Fast Mar
hingGoing now from (16.6) ba
k to the PDE (16.4), we see that we 
an write this as
Ut + H(u) = 0, u := Ux. (16.8)Needing a value for H(un

i ), we get from (16.7) by shifting indi
es
H(un

i ) ≈ g(ui− 1

2

, ui+ 1

2

) = g(Ux

∣
∣
i− 1

2

, Ux

∣
∣
i+ 1

2

) (16.9)Simple and 
onvenient dis
retisations of Ux

∣
∣
i± 1

2

are given by
Ux

∣
∣
i− 1

2

≈ Ui − Ui−1

∆x
, Ux

∣
∣
i+ 1

2

≈ Ui+1 − Ui

∆x
. (16.10)A 
onvenient numeri
al �ux fun
tion ĝ for the simple Hamiltonian

H(u) = u2 (16.11)whi
h we use as a building blo
k is
ĝ(u1, u2) = max(u1, 0)

2 + min(u2, 0)
2, (16.12)after Osher and Sethian (1988), or

ĝ(u1, u2) = max(u1,−u2, 0)
2, (16.13)due to Rouy and Tourin (1992).Extending the above 1-D pro
edure in a natural way to our 2-D equation F |∇U | = 1,we have instead of H(u) = u2 the Hamiltonian H(u, v) = F

√
u2 + v2 − 1. Thismeans, at pixel (i∆x, j∆y), we have

Fij

√

ĝ(ui− 1

2
,j, ui+ 1

2
,j) + ĝ(vi,j− 1

2

, vi,j+ 1

2

)− 1 = 0 (16.14)with
ui± 1

2
,j := Ux

∣
∣
i± 1

2
,j
, vi,j± 1

2

:= Uy

∣
∣
i,j+ 1

2

, Ut = 0. (16.15)Note, that Ut = 0 holds as we solve for a stationary boundary value problem.How might one solve equation (16.14)?Consider a grid point (i, j) and its four neighbours (i ± 1, j ± 1). Observe that, with(16.13), (16.14) 
an be written as a quadrati
 equation for Uij , assuming the values
Ui±1,j, Ui,j±1 are given:

max

[
Uij − Ui−1,j

∆x
,
Ui+1,j − Uij

∆x
, 0

]2

+ max

[
Uij − Ui,j−1

∆y
,
Ui,j+1 − Uij

∆y
, 0

]2

=
1

F 2
ij

. (16.16)Thus, one solution 
omes from iterating, updating the value of U at ea
h grid pointa

ording to (16.16) until a solution is rea
hed. This is feasible but rather slow.84



16.1 The AlgorithmThe key to Fast Mar
hing lies in the observation that the iteration above obeys a
ausality prin
iple.What is 
ausality?We now systemati
ally 
onstru
t the solution by upwinding, using now the variable
T from (16.1). Causality means that we begin from the smallest T value, whi
h issupposed to be known - it is part of the boundary. We follow the front propagatingfrom these points in a thin zone around them, freezing the values we obtain within
reasing T .Note, that
• the information of arrival times is propagated �downwind�,
• 
ausality means that T 
an only in
rease.16.1 The AlgorithmThe algorithm distinguishes points as known, trial and far.For initialisation, tag the boundary value points as �known�. These are the pointswith the minimal arrival time. Then, tag as �trial� all points one grid point away. Tagas �far� all other grid points.After tagging points, solve (16.16) in all �trial� points. For this, employ the knownvalues of T in the points tagged as �known�. For the values of T in the �far� points aswell as for the �trial� points in the neighbourhood of point (i, j) under 
onsideration,use T ≡ ∞. This prin
iple for de�ning the values is always used.The update pro
edure then 
omes along as a loop.Step 1: Let A be the �trial� point with the smallest T value 
omputed via (16.16).Step 2: Add the point A to �known�, remove it from �trial�.Step 3: Tag as �trial� all neighbours of A that are not �known� or already �trial�.Remove 
orresponding points from �far�Step 4: Re
ompute the values of T at all �trial� neighbours of A a

ording to (16.16).Step 5: Go to Step 1.Remark: This algorithm is implemented e�
iently by using a heap data stru
ture tostore the T values. 85



