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Meinen Eltern





PrefaceThrough many centuries physics has been one of the most fruitful sources of inspi-ration for mathematics. As a consequence, mathematics has become an economiclanguage providing a few basic principles which allow to explain a large variety ofphysical phenomena. Many of them are described in terms of partial di�erentialequations (PDEs).In recent years, however, mathematics also has been stimulated by other novel�elds such as image processing. Goals like image segmentation, multiscale im-age representation, or image restoration cause a lot of challenging mathematicalquestions. Nevertheless, these problems frequently have been tackled with a poolof heuristical recipes. Since the treatment of digital images requires very muchcomputing power, these methods had to be fairly simple. With the tremendousadvances in computer technology in the last decade, it has become possible to ap-ply more sophisticated techniques such as PDE-based methods which have beeninspired by physical processes.Among these techniques, parabolic PDEs have found a lot of attention forsmoothing and restoration purposes, see e.g. [113]. To restore images these equa-tions frequently arise from gradient descent methods applied to variational prob-lems. Image smoothing by parabolic PDEs is closely related to the scale-spaceconcept where one embeds the original image into a family of subsequently sim-pler, more global representations of it. This idea plays a fundamental role forextracting semantically important information. The pioneering work of Alvarez,Guichard, Lions and Morel [11] has demonstrated that all scale-spaces ful�llinga few fairly natural axioms are governed by parabolic PDEs with the originalimage as initial condition. Within this framework, two classes can be justi�ed ina rigorous way as scale-spaces: the linear di�usion equation with constant dif-fusivity and nonlinear so-called morphological PDEs. All these methods satisfya monotony axiom as smoothing requirement which states that, if one image isbrighter than another, then this order is preserved during the entire scale-spaceevolution.An interesting class of parabolic equations which pursue both scale-space andrestoration intentions is given by nonlinear di�usion �lters. Methods of this typehave been proposed for the �rst time by Perona and Malik in 1987 [190]. Inv



vi PREFACEorder to smooth the image and to simultaneously enhance semantically impor-tant features such as edges, they apply a di�usion process whose di�usivity issteered by local image properties. These �lters are di�cult to analyse mathemat-ically, as they may act locally like a backward di�usion process. This gives riseto well-posedness questions. Moreover, since they violate the monotony axiom,they cannot be treated within the abovementioned scale-space axiomatic. On theother hand, nonlinear di�usion �lters are frequently applied with very impressiveresults; so there appears the need for a theoretical foundation.The goal of the present work is to develop results in this direction: We shallinvestigate if there is a scale-space interpretation beyond the monotony require-ment, and in which sense restoration properties and scale-space requirements arecompatible.To this end, we consider a general class of nonlinear di�usion processes. Theyutilize a di�usion tensor depending on the local image structure via the so-calledstructure tensor (second-moment matrix), a well-established tool for texture ana-lysis. This class comprises linear di�usion �lters as well as spatial regularizationsof the Perona{Malik process. Since it reveals a di�usion tensor instead of a scalardi�usivity, the di�usive 
ux does not have to be parallel to the grey value gradient:the �lter may become anisotropic. The use of di�usion tensors allows to designnovel di�usion �lters which outperform isotropic ones with respect to certainapplications such as denoising of highly degraded edges or enhancing coherent
ow-like images by closing interrupted one-dimensional structures. In order toestablish well-posedness and scale-space properties for this class, we shall inves-tigate existence, uniqueness, stability, maximum{minimum principles, Lyapunovfunctionals, and invariances.In practice, however, one has to deal with digital images which are sampledon a grid. For this reason it is important to know if the results for the continuousframework carry over to the discrete setting. These questions shall be addressedin the present work as well. A general characterization of semidiscrete and fullydiscrete �lters, which reveal similar properties as their continuous di�usion coun-terparts, is presented.Due to the interdisciplinary character of image processing, this book is writtenin a style which should be understandable for researches with a very di�erentscienti�c background. Therefore, the intention is to keep it as self-consistent aspossible and to require only basic knowledge in partial di�erential equations andimage processing. The author apologizes if some sections may reiterate topicsthat are already known to some of the readers.As a �rst step to provide a common basic knowledge, Chapter 1 surveys thefundamental ideas behind PDE-based smoothing and restoration methods. Thediscussion of limitations and open questions of these techniques puts us in a
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Chapter 1Image smoothing and restorationby PDEsPDE-based methods appear in a large variety of image processing areas rangingfrom shape-from-shading, active contour models and optical 
ow to stereo visionand even histogramme modi�cation.This chapter reviews their main application, namely image smoothing, imagerestoration and edge detection. It is written in an informal style and refers to alarge amount of original literature, where proofs and full mathematical detailscan be found.The goal is to give an introduction to PDE methods that are related to ournonlinear di�usion approach. On the one hand, this should make the reader sen-sitive to the similarities, di�erences and problems of all these methods, on theother hand it shows how our work relates to them and motivates the reader tostudy how some of these problems will be solved later on.For each class of methods we shall sketch the basic ideas as well as the theo-retical background, numerical aspects and applications. Many of these ideas areborrowed from physical phenomena such as wave propagation or transport of heatand mass. Nevertheless, also gas dynamics, crack propagation, grass�re 
ow, thestudy of salinity pro�les in oceanography, or mechanisms of the retina and thebrain are closely related to some of these approaches. Although a detailed dis-cussion of these connections would be far beyond the scope of this work, we shallmention them wherever they appear, in order to allow the interested reader topursue these ideas.The outline of this chapter is as follows:We start with reviewing the physical ideas behind di�usion processes. Thishelps us to understand the next sections which are concerned with the proper-ties of linear and nonlinear di�usion �lters in image processing. The subsequentstudy of image enhancement methods of di�usion{reaction type relates di�u-1



2 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSsion �lters to variational image restoration techniques. Afterwards we investigatemorphological �lters, a topic which seems at �rst glance fairly di�erent to thedi�usion approach. Nevertheless, it reveals some interesting relations when itis interpreted within a PDE framework. This becomes especially evident whenconsidering curvature-based morphological PDEs. Finally we shall discuss totalvariation image restoration techniques which permit discontinuous solutions. Thelast section summarizes the advantages and shortcomings of the main methodsand gives an outline of the questions we are concerned with in the subsequentchapters.1.1 Linear di�usion �lteringThe simplest and best investigated PDE method for smoothing images is toapply a linear di�usion process. After having sketched the physical backgroundof di�usion processes, we shall focus on the relation between linear di�usion�ltering and the convolution with a Gaussian, analyse its smoothing propertiesfor the image as well as its derivatives, and review the fundamental properties ofthe Gaussian scale-space induced by linear di�usion �ltering. Afterwards we shallgive a survey on discrete aspects and discuss shortcomings of the linear di�usionparadigm. The section is concluded by sketching directed di�usion processes, amethod for introducing bias into the process without renouncing linearity.1.1.1 Physical background of di�usion processesMost people have an intuitive impression of di�usion as a physical process thatequilibrates concentration di�erences without creating or destroying mass. Thisphysical observation can be easily cast in a mathematical formulation.The equilibration property is expressed by Fick's lawj = �D � ru: (1.1)This equation states that a concentration gradient ru causes a 
ux j which aimsto compensate for this gradient. The relation between ru and j is described bythe di�usion tensor D, a positive de�nite symmetric matrix. The case where jand ru are parallel is called isotropic. Then we may replace the di�usion tensorby a positive scalar-valued di�usivity g. In the general anisotropic case, j and ruare not parallel.The observation that di�usion does only transport mass without destroyingit or creating new mass is expressed by the continuity equation@tu = �div j (1.2)



1.1 LINEAR DIFFUSION FILTERING 3where t denotes the time.If we plug in Fick's law into the continuity equation we end up with thedi�usion equation @tu = div (D � ru): (1.3)This equation appears in many physical transport processes. In the context ofheat transfer it is called heat equation.In image processing we may interpret the concentration as a grey value at acertain point. The di�usion tensor does not have to be constant: frequently it isadvantageous to choose it as a function of the local image structure. This leadsus to nonlinear di�usion �lters. Three cases are relevant for image processing:(a) linear isotropic di�usion �lters using a constant di�usivity,(b) nonlinear isotropic di�usion �lters with di�usivities being adapted to thelocal image structure,(c) nonlinear anisotropic di�usion �lters with di�usion tensors being adaptedto the local image structure.The linear case (a) is treated below, and the nonlinear cases (b) and (c) will bediscussed in section 1.2.1.1.2 Foundations of linear di�usion �lteringGaussian smoothingLet a grey-scale image f be represented by a real-valued mapping f 2L1(IR2):A widely-used way to smooth f is by calculating the convolution(K��f)(x) := ZIR2K�(x�y) f(y) dy (1.4)where K� denotes the two-dimensional Gaussian of width (standard deviation)�>0 : K�(x) := 12��2 � exp �jxj22�2! : (1.5)There are multiple reasons for the excellent smoothing properties of thismethod:First we observe that since K� 2 C1(IR2) we get K��f 2 C1(IR2); evenif f is only absolutely integrable.Next, let us investigate the behaviour in the frequency domain. When de�ningthe Fourier transformation F by(Ff)(!) := ZIR2 f(x) exp(�ih!; xi) dx (1.6)



4 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSwe obtain by the convolution theorem that(F(K��f)) (!) = (FK�)(!) � (Ff)(!): (1.7)Since the Fourier transform of a Gaussian is again Gaussian-shaped,(FK�)(!) = 2� � exp � j!j22=�2! ; (1.8)we observe that (1.4) is a low-pass �lter that damps high frequencies in a mono-tone way.Interestingly, the smoothing behaviour can also be understood in the contextof a PDE interpretation.Equivalence to linear di�usion �lteringIt is a classical result (cf. e.g. [195, pp. 267{271] and [120, pp. 43{56]) that forany bounded f 2C(IR2) the linear di�usion process@tu = �u; (1.9)u(x; 0) = f(x) (1.10)possesses the unique solutionu(x; t) = ( f(x) (t = 0)(Kp2t � f)(x) (t > 0): (1.11)This solution is unique, provided we restrict ourselves to functions satisfyingju(x; t)j � M � exp (ajxj2) (M; a > 0): (1.12)It depends continuously on the initial image f with respect to k:kL1(IR2); and itful�ls the maximum{minimum principleinfIR2 f � u(x; t) � supIR2 f on IR2 � [0;1): (1.13)From (1.11) we observe that the time t corresponds with the spatial widthp2t of the Gaussian. Hence, smoothing structures of order � requires to stop thedi�usion process at time T = 12 �2: (1.14)



