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Assignment T1 Dithmar (2031259)

1.1 Convolution, Derivatives and Diffusion Equation

(f*xg)(x) = RQf(y)(g(x—y))xdy (1)
@ = [ (el =)y

- / [(F@))e gz —y) + F@) g(x — y))a] dy

R2 i,_/

(f*g)(x) = RQf(y)(g(ﬂc—y))asdy=(f*g’)(:r) (2)
(fg)(2) “Z™ (9% f)(x)

2 (g ()

comn (1% g)(x)

]
b.

Uy = Uy T ERE>0

We know from the lecture that

1 x?
Kq(z) = E'exp (_ﬁ)

1 x?
= K = —_— -
o) = 5o (<)

I calculate the derivatives u; and u,, and check whether they are equal.
— %W 72 N 1 . 22\ 12
Uy = exp | —— xp|—— | —
CT o TP\ T ) T TP\ ) 4

T x? N x? x?
= —————exp|—— exp | ——
At P\ T ) Tsegm P\ w

T x?
Wit ¥ <_4_?5)
2t x? x? x?
= —8t2\/ﬁexp (_4_15) + 8t2\/ﬁeXp (_4_15)
x? — 2t x?
W= R (—@)
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o 17rt ( Zt) & =" W g_ﬁ)
e = o ( Z_) ™ <_x_) (-3)
- 4tjﬁeXp Zt) t?QW (_xj)
= e () e ()

x? —2t ( a:2)
Upr = -
Wf_

One can easily see that u; = u,, which means that u(z,t) = K ()
is a solution. O

c. In this case u(x,t) = (K 5 * f)(x). One can easily show that u(x,t =
0) = f(z) by using the given assumption:

u(w,t=0) = (Ko f)(x) = flz) v

u = (Kygz* @)
Gu = (Kg)ixf))
Upe = (K % [)(7))aa

Bupe = (K yz)ea* Nia)

Since we know from part b., that

x? — 2t x?

K = =
Hail 8t2m‘”‘p( 4t>
T I2

K 5)e = — exp [ —=—
(Kva) s/t p( 4t)
x? — 2t x?

K)o = ——
e L)

we see that (K 5); and (K )z, are the same.
Since (K 5;); and (K 57) 40 are the same, the terms ((K ) * f)(z) =

(K gz * f)())e and (K sg7) a0 * f)(2) = (K sg; * f)(2)) e are the same
for any given bounded continuous funtion f. 0
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1.2 Numerical Differentiation
We want to approximate f” with fi_ o, fi_1, fi, fiz1, fire. Doing a Taylor

expansion results in the following:

4 2 4
fir = [ 204 20— B S — b O()

1 1 1 1

o= i hf SRR I3 A 5 L (RS

fl*l fl hfz+2h’ fz 6h f’L +24h’ f’L 120 fl + ( )

fi = fi

1 1 1 1

; — f LR L SR2F IR L o ph (4) iy ¥ (5) O(h®
4 2 4

fi+2 _ f1+2hfz/+2h2fz//+ §h3fi///+ §h4fz(4) + 1_5h5fz(5) +O(h6)

Comparing the coefficients:

O'fri-o'fﬂ—l'fi”+0'fim+0'fi(4) = a_gfiota_yficitaofitorfizi+oafive

[l = (ag+a1+ag+a;+ao)f;
+(—2ha_g — ha_y + hay + 2has) f]

1 1
-+ (2}7,20(2 -+ §h206,1 + 5}7,20(1 -+ 2}7,20(2) fll/
4 1 1 4
+ (—ghg&g — éthéfl + éthél + gthéQ) fi///
2 1 1 2
+ (§h4a_2 +gphtan g e + §h4a2) FY 4 0n?)

This gives the following system of equations:

1 1 1 1 1 oy 0
—2h  —h 0 h  2h oy 0
2n*  1h* 0 Sh* 2R° o = |1
—3h® —ih* 0 %h?’ §h3 o 0
ht 5 ht 0 5ht SR % 0
1 1 111 oy 0
-2 -1 01 2 oy 0
4 1 01 4 @ = | 2/’
-8 -1 01 8 o 0
16 1 0 1 16 % 0
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Assignment T1

Solving the equation system: (checked with Maple, everything’s fine *gg*)
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111 1 1] o0 e
012 3 4| 0 = g = —52
000 0 —12|-1/h | =ay=—
030 -3 0] 0 = =55
000 1 16| 0 = =g
Finally we get:
1
G2=92 = e
4
a1 =01 =
L= 3h2
5
ay = -0
0 2h2
Let’s plug that into
[ = (as+a1+ag+o+as)fi
-0
+ (—QhOé_Q — ha_1 + hay + 2h0ég) fi,
-0
1
4 4
+( g Sa_ 2——ha 1—0—6h041+3h042)f”/
-0
2
_h4 —h, _h4 h4 (4)
—|—(3 a_g + 041+24 041"‘3 fz
—0
4, 1 4
2 LN L ey 2 ©
+( o T g Tt gl ) i

-~

=0

4 6 6 6 4 (6) 7
+(45ha 2+720ha 1+720ha +45h Oég)fi + O(h")

" " ]‘
fi= = ggh £ o)

It follows that the order of consistency is 4.
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