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Problem 1 (Continuous Variational Regularisation)

The minimiser of the 2-D energy functional

Ef (u) =
∫
Ω

(
Ψ1

(
(u− f)2

)
+ αΨ2

(
|∇u|2

))
︸ ︷︷ ︸

F (x1,x2,u,ux1 ,ux2 )

dx

satisfies the Euler-Lagrange equation (see Lecture 10, Pages 17–19)

Fu −
∂

∂x1
Fux1

− ∂

∂x2
Fux2︸ ︷︷ ︸

∇uE

= 0 ,

with natural boundary conditions

n>
(

Fux1

Fux2

)
= 0

at the image boundary ∂Ω with normal vector n.

In our case we have

F = Ψ1

(
(u− f)2

)
+ αΨ2

(
u2

x1
+ u2

x2

)
Fu = 2(u− f)Ψ′

1

(
(u− f)2

)
Fux1

= 2αΨ′
2

(
u2

x1
+ u2

x2

)
ux1

Fux2
= 2αΨ′

2

(
u2

x1
+ u2

x2

)
ux2 .

Then the associated Euler-Lagrange equation reads

0 = Fu −
∂

∂x1
Fux1

− ∂

∂x2
Fux2

= 2(u− f)Ψ′
1

(
(u− f)2

)
− 2α

(
∂

∂x1

(
Ψ′

2

(
u2

x1
+ u2

x2

)
ux1

)
+

∂

∂x2

(
Ψ′

2

(
u2

x1
+ u2

x2

)
ux2

))
= (u− f)Ψ′

1

(
(u− f)2

)
− α div

(
Ψ′

2

(
|∇u|2

)
∇u

)
,

with Neumann boundary conditions

0 = n>∇u = ∂nu .

The gradient descent (see Lecture 11, Pages 16–17) searches for the steady state
(t →∞) of the evolution equation

∂tu = −β ∇uE ,
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with speed factor β > 0.

In our case, the corresponding gradient descent reads

∂tu = β
(
α div

(
Ψ′

2

(
|∇u|2

)
∇u

)
− (u− f)Ψ′

1

(
(u− f)2

))
.

In particular, from the data term penaliser Ψ1(s2) =
√

s2 + ε2 one obtains the
weight function

Ψ′
1(s

2) =
∂

∂s2
Ψ1(s2) =

1
2
√

s2 + ε2
,

and from the smoothness term penaliser Ψ2(s2) = λ2 ln
(
1 + s2/λ2

)
one obtains

the diffusivity function

Ψ′
2(s

2) =
∂

∂s2
Ψ2(s2) =

(
1 +

s2

λ2

)−1

.

Problem 2 (Rotation Invariance of Energy Functionals)

The energy functional

Ef (u) =
∫

Ω

(
(u− f)2 + αΨ(ux, uy)

)
dx dy

is called rotationally invariant if and only if

ERf (Ru) = Ef (u) (1)

for all images f, u and all rotations R. As already described on the assignment
sheet, this is equivalent to the rotational invariance of the penaliser, that means

Ψ(uξ, uη) = Ψ(ux, uy)

where

ξ = x cos ϑ + y sinϑ ,

η = −x sinϑ + y cos ϑ .

(a) First we consider the penaliser Ψ(ux, uy) = |ux| + |uy| which is not rota-
tionally invariant.
A counterexample is given in the following: Fix ϑ = π/4, ux = −1, uy =
+1. This choice is possible since for rotational invariance, the condition
(1) must hold for all ϑ and all u.) Then cos ϑ = sin ϑ =

√
2/2, and we

have

It follows that

|uξ|+ |uη| =
∣∣∣∣−1

2

√
2 +

1
2

√
2
∣∣∣∣ +

∣∣∣∣12√2 +
1
2

√
2
∣∣∣∣ =

√
2 ,
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on the other hand we have

|ux|+ |uy| = 2 ,

and so Ψ(ux, uy) and the corresponding energy functional are not rota-
tionally invariant.

(b) The second penaliser Ψ(ux, uy) = u2
x + u2

y is rotationally invariant. This
can be proven by the following calculation:

u2
ξ + u2

η = (ux cos ϑ + uy sinϑ)2 + (−ux sinϑ + uy cos ϑ)2

= u2
x cos2 ϑ + 2uxuy cos ϑ sinϑ + u2

y sin2 ϑ

+u2
x sin2 ϑ− 2uxuy sinϑ cos ϑ + u2

y cos2 ϑ

= (u2
x + u2

y)(cos2 ϑ + sin2 ϑ)

= u2
x + u2

y for all ϑ .

Problem 3 (Discrete Energy Minimisation)

(a) Given is the following discrete energy function:

Ef (u1, . . . , uN ) =
N∑

k=1

(uk − fk)2 + α

N−1∑
k=1

(uk+1 − uk)2

+ β
N−1∑
k=2

(uk+1 − 2uk + uk−1)
2

.

The necessary criterion for obtaining a minimum is

0 !=
(

∂E

∂u1
, . . . ,

∂E

∂uN

)
.