1.1 LINEAR DIFFUSION FILTERING 5Gaussian derivativesIn order to understand the structure of an image we have to analyse grey value
uctuations within a neighbourhood of each image point, that is to say, we needinformation about its derivatives. However, di�erentiation is an ill-posed problemin the sense of Hadamard [239], as small perturbations in the original imagecan lead to arbitrary large 
uctuations in the derivatives. Hence, the need forregularizing methods arises.One possibility to regularize is to convolve the image with a Gaussian priorto di�erentiation [239]. By the equality@nx1@mx2 (K��f) = K� � (@nx1@mx2f) = (@nx1@mx2K�) � f (1.15)we observe that all derivatives undergo the same Gaussian smoothing processas the image itself and this process is equivalent to convolving the image withderivatives of a Gaussian.The resulting Gaussian derivatives can be successfully applied to the deblur-ring of images [115]. Moreover, they can be combined (often in a nonlinear way)to expressions (di�erential invariants) that are invariant under transformationssuch as rotations, for instance jrK��uj or �K��u:Di�erential invariants are useful for the detection of features such as edges,ridges, junctions, and blobs (see [153] for an overview). To illustrate this, we focuson two applications for detecting edges.A frequently used method is the Canny edge detector [51]. It is based oncalculating the �rst derivatives of the Gaussian-smoothed image. After apply-ing sophisticated thinning and linking mechanisms (non-maxima suppression andhysteresis thresholding), edges are identi�ed as locations where the gradient mag-nitude has a maximum. This method is acknowledged to be the best linear edgedetector [58], and it has become almost a standard in edge detection.Another interesting edge detector is the Marr{Hildreth operator [165], whichuses the Laplacian-of-Gaussian (LoG) �K� as convolution kernel. Edges of fare identi�ed as zero-crossings of �K��f . This needs no further postprocessingand always gives closed contours. There is some evidence that LoGs and especiallytheir approximation by di�erences-of-Gaussians (DoGs) play an important rolein the visual system of mammals, see [165] and the references therein.If one investigates the temporal evolution of the zero-crossings of an image�ltered by linear di�usion, one observes an interesting phenomenon: When in-creasing the smoothing scale �, no new zero-crossings can be created which arenot present at �ner scales [263]. This evolution property is closely connected to themaximum{minimum principle of certain parabolic operators [124]. Attempts toreconstruct the original image from the temporal evolution of the zero-crossings



6 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSof the Laplacian have been carried out [125] with the result that this is practicallyunstable unless additional information is provided.Nevertheless, the evolution property of the zero-crossings was one of the keyinvestigations leading to the scale-space idea [263], which we shall describe below.1.1.3 Scale-space propertiesThe general scale-space conceptIt is a well-known fact that images usually contain structures at a large variety ofscales. In those cases where it is not clear in advance which is the right scale for thedepicted information it is desirable to have an image representation at multiplescales. Moreover, by comparing the structures at di�erent scales, one obtains ahierarchy of image structures, which eases a subsequent image interpretation.A scale-space is an image representation at a continuum of scales, embeddingthe image f into a family fTtf j t � 0g of gradually simpli�ed versions of it, pro-vided that it ful�ls certain architectural, smoothing and invariance requirementswhich we shall sketch brie
y below. For more details the reader is referred to [11]from which most of the following nomenclature is borrowed.An important architectural assumption is recursivity, i.e. for t=0; the scale-space representation gives the original image f, and the �ltering may be split intoa sequence of �lter banks:T0f = f; (1.16)Tt+sf = Tt(Tsf) 8 s; t � 0: (1.17)This property is also sometimes referred to as the semigroup property. Otherarchitectural axioms require regularity properties of Tt and local behaviour as ttends to 0.Information reduction arises from the wish that the smoothing transformationshould not create artefacts when passing from �ne to coarse representation. Thus,at a coarse scale, we must not have additional structures which are caused bythe �ltering method itself and not by underlying structures at �ner scales. Thisproperty is speci�ed by numerous authors in di�erent ways, using concepts such asno creation of new level curves [143, 124, 150], nonenhancement of local extrema[24, 150], decreasing number of local extrema [150], maximum{minimumprinciple[124, 192], and comparison principle [11].We may regard an image as a representative of an eqivalence class containingall images that depict the same object. Two images of this class di�er e.g. by grey-level shifts, translations and rotations or even more complicated transformationssuch as a�ne mappings. This makes the requirement plausible that the scale-



1.1 LINEAR DIFFUSION FILTERING 7space analysis should be invariant to as many of these transformations as possible,in order to analyse only the depicted object [15].The work of Alvarez, Guichard, Lions and Morel ([11], see also [8]) shows thatevery scale-space ful�lling some fairly natural architectural, information-reducingand invariance properties is governed by a PDE with the original image as initialcondition.Gaussian scale-spaceThe best investigated example of a scale-space is the Gaussian scale-space, whichis obtained via convolution with Gaussians of increasing variance [263], or { equiv-alently { by linear di�usion �ltering according to (1.9), (1.10). Numerous theo-retical results indicate that this is the only \reasonable" way to de�ne a linearscale-space:� Koenderink [143] derived the Gaussian scale-space in one and two dimen-sions as the unique transformation that (a) does not create new level curveswhen increasing the scale parameter and (b) treats all spatial points andscale levels equally. He named the �rst requirement causality and the sec-ond one homogeneity and isotropy. Yuille and Poggio [268] came to similarresults based on assumptions concerning the zero-crossings of the Laplacian.� In the one-dimensional case, Babaud et al. [24] showed that the Gaussianis the unique kernel ful�lling some natural constraints such as symmetry,normalization, and nonenhancement of local extrema.� Lindeberg [150] derived the one-dimensional Gaussian scale-space by com-bining the requirement of not introducing new local extrema with the semi-group property and normalization and symmmetry assumptions on the ker-nel.� The uniqueness of the Gaussian kernel and the Gaussian derivatives canalso be established from linearity, isotropy and spatial shift invariance con-straints in connection with scale invariance, see ter Haar Romeny et al.[114]. This holds for any dimension.� Alvarez et al. [11] proved that the Gaussian scale-space is the only lin-ear transformation ful�lling a semigroup, locality and regularity axiom aswell as a monotony requirement (comparison principle) and invariance withrespect to grey level shifts and Euclidean transformations.A very detailed treatment of linear scale-space theory can be found in the mono-graph by Lindeberg [151].



8 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONS1.1.4 Numerical aspectsThe preceding theory is entirely continuous. However, in practical problems, theimage is sampled at the nodes (pixels) of a �xed equidistant grid. Thus, thedi�usion �lter has to be discretized.By virtue of the equivalence of solving the linear di�usion equation and con-volving with a Gaussian, we can either approximate the convolution process orthe di�usion equation.Let us start with convolution-based methods. When restricting the image to a�nite domain and applying the Fast Fourier Transformation (FFT), convolutionin the spatial domain can be reduced to multiplication in the frequency domain,cf. (1.7). Due to the overhead of transformation and backtransformation, thisproceeding is especially e�cient if the kernel size � is large.When carrying out the convolution in the spatial domain, the Gaussian kernelhas to be sampled and truncated. Although this technique is frequently used,it has the drawback that it does not preserve the semigroup property of thecontinuous Gaussian scale-space [150].Lindeberg [150] has developed a linear scale-space theory for the semidiscrete1case. He proved that the discrete analogue of the Gaussian kernel is given in termsof modi�ed Bessel functions of integer order. Since this scale-space family arisesnaturally from a semidiscretized version of the di�usion equation, he concludesthat approximating the di�usion equation should be preferred to discretizing theconvolution integral.Among the numerous numerical possibilities to approximate the linear dif-fusion equation, �nite di�erence (FD) schemes dominate the �eld. Except for afew implicit approaches [108, 48, 49], explicit schemes are mainly used. A verye�cient approximation of the Gaussian scale-space results from applying multi-grid ideas. The Gaussian pyramid [47] gives a multilevel representation at �nitelymany scales of di�erent resolution. By subsequently smoothing the image with anexplicit scheme for the di�usion equation and restricting the result to a coarsergrid, one obtains a simpli�ed image representation at the next coarser grid. Due totheir simplicity and e�ciency, pyramid decompositions are meanwhile integratedinto commercially available hardware ([151], p. 38).1.1.5 ShortcomingsIn spite of its multitude of properties that make linear di�usion �ltering uniqueand easy to handle, it reveals several drawbacks:(a) An obvious disadvantage of Gaussian smoothing is the fact that it doesnot only smooth noise, but also blurs important features such as edges1By semidiscrete we mean discrete in space and continuous in time throughout this work.



1.1 LINEAR DIFFUSION FILTERING 9and makes them harder to identify. This equation cannot comprise anyadditional information on structures which are worth being preserved (oreven enhanced).(b) Linear di�usion �ltering dislocates edges when moving from �ner to coarserscales, see e.g. Witkin [263]. So structures which are identi�ed at a coarsescale do not give the right location and have to be traced back to the originalimage [263, 29]. In practise, relating dislocated information obtained atdi�erent scales is di�cult and gives rise to instabilities, unless the stepsize between subsequent scales is very small. These coarse-to-�ne trackingdi�culties are generally denoted as the correspondence problem.(c) Some causality properties of Gaussian scale-space do not hold for dimen-sions larger than one: A closed zero-crossing contour can split into two asthe scale increases [268], and it is generally not true that the number of lo-cal extrema is nonincreasing, see [149, 150] for illustrative counterexamples.A deep mathematical analysis of such phenomena has been carried out byDamon [69].Due to the uniqueness of the Gaussian scale-space within a linear frameworkwe know that any modi�cation in order to overcome these problems will eitherrenounce linearity or some scale-space properties. We shall see that the short-comings (a) and (b) can be avoided by nonlinear di�usion processes, while (c)requires morphological equations.Before we turn our attention to those processes, let us �rst investigate alinear modi�cation which has no scale-space interpretation anymore, but allowsto include additional information into the evolution.1.1.6 Directed di�usionProvided we are given some background information in form of a smooth imageb, it has been shown by Illner and Neunzert [127], that under some technicalrequirements and suitable boundary conditions the classical solution u of@tu = b�u� u�b; (1.18)u(x; 0) = f(x) (1.19)converges to b along a path where the relative entropy with respect to b increasesin a monotone way. Numerical experiments have been carried out by Giuliani[101], and an analysis in terms of nonsmooth b and weak solutions is due to Illnerand Tie [128].Such a directed di�usion process requires to specify an entire image as back-ground information in advance; in many applications it would be desirable to



