DIFFERENTIAL EQUATIONS IN IMAGE
PROCESSING AND COMPUTER VISION

ASSIGNMENT T'2

Jan Hendrik Dithmar

2031259

Group 2: Thu, 12-14 (Markus Mainberger)
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2.1 Isotropic Nonlinear Diffusion: Diffusivities
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b.
1
g(s*) = -
1+ 3z
s
a(s) — :
1+ 35
<1+§—2)§—s~% <1+§—2> %.23
(I),(S) - 52
1+ 5
(1) 5 (18
a 1+ %
B 1
2\ 2 s2
(1+%)-%
A\ — g2 <1 + f\—i) ’
(I)/(S) - 1
A2 (1+5)2
' A s
=d'(s) >0 & [s| < T (forward diffusion)
(1+ %)
A
P(s)<0 & |s|> — (backward diffusion)
(1+5)
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c.
2
o) = o ()
d(s) = s-exp <ﬁ)
s s 2s
d'(s) = exp (—2—)\2) +s-exp (—2—)\2) . (—2—)\2)
s s s
= o2 gu) el g
s s
@%S) = (1 — ﬁ) - exp <—2—)\2)
>0
= d'(s) >0 & |s| <A (forward diffusion)
P'(s) <0 < |s| >\ (backward diffusion)
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2.2 Isotropic Nonlinear Diffusion: Stencil Notation of
Explicit Scheme

du = div (g(|Vul[*)Vu)
= 0, (9(IVul*)0zu) + 9, (9(IVul*)9yu)
We know from the lecture (Lecture 5, slide 3) that:

du j L (G TG — Wiy Gig Tt Gicry Ui — Ui
dt hy 2 hy 2 hy
+i Gig+1+ Gij Uijy1 — Uij  Gig + Gij—1Uij — Uij-1
hg 2 hg 2 h2
Furthermore we know that
du
— = A(u)u
o (u)
upt! — uf 1
&0 = ((gir1 + 9i) (Wivry — wig) = (i + gi-1,5) Uiy — vi-1))

T 2h?
1
+52 ((Gigr1 + Gig) (Wigr1 — wiz) — (Gij + gij—1)(wij — uij—1))
2

S

i = 92 (Git1,j%iv1,5 — Git1,jUij + GijWit1j — Giji)
1

-
—Q—hg(gi,jui,j = GijUi-1, T Gi-1,4Uij = Gi-1,5%i-1;)
1

-
+—2h2 (G g1 — Gigritig + Gijije1 — GijUiyj)
2

-
—2—}12(91‘,3'%‘,3' — i j%ij—1 1 Gij—1Uij — gi,jflui,jfl)
2
—l—um-
— w1 A9 +29i;+9i-1, Aijt1 29i; + 9ij—1
g oh? 2h2

Ji+1,j + Gij 9ij + 9i—1;
PRI (i A iy R YR I et
i () ()

Gij+1 7+ Gij 9ij + 9ij—1
P (P ) s ()

With this knowledge, we can give the stencil notation:

0 9i,j+1 T Gij 0
2h32
L9t oo [ <gz‘+1,j +29i5 +9i-1,5 | gij+1+ 295 +9m'—1> SYit1g + i
2
2h3 2h3 2h2 2h3
0 L9 T 921',3'—1 0
212
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2.3 Isotropic Nonlinear Diffusion: Matrix Notation of
Semi-Implicit Scheme

For a 1-D signal of length 4 we get a 4 X 4 matrix A which has the following

entries:

a B 91+90+91+92 _ 9o+ 291+ 9
H 2h2 2h2

a (92t n 92+93 91+292+93
> N2 N2

a (919 gg+g4 _ 921+ 295+ 0
3 2h2 2h2

a (914t 93 g4+g5 93+ 294+ 9gs
“ 2h2 2h2

g1+ 92

a2 o2

a13 0

Q14

g1+ 92

a1 o2

a g2 + 93
23 5h2

24 0

asy 0

a g2 + 93
32 5h2

a g3 + ga
34 Sh2

ay41 0

a42 0

a g3 + ga
43 Sh2
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In the case of a 2-D image of size 3 x 4, we get a 12 x 12 matrix A with the
following entries (where all the entries not stated here are 0):

