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Assignment T4 Dithmar (2031259)

4.1 Continuous Variational Regularisation

We have
Ef¢(u) = /Q (U1 ((uw— f)?) + ¥y (|Vul]?)) dx

with

Ui (s?) = Vs?2 4 g2
Uy(s?) = Nlog (1+57/N?)

and a,e, A > 0.
It follows:

Ef(u) = /Q (W—l— aXlog (1 + \Vu|2/)\2)> dx

We have
Ef(u) = / F(-Tthauauxnuxz)dX
Q

which has to satisfy the Euler-Lagrange equation

Fy— 8y Fy, —05,F,, =0

T z9

with the boundary condition
F,
T Uz —
B ( Fu-TQ )

= V(u—f)2+e2+arlog (1+|Vu>/\?)
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Just plugging in the results into the Euler-Lagrange equation yields

u— f u u

— 0,2 #_@xg T —
w—rrre T VuE T T VPN
vt o S L. N

—2 aa: T Y. 19 /\9 x
(u— f)2+e? @ "1+ [Vul?/ N2 1+ |Vul?2/N\2

u— f ) Vu
w—fV+a‘”“m”(LHVMWV) =0

with the boundary condition

F,
T Uz _
n ( F, ) =0.
z2
This knowledge allows to formulate the gradient descent:

ou = —V,.FE

B u— f 90 di Vu
St v SR w(rﬁgaﬁﬁ)

4.2 Rotation Invariance of Energy Functionals

In both cases it should hold the following;:
U (ug, uy) = Ulug, uy)
a. W(ug,uy,) = |ug| + |uyl.
It follows that W(ug,u,) = |ue| + |u,|. From the hint we can get the

following for ue and u,:

Us = Uy -CcosV + uy -sin?

Uy, = —Uy-sind+u,-cos?

= U(ug, uy) = |uy - cos + uy - sind| + | — uy - sin® + uy, - cos I

Let’s have a look at the case that ¥ = 7. Then we get

V2
\If(u5,u,7) = 7(‘“9: + uy| + ‘uy — Ug|) # |ug| + ‘uy‘ = \If(ux,uy)

Thus W (uy, uy) = |ug| + |uy| is not rotaionally invariant.

DIC Page 2 SS 2008



Assignment T4 Dithmar (2031259)

b. U(ug,uy) = uj + up.
It follows W (ue, u,) = ug + u% Using again the hint, we get for u¢ and
u, the same as above.

= W(ug,uy) = (ug-cosd+u,-sind)® + (u, - cos — u, sin9)?

= u2cos® ¥ + 2u,u, cos¥sind + ufj sin? 9
—l—u; cos® ¥ — 2u,u, cos ¥ sind + u? sin®
= ui(cos® ¥ + sin’ J) + u (cos® ¥ 4 sin” )
— —
=1 =1

= ul+ uz = U (uy, uy)

Thus ¥(ug,u,) = uj 4 u is rotationally invariant.

4.3 Discrete Energy Minimisation

a. Setting

N N-1 N-1
Ep(uy, oun) = (up—fi)+ 0> (uppr—up)*+8 Y (w1 — 2up+up_)?
k=1 k=1 k=2
g—i =0fori=1,...,N gives
2(U1 — fl) — 20[(1,62 - Ul) + 25(@&3 — 2U2 + Ul)

0

up — fi — a(uy —uy) + Bus — 2ug + uy)

2(ugy — fo) — 2a(ug — ug) + 2a(ug — uy) + 26(ug — 2us + us)
—406(u3z — 2ug + uy)

Uy — fo — a(uz — ug) + a(ug — uy) + Blug — 2uz + us)
—206(u3z — 2ug + uy)

2(u; — fi) = 20(uig1 — w;) + 2a(u; — ui1)

+26(Uiro — 2Uipr + u;) — 4B(Ui1 — 2u; 4+ ui—q)

+20(u; — 2u;—1 + ui_2) (i=3,..,N—2)

(ui = fi) — a(uipr — u) + o(w; — ui—1)

+6(wire — 2uipr + w;) — 28(uipq — 2u; + uiq)

+6(u; — 2u;—y + ui—2) (1=3,...N—2)
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0 = 2(uy_1— fn_1) —2a(uny —un_1) + 2a(un_1 — uy_2)
—46(uy — 2un—1 + un—2) + 28(un—1 — 2un_2 + un_3)
= un_1— fvo1 —aluy —un—1) + a(uy—1 — un—_2)
—2B(un — 2un—1 + un—2) + B(un—1 — 2un_2 + un_3)

0 = 2(uy — fn) +2a(uy —un_1) —208(uy — 2un_1 + uy_2)
un — fv + aluy —un—1) — Bluy — 2un—1 + un—2)
b. I would say that the terms where a (8 stands in front of are the discreti-
sations of the fourth order derivatives. If you combine these terms to

one term you get a structure where w;1 o, U; 11, u;, U;_1, U;_o are involved,
so this is not a second order but a fourth order derivative.

4.4 Half-Quadratic Regularisation

Ef(u) = /Q ((u — )2+ a2)? (1 — exp (— |Z;2‘2))) dx

I can rewrite this into

Ep(u) = /Q (u— f)? +a¥ (|VuP)) dx

B(|Vul2) = 222 (1 ~ exp (—‘Z;f))

F = (u—[f)?+aV¥ (|Vul]?)
F, = 2(u—f)

[Vul?
F,,, = 2aX (—eXp (— 2 - (—2ug, /2X%)

2001y, €Xp ( \Vu|2>
pu X —
o 2)2

_ 2 ‘VUP 2
F.,, = 2a\ (—eXp (— 3 )) - (—2uy, /207)

\V4 2
= 20Uy, exXp (—‘ u|)

with

2)\2
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Its Euler-Lagrange equation is given by (divided by 2)

B ) |Vul?
0=(u—-f)—a- div exp(— e Vu

[ J/

'(|Vul?)

Let’s formulate the energy functional for the Half-Quadratic case:

Buoluv) = [ ((u= P +alv-[Vu +n(v))) dx
Q
Erg(u,v) has the two Euler-Lagrange equations:
0 = (u—f)—adiv(vVu)
= |[Vul* +7/(v)

We know that

Ty 2y _ _\Vu|2
v = U'(|Vu| )—exp( e )

To obtain |Vul?, let’s solve v for |Vul|?:

[Vul®
vo=expl -0

[Vul*
lOg(’U) = = 2)\2
Vul? = —log(v)-2)\?
= —2X%.log(v)

Then we can rewrite the Euler-Lagrange equations
= (u—f)—adiv(vVu)
|Vul? =22 log(v)
—_———
=n'(v)
We know that n'(v) = —2A?log(v) and thus
n(v) = —2X%v(log(v) — 1)

This gives

Eng(u,v) := /Q ((uw—f)* + a(w|Vu]* = 2\ %v(log(v) — 1))) dx
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