10 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSinclude a priori knowledge in a less speci�c way, e.g. by prescribing that featureswithin a certain contrast and scale range are considered to be semantically im-portant and processed di�erently. Such demands can be satis�ed by nonlineardi�usion �lters.1.2 Nonlinear di�usion �lteringAdaptive smoothing methods are based on the idea to apply a process whichitself depends on local properties of the image. Although this concept is well-known in the image processing community (see [209] and the references thereinfor an overview), a corresponding PDE formulation was �rst given by Peronaand Malik [190] in 1987. We shall discuss this model in detail, especially its ill-posedness aspects. This gives rise to study regularizations. These techniques canbe extended to true anisotropic processes which make use of an adapted di�usiontensor instead of a scalar di�usivity.1.2.1 The Perona{Malik modelBasic ideaPerona and Malik propose a nonlinear di�usion method for avoiding the blurringand localization problems of linear di�usion �ltering [190, 192]. They apply anonuniform process (which they name anisotropic) that reduces the di�usivityat those locations having a larger likelihood to be edges. This likelihood can bemeasured by jruj2: Hence, they use2@tu = div (g(jruj2) ru): (1.20)Among the di�usivities they propose isg(s2) = 11 + s2=�2 (� > 0): (1.21)It should be noted that { in our terminology { the Perona{Malik �lter is re-garded as an isotropic model, since it utilizes a scalar-valued di�usivity and nota di�usion tensor.Interestingly, there exists a relation between (1.20) and the neural dynamicsof brightness perception: In 1984 Cohen and Grossberg [63] proposed a model ofthe primary visual cortex with similar inhibition e�ects as in the Perona{Malikmodel.2Since we want the edge estimator to depend smoothly on ru, we consider jruj2 instead ofjruj.
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Figure 1.1: (a) Left: Di�usivity g(s2)= 11+s2=�2 : (b) Right: Flux function�(s)= s1+s2=�2 .The experiments of Perona and Malik were visually very impressive: edgesremained stable over a very long time. It was demonstrated [192] that edge de-tection based on this process clearly outperforms the linear Canny edge detector,even without applying non-maximum suppression and hysteresis thresholding.This is due to the fact that di�usion and edge detection interact in one singleprocess instead of being treated as two independent processes which are to beapplied subsequently.Moreover, there is another reason for the impressive behaviour at edges, whichwe shall discuss next.Edge enhancementTo study the behaviour of the Perona{Malik �lter at edges, let us for a momentrestrict ourselves to the one-dimensional case. This simpli�es the notation andillustrates the main behaviour, since near a straight edge a two-dimensional imageapproximates a function of one variable.For the di�usivity (1.21) it follows that the 
ux function �(s) := sg(s2)satis�es �0(s)� 0 for jsj ��; and �0(s)< 0 for jsj>�; see Figure 1.1. Since(1.20) can be rewritten as @tu = �0(ux)uxx; (1.22)we observe that { in spite of its nonnegative di�usivity { the Perona{Malik modelis of forward parabolic type for juxj � �; and of backward parabolic type forjuxj>�: Hence, � plays the role of a contrast parameter separating forward (lowcontrast) from backward (high contrast) di�usion areas.It is not hard to verify that the Perona{Malik �lter increases the slope atin
ection points of edges within a backward area: If there exists a su�ciently



12 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSsmooth solution u it satis�es@t(u2x) = 2ux@x(ut) = 2�00(ux)uxu2xx + 2�0(ux)uxuxxx: (1.23)A location x0 where u2x is maximal at some time t is characterized by uxuxx=0and uxuxxx�0: Therefore,(@t(u2x)) (x0; t) � 0 for jux(x0; t)j > � (1.24)with strict inequality for uxuxxx<0:In the two-dimensional case, (1.22) is replaced by [11, 267]@tu = �0(ru)u�� + g(jruj2)u�� (1.25)where the gauge coordinates � and � denote the directions perpendicular andparallel to ru, respectively. Hence, we have forward di�usion along isophotes(i.e. lines of constant grey value) combined with forward{backward di�usion along
owlines (lines of maximal grey value variation).We observe that the forward{backward di�usion behaviour is not only re-stricted to the special di�usivity (1.21), it appears for all di�usivities g(s2)whose rapid decay causes non-monotone 
ux functions �(s)=sg(s2): Such dif-fusivities are explicitly intended in the Perona{Malik method, as they give thedesirable result of blurring small 
uctuations and sharpening edges. Therefore,they are the main reason for the visually impressive results of this restorationtechnique. On the other hand, they lead to severe theoretical problems, which weshall discuss now.Ill-posednessAlthough there is no general theory for nonlinear parabolic processes, there existcertain frameworks which allow to establish well-posedness results for a largeclass of equations. Let us recall three examples:� Let S(N) denote the set of symmetric N�N matrices and Hess(u) theHessian of u. Classical di�erential inequality techniques [244] based on theNagumo{Westphal lemma require that the underlying nonlinear evolutionequation @tu = F (t; x; u;ru;Hess(u)) (1.26)satis�es F (t; x; r; p; Y ) � F (t; x; r; p;X) (1.27)for all X; Y 2S(2) where Y �X is positive semide�nite.



1.2 NONLINEAR DIFFUSION FILTERING 13� The same requirement is needed for applying the theory of viscosity solu-tions [68].� Let H be a Hilbert space with scalar product (:; :) and A : H ! H .In order to apply the concept of maximal monotone operators [39] to theproblem dudt + Au = 0; (1.28)u(0) = f (1.29)one has to ensure that A is monotone, i.e.(Au�Av; u�v) � 0 8 u; v 2 H: (1.30)We observe that the nonmonotone 
ux function of the Perona{Malik process im-plies that neither (1.27) is satis�ed nor A de�ned by Au := �div (g(jruj2)ru)is monotone. Therefore, none of these frameworks is applicable to ensure well-posedness results.Although for general smooth nonmonotone � the existence question is notsettled [122], H�ollig [121] has proved that if � is piecewise linear, decreasing in abounded interval, and increasing elsewhere, there exist initial functions for whichthe corresponding initial value problem has in�nitely many solutions.The current understanding of the Perona{Malik process makes it rather un-likely that it possesses smooth solutions, but it seems to be possible that thisequation admits weak solutions. Uniqueness and stability with respect to theinitial image should not be expected [58, 193].Interestingly, such forward{backward di�usion equations are not as unnaturalas they look at �rst glance: they have been proposed as a mathematical modelfor heat and mass transfer in a stably strati�ed turbulent shear 
ow to explainthe evolution of stepwise constant temperature or salinity pro�les in the ocean(although the well-posedness question was usually circumvented). Related equa-tions also play a role in population dynamics and viscoelasiticity, see [27] and thereferences therein.In the context of oceanography, numerical experiments were carried out byPosmentier [196] in 1977. Starting from a smoothly increasing initial distributionhe reported the creation of perturbations which led to a stepwise constant salinitypro�le after some time. He also observed instabilities, a �rst experimental hintto the ill-posedness of this equation. Instabilities were also reported later on byDzhu Magaziewa [78].In image processing, numerical simulations on the ill-posedness of the one-dimensional Perona{Malik �lter were performed by Nitzberg and Shiota [181],



14 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSFr�ohlich and Weickert [92], and Benhamouda [28]. All results point in the samedirection: the solution depends strongly on the regularizing e�ect of the dis-cretization. Finer discretizations are less regularizing and reveal a larger dangerof staircasing e�ects, where the number of in
ection points of a smoothed stepedge increases.Scale-space interpretationPerona and Malik renounced the assumption of Koenderink's linear scale-spaceaxiomatic [143] that the smoothing treats all spatial points and scale levelsequally. Instead of this, they required that region boundaries should be sharpand should coincide with the semantically meaningful boundaries at each reso-lution level (immediate localization) and that intra-region smoothing should bepreferred to inter-region smoothing (piecewise smoothing). These properties areof signi�cant practical interest, as they guarantee that structures can be detectedeasily and correspondence problems can be neglected. Their experiments demon-strated that the Perona{Malik �lter satis�es these requirements fairly well [192].In order to establish a smoothing scale-space property for this nonlinear dif-fusion process, it was argued that the Perona{Malik �lter satis�es a maximum{minimum principle, provided that it possesses C2 solutions [192]. However, thisscale-space reasoning is not very satisfactory since it is unlikely that the Perona{Malik �lter exhibits smooth solutions.As an alternative to construct nonlinear di�usion scale-spaces, Salden [210],Florack [88, 90] and Eberly [79] propose to carry over the linear scale-space theoryto the nonlinear case by considering nonlinear di�usion processes which resultfrom special rescalings of the linear one.3 Unfortunately, the Perona{Malik �lterturns out not to belong to this class [88, 90].Alvarez, Guichard, Lions and Morel [11] have developed a nonlinear scale-space axiomatic which comprises the linear scale-space theory as well as nonlinearmorphological processes (which we will discuss in 1.4 and 1.5). Their smoothingaxiom is a monotony assumption (comparison principle) requiring that the scale-space is order-preserving:f � g =) Ttf � Ttg 8 t � 0: (1.31)This property is closely related to a maximum{minimum principle and to L1-stability of the solution [11, 155]. However, the Perona{Malik model does not �tinto this framework as well since its nonmonotonic 
ux function prevents it fromsatisfying the comparison principle (see also [193]).3A comparison of the scale-space reasonings of Florack and Alvarez et al. can be found in[117].



1.2 NONLINEAR DIFFUSION FILTERING 151.2.2 Regularized nonlinear modelsIn spite of the abovementioned theoretical problems, it has been observed thatpractical implementations of the Perona{Malik process work frequently very well.This suggests that the numerical schemes provide implicit regularizations whichstabilize the process. Hence, it seems natural to introduce the regularization di-rectly into the continuous equation in order to become more independent of thenumerical implementation [58, 181].H�ollig's nonuniqueness result [121] shows that the dynamics of the solutionmay critically depend on the sort of regularization. Hence, the regularizationshould be speci�cally adjusted to the desired goal of the forward{backward heatequation [27].One can apply spatial or temporal regularization (and of course, a combinationof both). Below we shall discuss three examples which illustrate the variety ofpossibilities and their tailoring towards a speci�c task.(a) The �rst spatial regularization attempt is probably due to Posmentier whoobserved numerically the stabilizing e�ect of averaging the gradient withinthe di�usivity [196].A mathematically sound formulation of this idea is given by Catt�e, Lions,Morel and Coll [58]. By replacing the di�usivity g(jruj2) of the Perona{Malik model by g(jru�j2) with u� :=K��u they end up with@tu = div (g(jru�j2) ru): (1.32)In [58] existence, uniqueness and regularity of a solution for � > 0 hasbeen established.Other spatial regularizations of equations of Perona{Malik type have beenproposed by Weickert [248, 250] and will be described in 1.2.3. Whitakerand Pizer [255] have suggested that the regularization parameter � shouldbe a decreasing function in t. In addition, Li and Chen [148] have proposedto subsequently decrease the contrast parameter �.We shall see that these spatial regularizations belong to a class of well-posed problems which possess a large class of Lyapunov functionals whichguarantee that the solution converges to a constant steady-state.From a practical point of view, spatial regularizations o�er the advantagethat they make the �lter insensitive to noise at scales smaller than �. There-fore, when regarding (1.32) as an image restoration equation, it exhibits be-sides the contrast parameter � an additional scale-parameter �. This avoidsa shortcoming of the genuine Perona{Malik process which misinterpretsstrong oscillations due to noise as edges which should be preserved or evenenhanced.



