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Example Solutions for Theoretical Assignments 4 (T4)

Problem 1 (Continuous Variational Regularisation)

The minimiser of the 2-D energy functional

Ef(u) = / (\Ill ((u—=f)?) +a\I/2(|Vu|2)) dz

Q

F(z1,T2,%,Uz, Uz, )

satisfies the Euler-Lagrange equation (see Lecture 10, Pages 17-19)
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with natural boundary conditions
() =0
EP)
at the image boundary 02 with normal vector n.
In our case we have
F = U((u— f)2) + a¥, (uil + uiz)
Fy = 2(u—f)¥i((u—-f)?)
Fu,, = 20V(ul +ul,)us,
Fu,, = 2a%, (uil +ui2)um2 .
Then the associated Euler-Lagrange equation reads
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+6‘ix2 (\11’2 (u2, + ufh)um))

= (u=NW (= 1)?) - adiv(W(VuP) V) ,
with Neumann boundary conditions

0=n'Vu=20u.

The gradient descent (see Lecture 11, Pages 16-17) searches for the steady state
(t — o00) of the evolution equation

(9tu = —,8 qu s



with speed factor g > 0.

In our case, the corresponding gradient descent reads

Ou = (adiv(qlé(|Vu|2)Vu) — (u—f)\llll((u—f)2)> .

In particular, from the data term penaliser ¥;(s?) = v/s2 + €2 one obtains the
weight function
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and from the smoothness term penaliser ¥5(s?) = A*In (1 + s?/A?) one obtains
the diffusivity function
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s2\ 7
Uh(s%) = @@2(32) = <1+A2>

Problem 2 (Rotation Invariance of Energy Functionals)

The energy functional

Byw) = [ (=17 + a¥lunw,) de dy
Q
is called rotationally invariant if and only if
Erj(Ru) = Ef(u) (1)

for all images f,u and all rotations R. As already described on the assignment
sheet, this is equivalent to the rotational invariance of the penaliser, that means

U(ug,uy) = W(ug,uy)
where

= xcost+ysind,
= —zsind +ycos? .

(a) First we consider the penaliser ¥(u,,u,) = |ug| + |u,| which is not rota-
tionally invariant.
A counterexample is given in the following: Fix ¥ = n/4, u, = —1,u, =
+1. This choice is possible since for rotational invariance, the condition
(1) must hold for all ¥ and all v.) Then cos? = sin¥ = v/2/2, and we
have

It follows that
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on the other hand we have
ue| + |Uy| =2,

and so ¥(uy,u,) and the corresponding energy functional are not rota-
tionally invariant.

(b) The second penaliser W(ug,u,) = u? + u is rotationally invariant. This
can be proven by the following calculation:
up +ul = (upcost +uysind)? + (—ug sind + uy cos ¥)?
= uZcos® ¥V + 2u,u, cossind + uz sin® ¥
+u2 sin® ¥ — 2u,u, sind cos ¥ + ui cos? ¥
= (ui+ ui)(cos2 ¥ + sin” 1Y)

= ui+u§ for all ¥ .

Problem 3 (Discrete Energy Minimisation)

(a) Given is the following discrete energy function:

N N-1
Ef(ur,...,un) = Y (ue—fi)  +a Y (w1 —w)’
k=1 k=1
N-1
+4 Z (upt1 — 2up +ug—1)” .
k=2

The necessary criterion for obtaining a minimum is

oL (28 9B
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This means componentwise:

OF
0267 = 2(u1—fl)—2a(u2—u1)—|—26(U3—2u2+u1),
1
OF
0:(9— = 2(uz — fa) + 2a (ug — uy) — 2a (u3 — ug)
U2
+2ﬂ(U472U3+Ug)74ﬂ(U372U2+U1),
oF
0:8— = 2(us — f3) +2a (ug — u2) — 20 (ug — ug)
Uus

+ 20 (us — 2uq + u3) — 40 (ua — 2uz + u2)
—|—26(’U,3 — 2us +U1) R



OF
=— = 2(up — fr)+2a(ur —up—1) — 2a (ups+1 — ug)

8Uk
+ 20 (kg2 — 2upq1 + up) — 48 (g1 — 2up + up—1)
+ 20 (up — 2up—1 + up—2)
fork=4,...,N —2,
OF
0= 3 = 2(un-1— fv-1) + 20 (uny—1 —un—2)
UN—1
— 2« (uN — uN,l) — 40 (UN —2un_1 + ’LLN,Q)
+ 2B (un—1 —2uny_2 +un_3) ,
OF
0= M = Q(UN —fN) —2a(uN —’U,Nfl)
+ 23 (uN —2un_1 + ’LLN_Q) .
Therefore, our signal (uj,...,ul) must satisfy the following systems of

equations in order to be a minimiser of Ey:

uj fi
u3 P
uj /3
A = : (2)
Uxf\rfz fN—2
U?\[_l fN—l
Uy fn

The corresponding system matrix can be found in Table 1.

(b) Let us rewrite the expression for OF/Juy, identifying especially the terms
multiplied by « and g:
oF
Y 2 (ur — fr) + 20 (ug — ug—1) — 2 (U1 — ug)
ug,
+ 20 (Upt2 — 2up1 + up) — 406 (upp1 — 2up + up—1)
+ 26 (up — 2up—1 + up—2)
= 2 (uk — fk) — 2« (uk_l — 2up, + uk+1)
+ 20 (up—2 — dup—1 + 6uyp — dupp1 + upt2) -
From this expression we easily see that the second derivative of u is

smoothed by «, while 3 is smoothing of a fourth order derivative, namely
Up—o — dup_1 + 6up — dup41 + Ugyo.
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Problem 4 (Half-Quadratic Regularisation)

The minimiser of the 2-D nonquadratic functional

Ef(u)_Q/((uf)ua.w (lexp <|Z;2|2>)) da

W(|Vu|?) Perona-Malik II penaliser

satisfies the nonlinear PDE (Euler-Lagrange equation)
0=(u—f)— adiv(\I"(|Vu|2)Vu) .

Such a minimiser should also be the solution of an energy functional that is
quadratic in u (i.e. creates linear problems) and possesses the following structure

Eng(u) = / ((u — P +a- (v |Vu]* + n(v))) dx ,
Q
where v is an edge-indicator function and 7 is a convez function in v. (Note

that v is positive as derivative of the penaliser.)

The minimiser of ¢ satisfies the following Euler-Lagrange equations:
0 = (u—f)—adiv(vVu) (3)
0 = |Vul>+7'(v). (4)
Since E'y and Eg¢ should have the same minimiser, their Euler-Lagrange equa-

tions should hence be equivalent. This requirement is fulfilled by setting the
edge-indicator function v in equation (3) as
0

vi= V' (|Vu]?) = a|vu|2‘ll(|Vu\2)

— exp (—'Zﬁ‘f) . (5)

Equation (4) is obtained by solving v for |Vu|? in equation (5):

[Vul?
v = exp|— 2

<= Inv = 7|Vu|2
- 2)2
— |[Vu? = —-2)hv .

Thus, the convex function 7 is obtained as
n(v) = 2X? (vlnw —v) .
Finally, the Half-Quadratic Regularisation formulation Frg of Ey is given by

Eng(u,v) = /((u— [P +a- (v |Vul’ +2)3° (vinw —v))) dz ,
Q

— |Vul|?
where v = exp | — 537 )-