This means componentwise:

0 =
∂E

∂u1
= 2 (u1 − f1)− 2α (u2 − u1) + 2β (u3 − 2u2 + u1) ,

0 =
∂E

∂u2
= 2 (u2 − f2) + 2α (u2 − u1)− 2α (u3 − u2)

+ 2β (u4 − 2u3 + u2)− 4β (u3 − 2u2 + u1) ,

0 =
∂E

∂u3
= 2 (u3 − f3) + 2α (u3 − u2)− 2α (u4 − u3)

+ 2β (u5 − 2u4 + u3)− 4β (u4 − 2u3 + u2)
+ 2β (u3 − 2u2 + u1) ,
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0 =
∂E

∂uk
= 2 (uk − fk) + 2α (uk − uk−1)− 2α (uk+1 − uk)

+ 2β (uk+2 − 2uk+1 + uk)− 4β (uk+1 − 2uk + uk−1)
+ 2β (uk − 2uk−1 + uk−2)
for k = 4, . . . , N − 2,

0 =
∂E

∂uN−1
= 2 (uN−1 − fN−1) + 2α (uN−1 − uN−2)

− 2α (uN − uN−1)− 4β (uN − 2uN−1 + uN−2)
+ 2β (uN−1 − 2uN−2 + uN−3) ,

0 =
∂E

∂uN
= 2 (uN − fN )− 2α (uN − uN−1)

+ 2β (uN − 2uN−1 + uN−2) .

Therefore, our signal (u∗1, . . . , u
∗
N ) must satisfy the following systems of

equations in order to be a minimiser of Ef :

A



u∗1
u∗2
u∗3
...

u∗N−2

u∗N−1

u∗N


=



f1

f2

f3

...
fN−2

fN−1

fN


. (2)

The corresponding system matrix can be found in Table 1.

(b) Let us rewrite the expression for ∂E/∂uk identifying especially the terms
multiplied by α and β:

∂E

∂uk
= 2 (uk − fk) + 2α (uk − uk−1)− 2α (uk+1 − uk)

+ 2β (uk+2 − 2uk+1 + uk)− 4β (uk+1 − 2uk + uk−1)
+ 2β (uk − 2uk−1 + uk−2)

= 2 (uk − fk)− 2α (uk−1 − 2uk + uk+1)
+ 2β (uk−2 − 4uk−1 + 6uk − 4uk+1 + uk+2) .

From this expression we easily see that the second derivative of u is
smoothed by α, while β is smoothing of a fourth order derivative, namely
uk−2 − 4uk−1 + 6uk − 4uk+1 + uk+2.
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          (1
+

α
+

β
)

−
(α

+
2β

)
β

−
(α

+
2β

)
(1

+
2α

+
5β

)
−

(α
+

4β
)

β
β

−
(α

+
4β

)
(1

+
2α

+
6β

)
−

(α
+

4β
)

β
. .

.
. .

.
. .

.
. .

.
. .

.
β

−
(α

+
4β

)
(1

+
2α

+
6β

)
−

(α
+

4β
)

β
β

−
(α

+
4β

)
(1

+
2α

+
5β

)
−

(α
+

2β
)

β
−

(α
+

2β
)

(1
+

α
+

β
)

          
T
ab

le
1:

Sy
st

em
m

at
ri

x
fo

r
th

e
lin

ea
r

sy
st

em
of

eq
ua

ti
on

s
(2

).
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Problem 4 (Half-Quadratic Regularisation)

The minimiser of the 2-D nonquadratic functional

Ef (u) =
∫
Ω

(
(u− f)2 + α · 2λ2

(
1− exp

(
−|∇u|2

2λ2

))
︸ ︷︷ ︸
Ψ(|∇u|2) Perona-Malik II penaliser

)
dx

satisfies the nonlinear PDE (Euler-Lagrange equation)

0 = (u− f)− α div
(
Ψ′(|∇u|2

)
∇u

)
.

Such a minimiser should also be the solution of an energy functional that is
quadratic in u (i.e. creates linear problems) and possesses the following structure

EHQ(u) =
∫
Ω

(
(u− f)2 + α ·

(
v · |∇u|2 + η(v)

))
dx ,

where v is an edge-indicator function and η is a convex function in v. (Note
that v is positive as derivative of the penaliser.)

The minimiser of EHQ satisfies the following Euler-Lagrange equations:

0 = (u− f)− α div
(
v∇u

)
(3)

0 = |∇u|2 + η′(v) . (4)

Since Ef and EHQ should have the same minimiser, their Euler-Lagrange equa-
tions should hence be equivalent. This requirement is fulfilled by setting the
edge-indicator function v in equation (3) as

v := Ψ′(|∇u|2
)

=
∂

∂|∇u|2
Ψ(|∇u|2)

= exp
(
−|∇u|2

2λ2

)
. (5)

Equation (4) is obtained by solving v for |∇u|2 in equation (5):

v = exp
(
−|∇u|2

2λ2

)
⇐⇒ ln v = −|∇u|2

2λ2

⇐⇒ |∇u|2 = −2λ2 ln v .

Thus, the convex function η is obtained as

η(v) = 2λ2 (v ln v − v) .

Finally, the Half-Quadratic Regularisation formulation EHQ of Ef is given by

EHQ(u, v) =
∫
Ω

(
(u− f)2 + α ·

(
v · |∇u|2 + 2λ2 (v ln v − v)

))
dx ,

where v = exp
(
− |∇u|2

2λ2

)
.
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