16 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONS(b) P.-L. Lions proved in a private communication to Mumford that the one-dimensional process @tu = @x (g(v) @xu); (1.33)@tv = 1� (j@xuj2�v) (1.34)leads to a well-posed �lter (cf. [193]). We observe that v is intended as atime-delay regularization of j@xuj2 where the parameter � > 0 determinesthe delay. These equations arise as a special case of the spatio-temporalregularizations of Nitzberg and Shiota [181], when neglecting any spatialregularization. Mumford conjectures that this model gives piecewise con-stant steady states [180]. In this case, the steady-state solution would solvea segmentation problem.(c) In the context of shear 
ows, Barenblatt et al. [27] regularized the one-dimensional forward{backward heat equation by considering the third-orderequation @tu = @x(�(ux)) + �@xt(	(ux)) (1.35)where 	 is strictly increasing and uniformly bounded in IR, and j�0(s)j =O(	0(s)) as s ! �1. This regularization was physically motivated byintroducing a relaxation time � into the di�usivity.For the corresponding initial boundary value problem with homogeneousNeumann boundary conditions they proved the existence of a unique gen-eralized solution. They also showed that smooth solutions may becomediscontinuous within �nite time, before they �nally converge to a piecewiseconstant steady state.1.2.3 Anisotropic nonlinear modelsAll nonlinear di�usion �lters that we have investigated so far utilize a scalar-valued di�usivity g which is adapted to the underlying image structure. Therefore,they are isotropic and the 
ux j=�gru is always parallel to ru. Nevertheless,in certain applications it would be desirable to rotate the 
ux towards the orien-tation of interesting features. These requirements cannot be satis�ed by a scalardi�usivity anymore, a di�usion tensor leading to anisotropic di�usion �lters hasto be introduced.First anisotropic ideas in image processing date back to Graham [109] in1962, followed by Newman and Dirilten [176], Lev, Zucker and Rosenfeld [146],and Nagao and Matsuyama [174]. They used convolution masks that dependedon the underlying image structure. Related statistical approaches were proposedby Knutsson, Wilson and Granlund [141, 262].



1.2 NONLINEAR DIFFUSION FILTERING 17Convolution with shape-adapted anisotropic Gaussian kernels is studied byNitzberg and Shiota [181], Lindeberg and G�arding ([152], cf. also [153]), andYang et al. [266]. Unlike in the linear case, this is no more equivalent to suitabledi�usion processes. If one wants to relate these ideas to di�usion �ltering, one hasto iterate the convolution and carry out sophisticated scaling limits, cf. [181].Anisotropic di�usion �lters usually apply spatial regularization strategies (anexception is Cottet's time-delay regularization [67]). Below we study two typicalrepresentatives of anisotropic di�usion processes. The �rst one o�ers advantagesat noisy edges, whereas the second one is well-adapted to the processing of one-dimensional features.(a) Anisotropic regularization of the Perona{Malik processIn the interior of a segment the nonlinear isotropic di�usion equation (1.32)behaves almost like the linear di�usion �lter (1.9), but at edges di�usionis inhibited. Therefore, noise at edges cannot be eliminated successfully bythis process.To overcome this problem, a desirable method should prefer di�usion alongedges to di�usion perpendicular to them.Anisotropic models do not only take into account the modulus of the edgedetector ru�, but also its direction. To this end, we construct the orthonor-mal system of eigenvectors v1, v2 of the di�usion tensor D such that theyre
ect the estimated edge structure:v1 k ru�; v2 ? ru�: (1.36)In order to prefer smoothing along the edge to smoothing across it, Weickert[247, 250] proposed to choose the corresponding eigenvalues �1 and �2 as�1(ru�) := g(jru�j2); (1.37)�2(ru�) := 1: (1.38)In general, ru does not coincide with one of the eigenvectors of D as longas � > 0: Hence, this model behaves really anisotropic. If we let theregularization parameter � tend to 0, we end up with the isotropic Perona{Malik process.Another anisotropic model which can be regarded as a regularization of anisotropic nonlinear di�usion �lter has been described in [248].(b) Anisotropic models for smoothing one-dimensional objectsA second motivation for introducing anisotropy into di�usion processesarises from the wish to process one-dimensional features such as line-like



18 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSstructures. To this end, Cottet and Germain [66] constructed a di�usiontensor with eigenvectors as in (1.36) and corresponding eigenvalues�1(ru�) := 0; (1.39)�2(ru�) := �jru�j21 + (jru�j=�)2 (� > 0): (1.40)This is a process di�using solely perpendicular to ru�. For � ! 0, we ob-serve that ru becomes an eigenvector of D with correponding eigenvalue 0.Therefore, the process stops completely. In this sense, the Cottet{Germainmodel is not intended as an anisotropic regularization of the Perona{Malikequation.In [66] the existence of weak solutions for this process was proved.Since the Cottet{Germain model di�uses only in one direction, its successcritically depends on a correct estimate of the appropriate direction. Weshall see that this process can be improved when replacing ru?� by a morerobust descriptor of local orientation, the structure tensor.1.2.4 GeneralizationsHigher dimensions. It is easily seen that many of the previous resultscan be generalized to higher dimensions. This may be useful when consideringe.g. computerized tomography (CT) or magnetic resonance tomography (MRT)image sequences arising from medical applications or when applying di�usion�lters to the postprocessing of 
uctuating higher-dimensional numerical data.Three-dimensional di�usion �lters have been investigated by Gerig et al. [99] andRambaux and Gar�con [202].More sophisticated structure descriptors. The edge detector ru� en-ables us to adapt the di�usion to magnitude and direction of edges, but it cannotdistinguish between edges and corners or gives a reliable measure of local ori-entation. To this end, one can steer the smoothing process by more advancedstructure descriptors such as higher-order derivatives [82] or tensor-valued ex-pressions of �rst-order derivatives [181, 179, 252]. The theoretical analysis in thepresent work shall comprise the second possibility.Vector-valued models. Vector-valued images can arise either from devicesmeasuring multiple physical properties or from a feature analysis of one singleimage. Examples for the �rst category are colour images, multi-spectral Landsatexposures and multi-spin echo MRT images, whereas representatives of the secondclass are given by statistical moments or the jet space induced by the image itself



1.2 NONLINEAR DIFFUSION FILTERING 19and its partial derivatives up to a given order. Feature vectors play an importantrole for tasks like texture segmentation.The simplest idea how to apply di�usion �ltering to multichannel imageswould be to di�use all channels separately and independently from each other.This leads to the undesirable e�ect that edges may be formed at di�erent locationsfor each channel. In order to avoid this, one should use a common di�usivity whichcombines information from all channels. Such isotropic vector-valued di�usionmodels were proposed by Gerig, K�ubler, Kikinis, Jolesz [99] and Whitaker [257,258] in the context of medical imagery.1.2.5 Numerical aspectsIn contrast to linear di�usion �ltering, no satisfactory semidiscrete or discretescale-space interpretation for nonlinear di�usion �lters has been available up tonow. Chapter 3 and 4 will provide such a theoretical framework.Nevertheless, numerous numerical methods for nonlinear di�usion �lteringhave been applied:Fr�ohlich and Weickert [92] have compared three schemes for a one-dimen-sional regularized nonlinear di�usion �lter: a wavelet method of Petrov{Galerkintype, a spectral method and a �nite-di�erence (FD) scheme. It turned out that{ especially for large � { all results were fairly similar. Since the computationale�ort is of a comparable order of magnitude, it seems to be a matter of tastewhich scheme is preferred.Of course, other numerical methods are applicable as well, e.g. �nite elements[220]. Neural network realizations of nonlinear di�usion �lters are investigatedby Cottet [65, 67]. Perona and Malik [191] and Schn�orr [223] propose hardwarerealizations by means of analogue VLSI networks with nonlinear resistors.In most applications of nonlinear di�usion �lters, �nite di�erences are pre-ferred, since they are easy to handle and the pixel structure of a real digitalimage already provides a natural discretization on a �xed rectangular grid. Ex-plicit schemes are very simple to implement and therefore they are used almostexclusively [23, 66, 71, 99, 192, 189, 236, 256]. Due to their local behaviour, theyare well-suited for parallel architectures [192, 209]. Nevertheless, they su�er fromthe fact that fairly small time step sizes are needed in order to ensure stability.Semi-implicit schemes (which approximate the di�usivity or the di�usion tensorin an explicit way and the rest implicitly) are considered by [58, 246]. They pos-sess much better stability properties. Further speed-up can be achieved by usingsplitting techniques [246]. A fast multigrid technique using a pyramid algorithmfor the Perona{Malik �lter has been studied by Acton et al. ([3], see also [209]for related ideas).



20 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONS1.2.6 ApplicationsNonlinear di�usion �lters have been applied for postprocessing 
uctuating data[159, 250] and for visualizing quality-relevant features in computer aided qualitycontrol [248, 250, 252]. They have proved to be useful for texture segmentation[257, 260, 261], for image sequence analysis [221, 222], and for edge detection [4]and segmentation [3] of remotely sensed images. Most applications, however, areconcerned with the �ltering of medical images [99, 23, 65, 66, 67, 189, 258, 157,236, 250, 260]. Some of these applications will be investigated in more detail inChapter 5.Besides such speci�c problem solutions, nonlinear di�usion �ltering is cur-rently integrated into commercially available software packages, for instance theimage processing tool Heurisko.41.3 Methods of di�usion{reaction typeThis section investigates variational frameworks, in which di�usion{reaction equa-tions or coupled systems of them are interpreted as steepest descent minimizersof suitable energy functionals. This idea connects di�usion methods to edge de-tection and segmentation ideas.5Besides the variational interpretation there exist other theoretical frameworksfor di�usion �lters such as the Markov random �eld and mean �eld annealingcontext [96, 235], and deterministic interactive particle models [166]. However,their discussion would lead us beyond the scope of this work.1.3.1 Single di�usion{reaction equationsNordstr�om [182, 183] has suggested to obtain a reconstruction u of a degradedimage f by minimizing the energy functionalEf(u; w) := Z
 �� �(u�f)2 + w�jruj2 + �2 �(w�lnw)�dx: (1.41)The parameters � and � are positive weights and w : 
 ! [0; 1] gives a fuzzyedge representation: in the interior of a region, w approaches 1 while at edges, wis close to 0 (as we shall see below).The �rst summand of E punishes deviations of u from f (deviation cost), thesecond term detects unsmoothness of u within each region (stabilizing cost), and4Heurisko is a registered trademark of AEON Verlag & Studio, Fraunhoferstr. 51B, 63454Hanau, Germany.5Di�usion{reaction methods with constant di�usivities can also be used for local contrastnormalization in images, see [194].



1.3 METHODS OF DIFFUSION{REACTION TYPE 21the last one measures the extend of edges (edge cost). Cost terms of these threetypes are typical for variational image restoration methods.The corresponding Euler equations to this energy functional are given by0 = � �(u�f) � div (wru); (1.42)0 = �2 �(1� 1w) + jruj2; (1.43)equipped with a homogeneous Neumann boundary condition for u.Solving (1.43) for w gives w = 11 + jruj2=�2 : (1.44)We recognize that w is identical with the Perona{Malik di�usivity g(jruj2) intro-duced in (1.21). Therefore, (1.42) can be regarded as the steady-state equationof @tu = div (g(jruj2) ru) + �(f�u): (1.45)This equation can also be obtained directly as the descent method of the func-tional Ff (u) := Z
 �� �(u�f)2 + �2 �ln�1+ jruj2�2 �� dx: (1.46)The di�usion{reaction equation (1.45) consists of the Perona{Malik processwith an additional bias term ��(f�u): Nordstr�om claims that this modi�cationfrees the user from the di�culty of specifying an appropriate stopping time forthe Perona{Malik process. Moreover, by regarding it as a method for minimizingthe energy functional (1.41), he argues that this gives nonlinear di�usion �lteringan appealing sense of optimality and establishes it as a method for solving awell-de�ned mathematical problem.However, it is obvious that the Nordstr�om model just shifts the problem ofspecifying a stopping time T to the problem of determining � (although thisquestion was circumvented by setting � := 1).Besides the fact that this method su�ers from the same ill-posedness prob-lems as the underlying Perona{Malik equation, it is easily seen that the energyfunctional (1.46) is nonconvex. Therefore, it may possess numerous local minima,and the process (1.45) with f as initial condition does not necessarily convergeto a global minimum.As a remedy, Schn�orr [220] renounces edge-enhancing di�usivities in order toend up with (nonquadratic) convex functionals. In this case the classical theoryis applicable ensuring well-posedness results and stability of a standard �nite-element approximation.



