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Motivation

Motivation

® |mage denoising or simplification are well established nowadays. There exist
several methods.

® Examples of different methods:
e Statistical estimation
e Histogram operations
e Local M-smoothers
e Bilateral filtering

® Advantages of the various approaches and the relations between the different
methods are only partially understood.

® What can be done to understand the different approaches in a better way?
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Methods

Statistical estimation

¢ Assume, u being an unknown (constant) signal.

® We have noisy samples fj

where n stands for the noise.
® Goal: Estimate u (— M-Estimate).

® M-Estimate can be found by minimising the energy
N
E(u) = ¥ (ju-fi’)

j=1

where W is some increasing function (also called error norm or penaliser).
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Methods

Examples of error norms for M-estimators
® U(s?) = s?
e e 2 . . N 2
e minimises the L*-distance E(u) = > ._; |u — fj|

e gives the arithmetic mean (good for removing Gaussian noise)

e minimises the L!-distance E(u) = Z;\le lu — fjl

e gives the median (good for removing impulse noise)
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Methods

® Y(s2)=1—e/N

e mode approximation (influence of outliers is very much reduced)

What is the problem of this approach?
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Methods

® U(s2)=1—e /¥

e mode approximation (influence of outliers is very much reduced)

What is the problem of this approach?

We only get one estimate!
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Methods
Histogram operations

¢ In image analysis, the data f; is measured at positions ;.

¢ Usually, we want a solution u = (u;);=1.... v Where each output value u; belongs
to the position z;.

¢ Construction of M-estimates u; by minimising

N N

Eu)=> > W (ju;— fil)

i=1 j=1

Minimising £ (u)
® FE(u) can be minimised by gradient descent.

® One can obtain the following iterative formula:

WO et _ 2y 9 (luf = P £
Z - S g (jub = £17)
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Local M-smoothers

® Estimates the grey value of a pixel from a local neighbourhood only.

® Modification: introduction of a weighting term.
Z > U (i = fi?) wp (i — ;)
1=1 jeB(i)

B(i) is introduced to make the index j run through the neighbourhood of ;.
® Examples for weighting functions:

e hard disk-shaped window

w(SQ):{l s <0 ﬂ

0 otherwise

w(s?) = e~ /% A

e soft window
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Minimising Ep(u)

® Similarly to the minimisation of E(u) in the part about histogram operations,
one can state an iterative formula:

u;p = [
s R ZjEB(z') 9 (WIL€ - fj|2) w (|33z — fcj|2) i
Z ZjEB(z') 9 (\Uf - fj|2) w (|z; — x4[?)

where g is called the tonal weight and w the spatial weight.

® This procedure is called the W-estimator. It is one possibility to obtain a solution
to the local M-estimation problem.

€ Note:
One is only interested here in the steady state for k — oo, not in the evolution
towards the minimiser.
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Methods

Bilateral filtering

® Estimate the image gradient magnitude as a sum of squared differences from a
pixel to its neighbours. The discrete smoothness penaliser reads

N
=Y s | > fui—uyl?
i=1 JEN ()

where N (7) is the set of 4-neighbours of a pixel i.

® |Interesting fact: Exchanging the order of summation and penalisation gives an
anisotropic smoothness measure

Y S W)
1= 136/\[(1
® |Increasing the neighbourhood, the smoothness term becomes

Z Z Ug |uz Ul )’ws (\xl xj\Q)

1=1 jeB(4)
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Methods

Minimising Fg(u)
® The smoothness term can be minimised by an iterative procedure
0
u; = f;

k+1 ZjEB(i)g (|Uf - U?P) w (Ixz‘ — :cj|2) u®

J
ZjEB(z') 9 (|uiC — u;ﬂ 2) w (@ — z;]?)

This is called iterative bilateral filter. This stands in contrast to the original
proposal as a heuristic algorithm.

€ Note:

Bilateral filtering uses the evolving image. For k — oo, one would obtain a flat
image!
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Methods

Overview of the iterative formulas

® Histogram operations

SR _ > (luf — £i) £
Z >ic g (Juf = fif?)

® |ocal M-smoothers

Bl ZjEB(i) 9 (|“i~€ - fj|2) w (|5Uz - 33j|2) J;
Z ZjEB(i) g (‘“f - fj|2) w (|z; — x4]?)

® |terative Bilateral filtering

Bl _ D ieB(i) I (lug — “5 ) w (|lvs — x4]?) ’“5

> jen 9 (Juf = ujP?) w (s — 2;/?)

1
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A Unifying Framework

A Unifying Framework

Epu) = 3> Wp (jui = fi*) wp (|oi — 2;]?)
Eg(u) = ZZ\PS(MZ u]|2)w5(|a:z—:cj|2)

® The unifying energy looks as follows (convex combination):
E(u=cEpu)+(1—-0)Fs(u) 0<o<1

® Advantages: Freedom in selecting
e the penaliser type ¥ p and Wg as well as its parameters and

e the balance between smoothness and data terms.
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Experiments

Experiments

Input images for the filtering examples. Left: Noise-free version. Right: Noisy version. Authors: P.
Mrazek, J. Weickert, A. Bruhn.
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Experiments

$262
£2624)

WINDOW SIZE: 3 x 3 21 x 21

DATA TERM

SMOOTHNESS

2,2
—57/2" with soft window of varied size of the spatial

Filtering using the penaliser ¥(s?) =1 — e
neighbourhood (0 = 1,0 = 3,6 = 10). Top: local M-smoothers (data term, steady state after
iteration). Bottom: bilateral filtering (smoothness term, 200 iterations). Authors: P. Mrézek, J.

Weickert, A. Bruhn.
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Experiments

"

$25242

2) =1 —exp(—s2/\?)

DATA TERM

SMOOTHNESS

Effect of the penaliser type on the filtering result, starting with the noise-free image (with soft spatial
weighting w(s?) = e~ * /9 = 3). Authors: P. Mrazek, J. Weickert, A. Bruhn.
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Experiments

DATA TERM

SMOOTHNESS

U(s?) = s2 U(s?) = |s] \11(32) =1 — exp(—s?/)\?)

Effect of the penaliser type on the filtering result, starting from the noisy image (filtering in a soft
2792
window w(s2) — e 5/ 9 = 3). Authors: P. Mrazek, J. Weickert, A. Bruhn.
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Summary

Summary

\ 4

4

Local M-smoothers minimise an energy with a windowed data term.
Performing a fixed-point iteration results in \W-estimators.

lterative bilateral filtering minimises an energy with a windowed smoothness
term.

The unifying framework minimises functionals, combining nonlocal data term
and nonlocal smoothness term.

It helps for a better understanding of the different methods and allows to
combine the advantages of known filters to make way for new techniques.

Filters are for example
e Local M-smoothers,
e Bilateral filters,

e and more.
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Thank you

Thank you for your attention!
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