16 Fast Mar
hingWhere is the di�
ulty?The di�
ulty is, espe
ially, to solve (16.16). The arising quadrati
 expression needs adistin
tion of the possible 
ases for implementation.A se
ond di�
ulty in pra
ti
e is to determine suitable points with minimal T as startingpoints, as well as the minimal T values themselves. This 
an be a very hard theoreti
alproblem.What is the bene�t?The algorithm works very fast, as every point is only visited on
e. The 
omputational
omplexity is at worst O(n log n) if n is the number of pixels.
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17 Spe
ial Topi
 I:Pre
onditioning Linear SystemsMotivation:
• Pre
onditioning makes iterative solvers for linear systems Ax = b e�
ient. This
an make a di�eren
e towards real-world appli
ations in image pro
essing.
• Before looking for algorithms, we dis
uss a number indi
ating the e�
ien
y ofiterative solvers, the so-
alled 
ondition number.De�nition 17.1 If A ∈ C

n×n is regular, then
onda(A) := ‖A‖a · ‖A−1‖a (17.1)where
‖A‖a := sup

‖x‖a=1
‖Ax‖a (17.2)is the matrix norm indu
ed by the ve
tor norm ‖.‖a.One 
an showLemma 17.2 For A regular it holds
ond(A) ≥ 
ond(I) = 1. (17.3)In a pra
ti
al setting, the norm of the residual ve
tor rm = b−Axm usually serves asa measure for the quality of xm, sin
e em = A−1b− xm is not available. One reasonfor this is, that rm = 0 means that xm = x, where Ax = b. However, only for a small
ondition number 
ond(A) the norm or rm is really meaningful. This is shown byTheorem 17.3 Given is an iterative s
heme for solving Ax = b. Consider the exa
terror ve
tor eK = A−1b−xk and the residual ve
tor rk = b−Axk of the k-th iterationstep, then

1
ond(A)
· ‖rk‖
‖r0‖

≤ ‖ek‖
‖e0‖

≤ 
ond(A)
‖rk‖
‖r0‖

≤ 
ond(A)2
‖ek‖
‖e0‖

(17.4)87



17 Spe
ial Topi
 I:Pre
onditioning Linear SystemsWe espe
ially see by (17.4) that the rate of de
rease in the true error, ‖ek‖
‖e0‖

, is boundedby 
ond(A)
‖rk‖
‖r0‖

. Thus, for a large number 
ond(A), even a small number ‖rk‖ doesnot show that xk is a good approximate of x sin
e 
ond(A) · ‖rk‖
‖r0‖


an be 
onsiderablylarge.Let us also 
onsider the in�uen
e of errors in given data that are usually 
olle
ted via
b.Theorem 17.4 Let x solve Ax = b, and let x + δx solve A(x + δx) = b + δb, then

‖δx‖
‖x‖ ≤ 
ond(A)

‖δb‖
‖b‖ . (17.5)Similarly as by Theorem 17.3, we observe by (17.5) that a small 
hange δb mayinfer a large variation δx if 
ond(A) ≫ 1. Summarising Theorem 17.3 and Theorem17.4, it makes sense to transform Ax = b into an equivalent system Ãx = b̃ with
ond(Ã)≪ 
ond(A), and to solve Ãx = b̃ iteratively instead of Ax = b.17.1 Constru
tion prin
ipleWe begin withDe�nition 17.5 Let PL and PR be regular. Then

PLAPRxP = PLb (17.6a)
x = PRxP (17.6b)is the pre
onditioned system 
orresponding to Ax = b. If PL 6= I, then PL is 
alledleft pre
onditioner, and the system is pre
onditioned from the left. Analogously, thenotion of a right pre
onditioning is 
oined. If both PL, PR 6= I, then we have atwosided pre
onditioning.The 
on�i
ting goals in de�ning PL, PR are:(a) PLAPR shall approximate I as good as possible, 
ond(PLAPR)≪ 
ond(A).(b) PL, PR shall be easy to 
ompute.(
) PL, PR shall use a small amount of disk spa
e.Remark: The twosided pre
onditioning with P⊤