22 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSFor other di�usion{reaction methods such as [96], the convergence problemhas usually not been addressed. One exception is the paper of Cottet and Ger-main [66]. They show that their �lter allows the possibility of having almoststeady piecewise constant states and prove their attractivity. The stability ofthese solutions is indicated by showing that piecewise constant states are almoststeady-state solutions of a semidiscretized version where the di�usion tensor isconstant with respect to time.1.3.2 Coupled sytems of di�usion{reaction equationsMumford and Shah [172, 173] have proposed to obtain a segmented image u fromf by minimizing the functionalEf (u;K) = � Z
 (u�f)2 dx + Z
nK jruj2 dx + �jKj (1.47)with nonnegative parameters � and �. The discontinuity set K consists of theedges, and its one-dimensional Hausdor� measure jKj gives the total edge length.Like the Nordstr�om functional (1.41), this expression consists of three cost terms:the �rst one is the deviation cost, the second one gives the stabilizing cost, andthe third one represents the edge cost.The Mumford{Shah functional can be regarded as a continuous version of theMarkov random �eld method by Geman and Geman [98] and the weak membranemodel of Blake and Zisserman [32]. Related approaches are also used to modelmaterials with two phases and a free interface (cf. [70]).The fact that (1.47) leads to a free discontinuity problem causes many chal-lenging theoretical questions [145]. The book of Morel and Solimini [171] coversa very detailed analysis of this functional. Although the existence of a globalminimizer with a closed edge set K has been established [70, 17], uniqueness is ingeneral not true [160, pp. 197{198]. Regularity results for K have recently beenobtained [37].The concept of energy functionals for segmenting images o�ers the practicaladvantage that it provides a framework for comparing the quality of two seg-mentations. On the other hand, (1.47) exhibits also some shortcomings, e.g. theproblem that 
at edges produce multiple segmentation boundaries (oversegmen-tation) [229]. Another drawback results from the fact that the Mumford{Shahfunctional allows only singularities which are typical for minimal surfaces: Cor-ners or T-junctions are not possible and segments meet at triple points with 120oangle [173]. In order to avoid such problems, modi�cations of the Mumford{Shahfunctional have been proposed by Ambrosio and Mantegazza (cf. [205]) and Shah[231]. An a�ne invariant version of (1.47) is investigated in [26, 25].



1.3 METHODS OF DIFFUSION{REACTION TYPE 23Since many algorithms in image processing can be restated as versions of theMumford{Shah functional [171] and since it is a prototype of a free discontinuityproblem it is interesting to study this variational problem in more detail.Numerical complications arise from the fact that the Mumford{Shah func-tional has numerous local minima. Global minimizers such as the simulatedannealing method used by Geman and Geman [98] are extremely slow. Hence,one searches for fast (suboptimal) deterministic strategies, e.g. pyramidal region-growing algorithms [2, 142].Another interesting class of numerical methods is based on the idea to ap-proximate the discontinuity set K by a smooth function w, which is close to 0near edges of u and which approximates 1 elsewhere.We may for instance study the functionalFf (u; w) := Z
 �� �(u�f)2 + w2 �jruj2 + ���cjruj2+ (1�w)24c �� dx (1.48)with a positive parameter c specifying the \edge width". Ambrosio and Tortorelliproved that this functional converges to the Mumford{Shah functional for c! 0(in the sense of �-convergence, see [19] for more details).Minimizing Ff corresponds to the gradient descent equations@tu = div (w2ru) + � �(f�u); (1.49)@tw = c�w � 2w� jruj2 � (1�w)2c (1.50)with homogeneous Neumann boundary conditions. Equations of this type areinvestigated by Richardson and Mitter [205]. Since (1.49) is very similar to theNordstr�om process (1.45), similar problems arise: The functional Ff is not jointlyconvex in u and v, so it may have many local minima and a gradient descent algo-rithm may get trapped in a poor local minimum. Well-posedness results for thissystem have not been obtained up to now, but a maximum{minimum principleand a local stability proof have been established.Another di�usion{reaction system is studied by Shah [227, 228]. He replacesthe functional (1.47) by two coupled convex energy functionals and applies gradi-ent descent. This results in �nding an equilibrium state between two competingprocesses. Experiments indicate that it converges to a stable solution. Proesmanset al. [200, 199] observed that this solution looks fairly blurred since the equationscontain di�usion terms such as �u. They obtained pronounced edges by replacingsuch a term by its Perona{Malik counterpart div (g(jruj2)ru). Of course, thisapproach gives rise to the same theoretical questions as (1.49), (1.50).The system of Richardson and Mitter is used for edge detection [205]. Shah in-vestigates di�usion{reaction systems for matching stereo images [230, 232], whileProesmans et al. apply coupled di�usion-reaction equations to image sequence



24 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSanalysis, vector-valued images and stereo vision [199, 201]. Their �nite di�erencealgorithms run on a parallel transputer network.It should also be mentioned that there exist reaction{di�usion systems whichhave been applied to image restoration [197, 198] or texture generation [240, 264]and which are not connected to the Perona{Malik or Mumford{Shah ideas.1.4 Classic morphological processesMorphology is an approach to image analysis based on shapes. Its mathematicalformalization goes back to the group around Matheron and Serra, both workingat ENS des Mines de Paris in Fontainebleau. The theory had �rst been developedfor binary images, afterwards it was extended to grey tone images by regardinglevel sets as shapes. Its applications cover biology, medical diagnostics, histology,quality control, radar and remote sensing, science of material, mineralogy, andmany others.Morphology is usually described in terms of algebraic set theory, see e.g. [167,225, 118, 119] for an overview. Nevertheless, recently PDE formulations for classicmorphological processes have been discovered by Brockett and Maragos [41, 42],van den Boomgaard [34], Arehart et al. [22] and Alvarez et al. [11].This section surveys the basic ideas and elementary operations of binary andgrey-scale morphology, presents its PDE representations for images and curves,and summarizes the results concerning well-posedness and scale-space properties.It ends up with discussing numerical aspects of the PDE formulation of theseprocesses.1.4.1 Binary and grey-scale morphologyBinary morphology considers shapes (silhouettes), i.e. closed sets X� IR2 whoseboundaries are Jordan curves [15]. Henceforth, we identify a shape X with itscharacteristic function �(x) := ( 1 if x2X,0 else. (1.51)Binary morphological operations a�ect only the boundary curve of the shape and,therefore, they can be viewed as curve or shape deformations.Grey-scale morphology generalizes these ideas [163] by decomposing an imagef into its level sets fXaf; a2 IRg; whereXaf := fx 2 IR2; f(x) � ag: (1.52)A binary morphological operation A can be extended to some grey scale image fby de�ning Xa(Af) := A(Xaf) 8 a 2 IR: (1.53)



1.4 CLASSIC MORPHOLOGICAL PROCESSES 25We observe that for morphological operations only grey-level sets matter. Asa consequence, they are invariant under monotone grey-level rescalings. This is avery desirable property in all cases where brightness changes of the illuminationoccur or where one wants to be independent of the speci�c contrast range ofthe camera. On the other hand, for applications like edge detection or imagerestoration, contrast provides important informations which should be taken intoaccount. Moreover, in some cases isolines may give inadequate information aboutthe depicted physical object boundaries.1.4.2 Basic operationsIn order to analyse a shape, classic morphology uses a so-called structuring ele-ment, a bounded set B� IR2. Typical shapes for B are discs, squares, or ellipses.The two basic morphological operations, dilation and erosion with a structur-ing element B, are de�ned for a grey-scale image f 2L1(IR2) by [42]dilation: (f �B) (x) := sup ff(x�y); y2Bg; (1.54)erosion: (f 	B) (x) := inf ff(x+y); y2Bg: (1.55)These names can be easily motivated when considering a shape in a binary imageand a disc structuring element. In this case dilation blows up its boundaries, whileerosion shrinks them.Dilation and erosion form the basis for constructing other morphological pro-cesses, for instance opening and closing:opening: (f �B) (x) := ((f 	 B)�B) (x); (1.56)closing: (f �B) (x) := ((f � B)	B) (x): (1.57)In the preceding shape interpretation opening smoothes the shape by breakingnarrow isthmuses and eliminating small islands, while closing smoothes by elim-inating small holes, fusing narrow breaks and �lling gaps on the contours [118].1.4.3 Continuous-scale morphologyLet us consider a convex structuring element tB with a scaling parameter t>0.Then, calculating u(t) = f � tB and u(t) = f 	 tB; respectively6, can beshown to be equivalent to solving@tu(x; t) = supy2B hy;ru(x; t)i; (1.58)@tu(x; t) = infy2B hy;ru(x; t)i: (1.59)6Henceforth, we frequently use the simpli�ed notation u(t) instead of u(:; t)



26 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSwith f as initial condition [11, 213].By choosing e.g. B := fy 2 IR2; jyj � 1g one obtains@tu = jruj; (1.60)@tu = �jruj: (1.61)The solution u(t) is the dilation (resp. erosion) of f with a disc of radius t andcentre 0 as structuring element.Connection to curve evolutionMorphological PDEs such as (1.60) or (1.61) are closely related to shape andcurve evolutions.7 To illustrate this, let us consider a smooth Jordan curve C :[0; 2�]� [0;1)! IR2, C(p; t) =  x1(p; t)x2(p; t) ! (1.62)where p is the parametrization and t is the evolution parameter. We assume thatC evolves in outer normal direction n with speed �, which may be a function ofits curvature � := det(Cp;Cpp)jCpj3 : @tC = �(�) � n; (1.63)C(p; 0) = C0(p): (1.64)One can embed the curve C(p; t) in an image u(x; t) in such a way that C isjust a level curve of u. The corresponding evolution for u is given by [188, 214, 15]@tu = �(curv(u)) � jruj: (1.65)where the curvature of u is curv(u) := div  rujruj! : (1.66)Sethian [226] calls (1.65) the Eulerian formulation of the curve evolution (1.63),because it is written in terms of a �xed coordinate system.We observe that (1.60) and (1.61) correspond to the simple cases � =�1:Hence, they describe the curve evolutions@tC = �n: (1.67)This equation moves level sets in normal direction with constant speed. Such aprocess is also named grass�re 
ow or prairie 
ow. It is closely related to theHuygens principle for wave propagation [22].7Besides this application, curve evolution approaches play an important role in numerousother image processing problems ranging from shape-from-shading to skeletons, see [43] for anoverview.