gtag  g1t+g9  gitg1 | g1+ g
ay = — + + +
b ( 2h2 283 283 2h3 )
_ 3t g 391+gs
2h? 2h3
g2+91  got+gs Got+92 G2t 9s
i = — + + +
22 ( 2h2 283 283 2h3 )
91 t292+935 39215
2h? 2h3
a 921+ 3g95 393+ gs
33 = — -
2h? 2h3
a o 391+ 95  g1+294+ g7
4.4 — -
2h? 2h3
v - _91t205495 g2+ 295 + gs
>0 2h2 283
o — +396 93+ 296+ 9o
6,6 — -
2h? 2h3
woo — 397t 9s  gat 297+ G
T 283 2h3
den — _91+29s+ 90 g5+ 295+ g1
58 2h2 252
veo — _98t39 g+ 29 + g1
9 253 2h3
a _ 3giotgn g7+ 3910
10,10 — -
2h? 2h3
a gt 2911+tg912  gs+ 391
11,11 —  — -
2h? 2h3
g11 + 3912 g9+ 3912
G212 = TR T Rl
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a :91+92 a _ g1+ ga a :91+92
1,2 Qh% 1,4 2}7% 2,1 2}7%
a _ 92193 ar — 92+ Gs a 92193
2.3 2h% 2.5 2]7% 3,2 2]7/%
a _ 93+ 3s a _ g1+ 94 4 :94+95
3,6 STE 4,1 on2 4,5 72}1%
a :g4—|—97 a _ g2+ g5 a :g4+g5
4,7 2h§ 5,2 2]7% 5,4 2]7%
_ 95t 3e Y5t g8 93+ Ge
as6 = oh2 asg = oh2 g3 = 72]12
1 2 2
a 951 Ge e — 96 + g9 a _ Gat+gr
6,5 = 6,9 — 74= "7y
’ 2h? ’ 2h3 ’ 2h3
g1t g8 g7+ Guo G5t 08
arg = 552 arip = 57,2 ass = 2
1 2 2
g7+ 98 Y8t 9o g8t gu
as;r = Tlg asg = o2 asi = o2
1 1 )
961 go 98+ g9 99+ G2
ag 6 = 552 agg = 552 9,12 = 02
2 1 2
A g7 + 910 _ 910 + 911 _ 9s + 911
10,7 Qh% g10,11 72]1% g11,8 Qh%
_ 910 + 911 _ 9n + g12 oo = 9o + g12
g11,10 72}1% g11,12 72}& 12,9 th
g11 + 912
gi2,11 — T
1
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2.4

a.

Linear Systems of Equations and Thomas’ Algo-
rithm

We want to decompose the matrix

71 (51 €1 0 0
Bi 2 02 g2 O
A= ar B 3 03 €3
0 ay B3 7 04

into
1 0 0 0 0
by 1 0 0 0
L= aq bg 1 0 O
0 ay b3 1 0
0 0 as b4 1
and

C1 dl €1 0 0
0 (&) dg €9 0
R = 0 0 C3 dg €3
0 0 0 Cy d4
0 0 0 0 o

The matrix A can be written as follows:

A=LR
C1 dl €1 0 0
blcl bldl + co 5161 + dg €9 0
= ai1Cy a1d1 + bgCg ajeq + bgdg + c3 bgeg + d3 €3
0 a9Cy agdg + b3C3 as€y + b3d3 + ¢4 b3€3 + d4
0 0 asCs agdg + b4C4 ases + b4d4 + ¢5

LR-Decomposition:
We know that e; = ¢;,7 € {1,2,3}. The coefficients ¢;, b; and a; can be
computed by:

Ci1 =N
by =01/ ¢
a; :=a; / ¢
d1 = 51
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for i =2, ..., b:
if 1 < 4:
d; :=0; - bi_1ei
C; = 7 — bj1di1 - @282
if 1 < 4:
b, =05 / ¢ - a_1di
if 1 < 3
a;, :=«o; / ¢

b. Forward Elimination:
We solve Ly = u for y:

1 0 0 0 O U1 (751
by 1 0 0 O Yo Us
ay bg 1 0 0 Ys = Us
0 (45} bg 1 0 Ya Uy
0 0 as b4 1 Ys Us

y1 o= W

Yo 1= U - b1y

for i =3, .., 5:

Vi 1= W — @ 9¥i—2 ~ bio1¥i1

Backward Substitution:

We solve Rx =y for x:
¢ dpoeq 0 0 T (71
0 ¢ dy ea 0 T2 Yo
0 0 c3 d3 e3 T3 = Ys
0 0 0 Cy d4 Ty Yy
0 0 0 0 c5 Ts Ys

X5 1= y5 / Cs

X4 = (Y4 - d4X5) / Cy

for i =3, ..., 1:

x; = (yi - X — eXip2) /¢
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