L = PR is useful in the 
ontext of SPDmatri
es, as PLAP⊤
L is again SPD.88



17.2 Constru
tion of Splitting-based pre
onditioners17.2 Constru
tion of Splitting-based pre
onditionersRe
alling the splitting methods from �9, they were based on rewriting A as
A = B + (A−B) (17.7)The idea in that was that B shall be an easy to invert matrix 
lose to A, so that theiteration matrix
M = B−1(B −A) (17.8)has a small spe
tral radius. This idea is 
lose to the 
on
ept of pre
onditioners. Thus,it seems a good idea to use N = B−1 as PL. We 
on
lude these thoughts viaDe�nition 17.6 Let xj+1 = Mxj + Nb a splitting method for solving Ax = b withregular N . Then P := N is the pre
onditioner asso
iated with the splitting method.Knowing some matri
es N from before, we summarise some pre
onditioners.Table 17.7 Splitting method Asso
iated pre
onditioner PJa
obi D−1Gauÿ-Seidel (GS) (D + L)−1SOR ω(D + ωL)−117.3 In
omplete approa
hesAnother approa
h we just brie�y sket
h here is to rely on fa
torisations su
h as A =

LU , A = LL⊤, or A = QR. In the 
ontext of sparse systems, only the stru
ture ofentries in A is used, so that the fa
torisations will be in
omplete, e.g. A = L̂Û + F .However, using e.g. P = (L̂Û)−1 is an e�
ient pre
onditioner.There are many other 
hoi
es, re�e
ting a variety of approa
hes.17.4 PCG - Pre
onditioned Conjugate GradientsAs we have in image pro
essing a number of tasks where SPD matri
es arise, e.g.De
onvolution, we dis
uss the pre
onditioning of CG in some detail.Starting with Ax = b, we use a regular matrix PL yielding
AP xP = bP (17.9)with

AP = PLAP⊤
L , xP = P−⊤

L x, bP = PLb, (17.10)where P−⊤
L := (P−1

L )⊤. The matrix PL is for a SPD matrix A often given by asymmetri
 ansatz, e.g. a symmetri
 splitting method, or an in
omplete Choleskyfa
torisation, 
ompare Table 17.7.After a few simple manipulations of the straightforward modi�
ation of CG, the resultis, for P := P⊤
L PL and a pres
ribed ε≪ 1: 89



17 Spe
ial Topi
 I:Pre
onditioning Linear SystemsAlgorithm 17-1 (PCG)1) Choose x0 ∈ R
n2) r0 := b−Ax0, p̂0 := Pr0, αP

0 := (r0, p̂0)23) For m = 0, . . . , n− 1

• If ‖rm‖2 ≤ ε then STOP
• ELSE:(i) v̂m := Ap̂m, λP

m :=
αP

m

(v̂m, p̂m)2(ii) xm+1 := xm + λP
mp̂m(iii) rm+1 := rm − λP
mv̂m(iv) zm+1 := Prm+1, αP

m+1 := (rm+1, zm+1)2(v) p̂m+1 := zm+1 +
αP

m+1

αP
m

p̂mRemark: For the implementation one heavily relies on the fa
t that matri
es like
D, D +R, D +L, are diagonal or triangular, so that they 
an easily be invertedby forward or ba
kward elimination, respe
tively.
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18 Spe
ial Topi
 II: MultigridWe dis
uss the multigrid idea at hand of a model problem.The model problemWe 
onsider the 1-D Poisson problem
− u′′(x) = f(x), x ∈ (0, 1), u(0) = 0, u(1) = 1. (18.1)We de�ne a sequen
e of grid parameters

{
hl

}∞

l=0
, h0 :=

1

2
, hl :=

h0

2l
(18.2)for the 
orresponding grid hierar
hy

Ωl := Ωkl = {jk,l | j = 1, . . . , 2l+1 − 1} (18.3)for l = 1, 2, . . ., where l is the grid index, see Sket
h 18.1.
Sket
h 18.1