1.4 CLASSIC MORPHOLOGICAL PROCESSES 271.4.4 Theoretical resultsEquations such as (1.67) may develop singularities and intersections even forsmooth initial data. Hence, concepts of jump conditions, entropy solutions, andshocks have to be applied to this shape evolution [138].A suitable framework for the image evolution equation (1.65) is provided bythe theory of viscosity solutions [68]. The advantage of this analysis is that itallows us to treat shapes with singularities such as corners, where the classicalsolution concept does not apply, but a unique weak solution in the viscosity sensestill exists.It can be shown [62, 83, 68], that for an initial valuef 2 BUC(IR2) := f'2L1(IR2) j ' is uniformly continuous on IR2g (1.68)the equations (1.58),(1.59) possess a unique global viscosity solution u(x; t) whichful�ls the maximum{minimum principleinfIR2 f � u(x; t) � supIR2 f on IR2 � [0;1): (1.69)Moreover, it is L1-stable: for two di�erent initial images f , g the correspondingsolutions u(t), v(t) satisfyku(t)�v(t)kL1(IR2) � kf�gkL1(IR2): (1.70)1.4.5 Scale-space propertiesBrockett and Maragos [41] pointed out that the convexity of B is su�cient toensure the semigroup property of the corresponding dilations and erosions. Thisestablishes an important architectural scale-space property.Similar results have been found by van den Boomgaard and Smeulders [35, 36].Moreover, they conjecture a causality property where singularities play a similarrole as zero-crossings in the Gaussian scale-space.Jackway et al. [131, 132] prove a causality theorem for the dilation{erosionscale-space, which is also based on local extrema instead of zero-crossings. Theyestablish that under erosion the number of local minima is decreasing, whiledilation reduces the number of local maxima.A complete scale-space interpretation is due to Alvarez, Guichard, Lions andMorel [11]: They prove that under three architectural assumptions (semigroupproperty, locality and regularity), one smoothing axiom (monotony) and addi-tional invariance requirements (grey-level shift invariance, Euclidean invariance,morphological invariance), a two-dimensional scale-space equation has the follow-ing form: @tu = jruj F (t; curv(u)) (1.71)



28 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSClearly, dilation and erosion belong to the class (1.71), thus being good candi-dates for morphological scale-spaces. Indeed, in [11] it is shown that the converseis true as well: all axioms that lead to (1.71) are ful�lled.81.4.6 Numerical aspectsMorphological schemes for dilation or erosion which are based on curve evolutionturn out be be di�cult to handle: they require prohibitive small time steps,and su�er from the problem of coping with singularities and topological changes[188, 22, 213].For this reason it is useful to discretize the corresponding image evolutionequations. The PSC schemes 9 of Osher and Sethian [188] are based on the ideato derive numerical methods for such equations from techniques for hyperbolicconservation laws.To illustrate this with a simple example, let us restrict ourselves to the one-dimensional dilation equation @tu= j@xuj: A �rst-order upwind PSC scheme forthis process is given byun+1i � uni� = s�min�uni � uni�1h ; 0��2 + �max�uni+1 � unih ; 0��2; (1.72)where h is the pixel size, � is the time step size, and uni denotes a discreteapproximation of u(ih; n�):Such PDE-based morphological schemes possess two advantages over classicalset-theoretic schemes for dilation/erosion [22, 213]:(a) They give excellent results for non-digitally scalable structuring elementswhose shapes cannot be represented correctly on a discrete grid, for instancediscs or ellipses.(b) The time t plays the role of a continuous scale parameter. Therefore, thesize of a structuring element need not to be multiples of the pixel size, andit is possible to get results with sub-pixel accuracy.However, they reveal also two disadvantages:(a) They are slower than set-theoretic morphological schemes.(b) Dissipative e�ects such as blurring of discontinuities occur.To address the �rst problem, speed-up techniques for shape evolution have beenproposed [6], which use only points close to the curve at every time step. Blurringof discontinuities can be minimized by applying shock-capturing techniques suchas high-order ENO schemes [237, 234].8Euclidean invariance is only satis�ed for a disc centered in 0 as structuring element.9PSC means \propagation of surfaces under curvature".



1.5 CURVATURE-BASED MORPHOLOGICAL PROCESSES 291.5 Curvature-based morphological processesBesides providing a useful reinterpretation of classic continuous-scale morphol-ogy, the PDE approach has led to the discovery of new morphological operators.These processes are curvature-based, and { although they cannot be written inconservation form { they reveal interesting relations to di�usion processes. Twoimportant representatives of this class are curvature motion and the so-calledfundamental equation in image processing. In this subsection we shall discussthese PDEs, possible generalizations, numerical aspects, and applications.1.5.1 Mean-curvature �lteringIn order to motivate our �rst curvature-based morphological PDE, let us recallthat the linear di�usion equation (1.9) can be rewritten as@tu = @��u+ @��u; (1.73)where the gauge coordinates � and � point in the direction parallel and perpendic-ular to ru, respectively. The �rst term on the right-hand side of (1.73) describessmoothing along the 
owlines, while the second one smoothes along isophotes.When we want to smooth the image anisotropically along its isophotes, we canneglect the �rst term and end up with the problem@tu = @��u; (1.74)u(x; 0) = f(x): (1.75)By straightforward calculations one veri�es that (1.74) can also be written as@tu = u2x2ux1x1 � 2ux1ux2ux1x2 + u2x1ux2x2u2x1 + u2x2 (1.76)= �u� 1jruj2 hru;Hess(u)rui (1.77)= jruj curv(u): (1.78)Processes of this type are of importance for 
ame propagation and crystal growth,see [188] and the references therein. Since curv(u)=div � rujruj� is the curvatureof u (mean curvature for dimensions � 3), equation (1.78) is named (mean-)curvature motion (MCM). The corresponding curve evolution@tC(p; t) = �(p; t) � n(p; t) (1.79)shows that (1.74) propagates isophotes in inner normal direction with a velocitythat is given by their curvature �= det(Cp;Cpp)jCpj3 : It is called geometric heat equa-tion or Euclidean shortening 
ow. The subsequent discussions shall clarify thesenames.



30 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSIntrinsic heat 
owInterestingly, there exists a further connection between linear di�usion and mo-tion by curvature. Let v(p; t) denote the Euclidean arc-length of C(p; t); i.e.v(p; t) := pZ0 jC�(�; t)j d�; (1.80)where C� := @�C: The Euclidean arc-length is characterized by jCvj = 1: It isinvariant under Euclidean transformations, i.e. mappingsx ! Rx+ b (1.81)where R2 IR2�2 denotes a rotation matrix and b2 IR2 is a translation vector.Since it is well-known from di�erential geometry (see e.g. [50], p. 14) that�(p; t) � n(p; t) = @vvC(p; t); (1.82)we recognize that curvature motion can be regarded as Euclidean invariant dif-fusion of isophotes: @tC(p; t) = @vvC(p; t): (1.83)This geometric heat equation is intrinsic, as it is independent of the curve para-metrization. However, the reader should be aware of the fact that { although thisequation looks like a linear one-dimensional heat equation { it is in fact nonlinear,since the arc-length v is again a function of the curve.Theoretical resultsFor the evolution of a smooth curve under its curvature, it has been shown in [123,95, 110] that a smooth solution exists for some �nite time interval [0; T ). A convexcurve remains convex, a nonconvex one becomes convex and, for t!T; the curveshrinks to a circular point, i.e. a point with a circle as limiting shape. Moreover,since under all 
ows Ct=Cqq the Euclidean arc-length parametrization q(p) :=v(p) is the fastest way to shrink the Euclidean perimeter H jCpj dp; equation(1.83) is called Euclidean shortening 
ow [94]. The time for shrinking a circle ofradius � to a point is given by T = 12 �2: (1.84)In analogy to the dilation/erosion case it can be shown that, for an initial imagef 2BUC(IR2); equation (1.74) has a unique viscosity solution which is L1-stableand satis�es a maximum{minimum principle [11].



1.5 CURVATURE-BASED MORPHOLOGICAL PROCESSES 31Scale-space interpretationA shape scale-space interpretation for curve evolution under Euclidean heat 
owis studied by Kimia and Siddiqi [137]. It is based on results of Evans and Spruck[83]. They establish the semigroup property as architectural quality, and smooth-ing properties follow from the fact that the total curvature decreases. Moreover,the number of extrema and in
ection points of the curvature is nonincreasing.As an image evolution, MCM belongs to the class of morphological scale-spaces which satisfy the general axioms of Alvarez, Guichard, Lions and Morel[11], that we have mentioned in 1.4.5.When studying the evolution of isophotes under MCM, it can be shown that,if one isophote is enclosed by another, this ordering is preserved [83, 137]. Such ashape inclusion principle implies in connection with (1.84) that it takes the timeT = 12 �2 to remove all isophotes within a circle of radius �. This shows that therelation between temporal and spatial scale for MCM is the same as for lineardi�usion �ltering (cf. (1.14)).Moreover, two level sets cannot move closer to one another than they wereinitially [83, 137]. Hence, contrast cannot be enhanced. This property is charac-teristic for all scale-spaces of the Alvarez{Guichard{Lions{Morel axiomatic anddistinguishes them from nonlinear di�usion �lters.1.5.2 A�ne invariant �lteringMotivationAlthough Euclidean invariant smoothing methods are su�cient in many applica-tions, there exist certain problems which also require invariance with respect toa�ne transformations. A (full) a�ne transformation is a mappingx ! Ax + b (1.85)where b 2 IR2 denotes a translation vector and the matrix A 2 IR2�2 is invertible.A�ne transformations arise as shape distortions of planar objects when beingobserved from a large distance under di�erent angles.A�ne invariant intrinsic di�usionIn analogy to the Euclidean invariant heat 
ow, Sapiro and Tannenbaum [214,215] constructed an a�ne invariant 
ow by replacing the Euclidean arc-lengthv(p; t) in (1.83) by an \arc-length" s(p; t) that is invariant with respect toa�ne transformations with det(A) = 1 (and relative invariant to full a�netransformations).



32 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSSuch an a�ne arc-length was proposed by Blaschke [33, pp. 12{15] in 1923.It is characterized by det(Cs; Css)=1; and it can be calculated ass(p; t) := pZ0 �det �C�(�; t); C��(�; t)�� 13 d�: (1.86)By virtue of @ssC(p; t) = ��(p; t)� 13 � n(p; t) (1.87)we obtain the a�ne invariant heat 
ow@tC(p; t) = ��(p; t)� 13 � n(p; t); (1.88)C(p; 0) = C0(p): (1.89)A�ne invariant image evolutionWhen regarding the curve C(p; t) as a level-line of an image u(x; t); we end upwith the evolution equation@tu = jruj �curv(u)�13 (1.90)= �u2x2ux1x1 � 2ux1ux2ux1x2 + u2x1ux2x2� 13 (1.91)= jruj 23 u 13��; (1.92)where � is the direction perpendicular to ru.Besides the name a�ne invariant heat 
ow, this equation is also called a�neshortening 
ow, a�ne morphological scale-space (AMSS), and fundamental equa-tion in image processing.This image evolution equation has been discovered independently and simul-taneously to the curve evolution approach of Sapiro and Tannenbaum by Alvarez,Guichard, Lions and Morel [9, 11] via an axiomatic scale-space approach. Afterhaving mentioned some theoretical results, we shall brie
y sketch this reasoningbelow.Theoretical resultsThe curve evolution properties of a�ne invariant heat 
ow can be shown to bethe same as in the Euclidean invariant case, with three exceptions [215]:(a) Closed curves shrink to points with an ellipse as limiting shape (ellipticalpoints).



1.5 CURVATURE-BASED MORPHOLOGICAL PROCESSES 33(b) The name a�ne shortening 
ow re
ects the fact that, under all 
ows Ct=Cqq; the a�ne arc-length parametrization q(p) := s(p) is the fastest wayto shrink the a�ne perimeterL(t) := I � det �Cp(p; t); Cpp(p; t)�� 13 dp: (1.93)(c) The time for shrinking a circle of radius � to a point isT = 34 � 43 : (1.94)For the image evolution equation (1.90) we have the same results as for MCMand dilation/erosion concerning well-posedness of a viscosity solution which sat-is�es a maximum{minimum principle [11].Scale-space propertiesAlvarez, Guichard, Lions and Morel [9, 11] proved that (1.90) is unique (upto temporal rescalings) when imposing on the scale-space axioms for (1.71) anadditional a�ne invariance axiom:For every invertible A 2 IR2�2 and for all t � 0; there exists arescaled time t0(t; A)�0; such thatTt(Af) = A(Tt0f) 8 f 2 BUC(IR2): (1.95)For this reason they call the AMSS equation also fundamental equation inimage analysis. Simpli�cations of this axiomatic and related axioms for shapescale-spaces can be found in [15, 16].The scale-space reasoning of Sapiro and Tannenbaum investigates propertiesof the curve evolution, see [214] and the references therein. Based on results of[139, 21] they point out that the Euclidean absolute curvature decreases as wellas the number of extrema and in
ection points of curvature. Moreover, a shapeinclusion principle holds.1.5.3 GeneralizationsIn order to analyse planar shapes in a way that does not depend on their loca-tion in IR3, one requires a multiscale analysis which is invariant under a generalprojective mapping(x1; x2)> ! �a11x1 + a21x2 + a31a13x1 + a23x2 + a33 ; a12x1 + a22x2 + a32a13x1 + a23x2 + a33�> (1.96)



34 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSwith A=(aij)2 IR3�3 and detA=1: Research in this direction has been carriedout by Faugeras [84, 85], Bruckstein and Shaked [45], Olver et al. [184, 185],and Dibos [72]. It turns out that intrinsic heat-equation-like formulations for theprojective group are more complicated than the Euclidean and a�ne invariantones, and that there is some evidence that they do not reveal the same smoothingscale-space properties [184, 185]. A general study of intrinsic heat 
ows which areinvariant under subgroups of the projective group can be found in [184, 185].The Euclidean and a�ne invariant curve evolution may also be modi�ed inorder to obtain area- or length-preserving equations [94, 216, 219]. By adoptinga Nordstr�om-like modi�cation (cf. (1.45)) to curve evolution under Euclideanshortening 
ow, one can avoid the drawback that corners get rounded and curvesshrink to points [87]. Since these methods work well for curve evolution, it wouldbe interesting to study whether they are practicable and useful for the evolutionof images.Generalizations of MCM or AMMS for 3D images are investigated in [54, 175,185]. The crucial problem in this case is to combine the principal curvatures insuch a way that the resulting process simpli�es arbitrary surfaces by deformingthem (e.g. into spheres) without creating singularities.A�ne scale-space axiomatics for image sequences (movies) have been estab-lished in [10, 11, 169], while generalizations of the Alvarez{Guichard{Lions{Morelaxiomatic to scale-spaces for colour images are a topic of current research [59].1.5.4 Numerical aspectsDue to the equivalence between curve evolution and morphological image pro-cessing PDEs, we have two main classes of numerical methods: curve or shapeevolution methods, and approximation methods for the Eulerian formulation. Acomparison of di�erent methods of both classes can be found in [64].When applying curve or shape evolution schemes to images, one separates theimage into a (�nite) number of level curves and evolves each curve separately.Afterwards, the results have to be superimposed to obtain the evolved image.Curve evolution schemes are investigated by Mokhtarian andMackworth [170],Bruckstein et al. [44], and Cohignac et al. [64]. In [44] discrete analogues ofMCM and AMSS for the evolution of planar polygons are introduced. In com-plete analogy to the behaviour of the continuous equations, convergence to poly-gones, whose corners belong to circles and ellipses, respectively, is established.Convergent set-theoretic morphological schemes for MCM and AMSS have beenproposed by Catt�e et al. [57, 56].Although curve evolution schemes have an excellent behaviour with respect tomorphological invariance (and a�ne invariance in the case of AMSS), they havemainly been used for the evolution of a single curve. Their application to images



1.5 CURVATURE-BASED MORPHOLOGICAL PROCESSES 35is less e�cient because of the high computational cost to treat each level curveseparately [15].This high e�ort for evolving images can be circumvented by approximatingdirectly the image evolution equations.Most discretizations of morphological image evolution PDEs are based on thePSC schemes of Osher and Sethian [188]. In the case of MCM or AMSS, this leadsto an explicit �nite di�erence method which approximates the spatial derivativesby central di�erences. Such a scheme is used by Sapiro and Tannenbaum [214],while Cohignac et al. [64], and Alvarez and Morales [14] modify the approxima-tion of the spatial derivatives in order to get better rotational invariance andstability properties. Niessen et al. [177, 178] approximate the spatial derivativesby Gaussian derivatives which are calculated in the Fourier domain.Concerning stability one observes that the explicit PSC-like approaches do notpreserve a discrete maximum{minimum principle and require small time steps tobe experimentally stable. For the AMSS an additional constraint appears: thebehaviour of this equation is highly nonlocal, since the a�ne invariance impliesthat circles are equivalent to ellipses of any arbitrary eccentricity. If one wantsto have a good numerical approximation of a�ne invariance one has to decreasethe time step size signi�cantly below the step size of experimental stability [15].One way to achieve unconditional L1-stability for MCM is to replace u�� bya linear combination of �xed smoothing directions and to apply a semi-implicit�nite di�erence scheme (cf. [64, 12]). However, such approximations renounceconsistency with the original equation as well as rotational invariance (roundshapes evolve into polygonal structures).1.5.5 ApplicationsThe special invariances of AMSS are useful for shape recognition tasks [11, 86], forcorner detection [14], and for texture discrimination [158, 15]. MCM and AMSShave also been applied to denoising [177, 178] and blob detection [100] in medicalimages.If one aims to use these equations for image restoration one usually modi�esthem by multiplying them with a term that reduces smoothing at edges withlarge gradients [12, 217, 218]. Another modi�cation results from omitting thefactor jruj in the mean curvature motion (1.78), see e.g. [81, 82]. This corre-sponds to nonlinear di�usion �lters and a restoration method by total variationminimization [207] which we shall describe in 1.6.2. Related models to MCM alsoappear in the context of active contour models [52, 161, 160, 162, 259, 53, 55].For image restoration tasks, MCM or AMSS are frequently combined with otherprocesses such as linear di�usion [12], shock �ltering ([13], cf. 1.6.1) or globalPDEs for histogramme enhancement [212].



36 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSAll these preceding modi�cations are at the expense of renouncing the mor-phological invariance of the genuine operators (and also a�ne invariance in thecase of [217, 218], unless an \a�ne invariant gradient" is used). If one wants toremain within the morphological framework one can combine di�erent morpho-logical processes, for instance MCM and dilation/erosion. This so-called entropyscale-space is useful for analysing components of shape [138, 140, 233, 238, 269].It is interesting to note that in 1965 Gabor (the inventor of optical holographyand the so-called Gabor functions) proposed a deblurring algorithm based onsolving MCM backwards in time [93, 154], a long-time forgotten method.1.6 Total variation methodsInspired by observations from 
uid dynamics where the total variation (TV)TV (u) := Z
 jruj dx (1.97)plays an important role for shock calculations, one may ask if it is possible to applyrelated ideas to image processing. This would be useful to restore discontinuitiessuch as edges.Below we shall focus on two important TV-based image restoration techniqueswhich have been pioneered by Osher and Rudin: TV-preserving methods andtechniques which are TV-minimizing subject to certain constraints.101.6.1 TV-preserving methodsIn 1990, Osher and Rudin have proposed to restore blurred images by shock �l-tering [186]. These �lters calculate the restored image as the steady-state solutionof the problem @tu = �jruj F (L(u)); (1.98)u(x; 0) = f(x): (1.99)Here, sgn(F (u))= sgn(u); and L(u) is a second-order elliptic operator whosezero-crossings correspond to edges, e.g. the Laplacian L(u)=�u or the second-order directional derivative L(u)=u�� with � kru:By means of our knowledge from morphological processes, we recognize thatthis �lter aims to produce a 
ow �eld that is directed from the interior of a region10Another image enhancement method that is close in spirit is due to Eidelman, Grossmannand Friedman [80]. It maps the image grey values to gas dynamical parameters and solves thecompressible Euler equations using shock-capturing total variation diminishing (TVD) tech-niques based on Godunov's method.



1.6 TOTAL VARIATION METHODS 37towards its edges where it develops shocks. Thus, the goal is to obtain a piecewiseconstant steady-state solution with discontinuities only at the edges of the initialimage.It has been shown that a one-dimensional version of this �lter preserves thetotal variation and satis�es a maximum{minimum principle, both in the continu-ous and discrete case. For the two-dimensional case not many theoretical resultsare available except for a discrete maximum{minimum principle.Another TV-preserving deblurring method of Osher and Rudin solves thelinear di�usion equation backwards in time under the constraint that the totalvariation remains constant [187].From a practical point of view, TV-preserving methods su�er from the prob-lem that 
uctuations due to noise do also create shocks. For this reason, Alvarezand Mazorra [13] replace the operator L(u) = u�� in (1.98) by a regularizedversion L(K��u)=K��u�� and supplement the resulting equation with a noise-eliminating mean-curvature process. They prove that their semi-implicit �nite-di�erence scheme has a unique solution which satis�es a maximum{minimumprinciple.1.6.2 TV-minimizing methodsTotal variation is good for quantifying the simplicity of an image since it measuresoscillations without unduly punishing discontinuities. For this reason, blocky im-ages (consisting only of a few almost piecewise constant segments) reveal verysmall total variation.In order to recover noisy blocky images, Rudin, Osher and Fatemi [207] haveproposed to minimize the total variation under constraints which re
ect assump-tions about noise.11To �x ideas, let us study an example. Given an image f with additive noiseof zero mean and known variance �2, we seek a restoration u satisfyingminu Z
 jruj dx (1.100)subject to 12 Z
 (u�f)2 dx = �2; (1.101)Z
 u dx = Z
 f dx: (1.102)11Related ideas have also been developed by Geman and Reynolds [97].