0 1
Ω2

Ω1

Ω0
b b b

b b b b b

b b b b b b b b b

1

8

1

4

3

8

1

2

5

8

3

4

7

8

We now dis
retise (18.1) as usual:
u′′(j · hl) ≈:

U l
j+1 − 2U l

j + U l
j−1

h2
l

, (18.4)
f(j · hl) ≈: f l

j,where
j = 1, . . . , Nl := 2l+1 − 1. (18.5)91



18 Spe
ial Topi
 II: MultigridNote that for our model problem, the upper index is really the grid index, not a timelevel. By (18.4), the linear system
AlU

l = f l (18.6)arises, where:
U l =






U l
1
...

U l
Nl




 , f l =






f l
1
...

f l
Nl




 , Al =

1

h2
l










2 −1 0
−1 2 −1

. . .
. . .

. . .

−1 2 −1
0 −1 2










(18.7)The matrix A is irredu
ible and diagonally dominant.For our demonstration, we 
onsider the Ja
obi-Relaxation-method:
U l

m+1 = (I − ωh2
l Al)

︸ ︷︷ ︸

=:Ml(ω)

U l
m + ωh2

l
︸︷︷︸

=:Nl(ω)

b. (18.8)One 
an show:Lemma 18.2 For any l, the eigenve
tors el,j of Ml(ω) are given by
el,j =

√

2hl






sin jπhl

...

sin jπNlhl




 , j = 1, . . . , Nl, (18.9)and the 
orresponding eigenvalues are

λl,j(ω) = 1− 4ω sin2

(
jπhl

2

)

, j = 1, . . . , Nl. (18.10)Furthermore, the ve
tors
{el,1, . . . , el,Nl} (18.11)are an orthogonal basis of the solution spa
e R

Nl . As (18.11) gives a basis, the residualbetween the initial ve
tor U l
0 and the exa
t solution U l,∗ = A−1

l f l 
an be written as
U l

0 − U l,∗ =

Nl∑

j=1

αje
l,j, αj ∈ R. (18.12)Considering the �rst iteration step, we obtain

U l
1 − U l,∗ = Ml(ω)U l

0 + Nl(ω)f l (18.13)
− (Ml(ω)U l,∗ + Nl(ω)f l)

= Ml(ω)(U l
0 − U l,∗)(18.12)

= Ml(ω)

Nl∑

j=1

αje
l,j (18.10)

=

Nl∑

j=1

λl,j(ω) · el,j .92



Repeating this pro
ess yields the general formula
U l

m − U l,∗ =

Nl∑

j=1

αj(λ
l,j(ω))mel,j , m = 0, 1, . . . . (18.14)Remark: In multigrid, we always, and only, deal with the residual, i.e. the error fun
tion,not with the solution ve
tor.Let us have a look atSket
h 18.3 Distribution of eigenvalues λl,j

(
ω = 1

2

); x = j·hj is marked by 
rosses.
× ×

×
×

×
×

×
×

× ×low medium high frequen
ies
1

0

−1

x

1
2

Having in mind, (18.14), i.e. that the error 
an be expressed in powers of the eigen-values, we gain by Sket
h 18.3 the following insights:
(1) The error for the medium eigenvalue frequen
ies are strongly damped.
(2) The error for high and low frequen
ies are damped in a signi�
antly better way.
(3) The �ner the dis
retisation, the more frequen
ies we obtain that are only weaklydamped. This is linked to the spe
tral radius ρ(Ml(ω)) whi
h in
reases, boundedby 1.
(4) It always holds

λl,1(ω) = −λl,Nl(ω) = ρ

(

Ml

(
1

2

))

, (18.15)so that the spe
tral radius of our method 
annot be de
reased by 
hoi
e of ω.In summary, we have the 
hara
teristi
 situation that a better approximation of u ona �ner grid not only gives larger systems of equations and thus a larger 
omputationale�ort per iteration, but also a drasti
 redu
tion in 
onvergen
e behaviour.The basi
 idea of the multigrid method is to dampen the high-frequen
y errors on ahierar
hy of grids. To this end, it is pra
ti
al to 
hoose ω = 1
4 , so that we obtain aqualitative eigenvalue distribution as in Sket
h 18.4 93



18 Spe
ial Topi
 II: Multigrid
Sket
h 18.4

b b
b

b

b

b

b

b
b

b b x

1

1
2

1

λl,j
(

1
4

)

After damping the high frequen
ies of the error, what remains are low frequen
ies thatdes
ribe a smooth error. Consequently, an iterative s
heme that does this job is 
alledsmoother. We use this knowledge of the smoothness, as for a smooth fun
tion it isreasonable to approximate it on a not-so-�ne grid.By repetition of these steps, we get the following idea of multigrid:Sket
h 18.5 Multigrid steps:original problem, �negrid No. 0

• error has high, medium and lowfrequen
ies
• medium frequen
ies (on grid 0)
→ high frequen
ies (on grid 1)
• medium frequen
ies (on grid 1)
≡ low frequen
ies (on grid 0)
→ high frequen
ies (on grid 2)

on ea
h grid level:iterative solver dampshigh frequen
ies mapping to 
oarser grid
mapping to 
oarser gridnot-so-�ne-grid No.1,redu
ed problem

even-more-not-so-�ne-grid No.2, evenmore redu
ed problemIt remains to 
onstru
t mappings from �ner to 
oarser grids (�Restri
tions�) and inter-polators from 
oarser to �ner grids (�Prolongators�), as we wish to solve AlU
l = f lon the �nest grid.Simple examples are as follows:94



Restri
tion
Rl−1

l =
1

4








1 2 1 0
1 2 1

. . .
. . .

. . .

0 1 2 1







∈ R

Nl−1×Nl , (18.16)see 18.6.
Sket
h 18.6 × × × × ×

× ×

1
4

1
4

1
2

1
4

1
4

1
2

Ωl

Ωl−1Prolongation
P l

l−1 =
1

2
















1 0
2
1 1

2
. . .

1
. . . 1
. . . 2

0 1
















∈ R
Nl×Nl−1, (18.17)

see 18.7.
Sket
h 18.7 × × × × ×

× ×

1
2 1 1

2
1
2 1 1

2

Ωl

Ωl−1The 
omputational methodologyHaving after k steps of the smoother, a smooth error
el
k = U l

k − U l,∗, (18.18)the ve
tor el
k 
an readily be approximated on the grid Ωl−1. Let us on
e stress again,that el

k is unknown, but we know it is smooth. With the defe
t (whi
h we 
an
ompute!)
dl

k := AlU
l
k − f l (18.19)95



18 Spe
ial Topi
 II: Multigridwe get
Ale

l
k = Al(U

l
k − U l,∗) (18.20)

= AlU
l
k −AlU

l,∗

︸ ︷︷ ︸

=f l

= dl
k.We get an approximation of el

k by solving (18.20) on the 
oarser grid Ωl−1, prolongingthe 
omputed solution afterwards to Ωl.We thus 
onsider
Al−1e

l−1 = dl−1 (18.21)with the restri
ted defe
t (
omputed with dl
k from (18.19))

dl−1 = Rl−1
l dl

k. (18.22)Having solved (18.22), we may repeat the pro
ess, or prolongate:
P l

l−1e
l−1 = P l

l−1A
−1
l−1d

l−1 (18.23)gives an approximation of the sought error ve
tor el
k. Summarising the above stepsfor the two grids Ωl, Ωl−1 in use gives

U
l,new
k = U l

k − P l
l−1A

−1
l−1R

l−1
l (AlU

l
k − f l) (18.24)Remarks:

• In reality, we would start on a 
oarse level as this is pra
ti
able.
• It pays o� to 
onsider 
ertain sequen
es of Restri
tions/Prolongations: V-
y
les,W-
y
les and 
ombinations of them.
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