38 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSIn order to solve this constraint variational problem, PDE methods can beapplied: A solution of (1.100){(1.102) veri�es necessarily the Euler equationdiv  rujruj!� �� �(u�f) = 0 (1.103)with homogeneous Neumann boundary conditions. The (unknown) Lagrange mul-tipliers � and � have to be determined in such a way that the constraints areful�lled. Interestingly, (1.103) looks similar to the steady state equation of thedi�usion{reaction processes of Nordstr�om [182, 183] and Schn�orr [220], but { incontrast to TV approaches { these methods are not intended to satisfy the noiseconstraint exactly [208]. Moreover, the divergence term in (1.103) is identical withthe curvature, which relates this technique to MCM.In [207] a gradient descent method is proposed to solve (1.103). It uses anexplicit �nite di�erence scheme with central and one-sided spatial di�erences andadapts the Lagrange multiplier by means of the gradient projection method ofRosen. General existence and uniqueness results for constrained nonlinear PDEshave been obtained by Lions et al. [156].Besides their PDE interpretation, TV-minimizing image processing methodshave gained much interest within the optimization community [1, 60, 61, 73, 75,129, 130, 147, 242]. To overcome the problem that the total variation integralcontains the nondi�erentiable argument jruj; one applies regularization strate-gies or techniques from nonsmooth optimization. Much research is done in orderto �nd e�cient numerical methods for which convergence can be established.The constrained TV-minimization idea can also be adapted to other con-straints such as blur, noise with blur, or other types of noise [156, 206, 208, 74,147, 243]. Lions et al. [156] and Dobson and Santosa [73] have shown the exis-tence of a BV(
)-solution for problems of this type, whereas uniqueness seemsto be doubtful [73]. Moreover, one can minimize the L1(
)-norm of higher than�rst-order derivatives [206].Total variation methods have been applied to restoring images of militaryrelevance [207, 208, 156, 147, 243], to improving material from criminal and civilinvestigations as court evidence [206], and to enhancing pictures from confocalmicroscopy [242] and electrical impedance tomography [73].1.7 Conclusions and scope of the thesisNow that we have acquired a survey on the main ideas behind PDEs in imageprocessing, we are in a position to draw consequences for the objectives of thepresent work.



1.6 TOTAL VARIATION METHODS 39We have seen that both linear di�usion and morphological scale-spaces re-veal well-posedness results and can be very well axiomatically justi�ed. On theother hand, for some applications, they possess the undesirable property thatthey do not permit contrast enhancement and that they may blur and delocalizestructures.Pure restoration methods such as di�usion{reaction equations or TV-basedtechniques do allow contrast enhancement and lead to stable structures but su�erfrom theoretical or practical problems, for instance well-posedness questions orthe search for e�cient minimizers of nonconvex or nondi�erentiable functionals.Moreover, most image-enhancing PDE methods focus on edge detection and seg-mentation problems. Other interesting image restoration topics have found lessattention.For both scale-space and restoration methods many questions concerning theirdiscrete realizations are still open: discrete scale-space results are frequently miss-ing, minimization algorithms may get trapped in a poor local minimum, or theuse of explicit schemes causes restrictive step size limitations.Nonlinear di�usion �ltering seems to combine many of the abovementionedshortcomings: Neither stability results nor a satisfactory continuous, semidiscreteor discrete scale-space interpretation are available. Edge-enhancing di�usivitieso�er a lot of opportunities to run into trouble, and explicit algorithms are typi-cally applied to edge detection and segmentation tasks.The goal of the present work is to convince the reader that this impressionshould be revised:We shall see that anisotropic nonlinear di�usion processes share most ad-vantages of the scale-space and the image enhancement world. A scale-spaceinterpretation is presented which does not exclude contrast enhancement, andwell-posedness results are established. Both scale-space and well-posedness prop-erties carry over from the continuous to the semidiscrete and discrete setting. Thelatter one comprises also (semi-)implicit techniques for which unconditional sta-bility in the L1-norm is proved. Finally, it is demonstrated that everything can beconsidered within a general framework which includes linear and isotropic nonlin-ear di�usion �lters. Anisotropic models are presented which permit applicationsbeyond segmentation and edge enhancement tasks, for instance enhancement ofcoherent 
ow-like structures in textures.This thesis is organized as follows:Chapter 2 presents a general model for the continuous setting where the dif-fusion tensor depends on the structure tensor, a generalization of the Gaussian-smoothed gradient allowing a more sophisticated description of local image struc-ture. For this model class we discuss existence, uniqueness, stability, and an



40 CHAPTER 1. PARTIAL DIFFERENTIAL EQUATIONSextremum principle. Scale-space properties are investigated with respect to in-variances and information-reducing qualities resulting from associated Lyapunovfunctionals.Chapter 3 establishes conditions under which comparable well-posedness andscale-space results can be proved for the semidiscrete framework. This case is ofspecial interest since it involves the spatial discretization which is characteristicfor digital images but it keeps the scale-space idea of using a continuous scaleparameter. It leads to nonlinear systems of ordinary di�erential equations. Weshall investigate under which conditions it is possible to get consistent approxima-tions of the continuous anisotropic �lter class which satisfy the abovementionedrequirements.In practice, however, scale-spaces are always approximated with a �nite num-ber of scales. This corresponds to the fully discrete case which is treated inChapter 4. The investigated discrete �lter class comes down to solving linearsystems of equations which may arise from semi-implicit time discretizations ofthe semidiscrete �lters. We shall see that many numerical schemes share typicalfeatures with their semidiscrete counterparts, for instance well-posedness results,extremum principles, Lyapunov functionals, and convergence to a constant steadystate.In Chapter 5 speci�c models are proposed which are tailored towards two ob-jectives: smoothing with edge enhancement or multiscale enhancement of coher-ent structures. Their qualities are illustrated using images arising from computeraided quality control and medical applications, but also �ngerprint images andimpressionistic paintings shall be processed. The results are compared to relatedmethods.Finally, Chapter 6 concludes the thesis by giving a summary of the mathe-matical results and their relevance for image processing.



Chapter 2Continuous di�usion �lteringThis chapter presents a general continuous model for anisotropic di�usion �lters,analyses its theoretical properties and gives a scale-space interpretation. To thisend, we adapt the di�usion process to the structure tensor, a well-known toolfor analysing local orientation. Under fairly weak assumptions on the class of �l-ters, it is possible to establish well-posedness and regularity results and to provea maximum{minimum principle. Since the proof does not require any monotonyassumption it applies also to contrast-enhancing di�usion processes. After sketch-ing invariances of the resulting scale-space, we focus on analysing its smoothingproperties. We shall see that, besides the extremum principle, a large class ofassociated Lyapunov functionals plays an important role in this context [249].2.1 Basic �lter structureLet us consider a rectangular image domain 
 := (0; a1)� (0; a2) with boundary� := @
 and let an image be represented by a mapping f 2 L1(
). The classof anisotropic di�usion �lters we are concerned with is represented by the initialboundary value problem@tu = div (D ru) on 
� (0;1); (2.1)u(x; 0) = f(x) on 
; (2.2)hDru; ni = 0 on �� (0;1): (2.3)Hereby, n denotes the outer normal and h:; :i the Euclidean scalar product on IR2.In order to adapt the di�usion tensor D 2 IR2�2 to the local image structure, onewould usually let it depend on the edge estimator ru� (cf. 1.2.3), whereu�(x; t) := (K� � ~u(:; t)) (x) (� > 0) (2.4)and ~u denotes an extension of u from 
 to IR2, which may be obtained by mir-roring at � (cf. [58]). 41



42 CHAPTER 2. CONTINUOUS DIFFUSION FILTERINGHowever, we shall choose a more general structure descriptor which comprisesthe edge detector ru�, but also allows to extract more information. This will bepresented next.2.2 The structure tensorIn order to identify features such as corners or to measure local coherence ofstructures, we need methods which take into account how the (smoothed) gradientchanges within the vicinity of any investigated point.The structure tensor (also called scatter matrix or (windowed second) momenttensor) is an important representative of this class. Matrices of this type are usefulfor analysing 
ow-like textures [203, 204, 25], corners and T-junctions [181, 179],shape cues [151, pp. 349{382] and spatio{temporal image sequences [133, pp.147{153]. Related approaches may also be found in [135, 30, 31]. Let us focus onsome aspects which are of importance in our case.To this end, we reconsider the vector-valued structure descriptor ru� withina matrix framework. The matrix J0 resulting from the tensor productJ0(ru�) := ru� 
ru� := ru�ruT� (2.5)has an orthonormal basis of eigenvectors v1, v2 with v1 k ru� and v2 ? ru�.The corresponding eigenvalues jru�j2 and 0 give just the contrast (the squaredgradient) in the eigendirections. By convolving J0(ru�) componentwise with aGaussian K� we obtain the structure tensorJ�(ru�) := K� � (ru� 
ru�) (� � 0): (2.6)It is not hard to verify that the symmetric matrix J�=� j11j12 j12j22� is positive semidef-inite and possesses orthonormal eigenvectors v1, v2 withv1 k 0@ 2j12j22 � j11 +q(j11�j22)2 + 4j212 1A : (2.7)The corresponding eigenvalues �1 and �2 are given by�1;2 = 12 �j11+j22 �q(j11�j22)2 + 4j212� ; (2.8)where the + sign belongs to �1. As they integrate the variation of the greyvalues within a neighbourhood of size O(�), they describe the average contrast inthe eigendirections. Thus, the integration scale � should re
ect the characteristicwindow size over which the orientation is to be analysed. Presmoothing in order to



2.3. THEORETICAL RESULTS 43obtain ru� makes the structure tensor insensitive to noise and irrelevant detailsof scales smaller than O(�). The parameter � is called local scale.By virtue of �1 � �2 � 0; we observe that v1 is the orientation with thehighest grey value 
uctuations, and v2 gives the preferred local orientation, thecoherence direction. Furthermore, �1 and �2 can be used as descriptors of localstructure: Constant areas are characterized by �1 = �2 = 0; straight edges give�1 � �2 = 0; corners reveal �1 � �2 � 0; and the expression(�1 � �2)2 = (j11�j22)2 + 4j212 (2.9)becomes large for anisotropic structures. It is a measure of the local coherence.2.3 Theoretical resultsIn order to discuss well-posedness results, let us �rst recall some useful notations.Let H1(
) be the Sobolev space of functions u(x) 2 L2(
) with all distributionalderivatives of �rst order being in L2(
). We equip H1(
) with the normkukH1(
) :=  kuk2L2(
) + 2Xi=1 k@xiuk2L2(
)!1=2 (2.10)and identify it with its dual space. Let L2(0; T ; H1(
)) be the space of functionsu, strongly measurable on [0; T ] with range in H1(
) (for the Lebesgue measuredt on [0; T ]) such thatkukL2(0;T ;H1(
)) := 0@ TZ0 ku(t)k2H1(
) dt1A1=2 < 1: (2.11)In a similar way, C([0; T ]; L2(
)) is de�ned as the space of continuous functionsu : [0; T ]! L2(
) supplemented with the normkukC([0;T ];L2(
)) := max[0;T ] ku(t)kL2(
): (2.12)As usual, we denote by Cp(X; Y ) the set of Cp-mappings from X to Y .Let us now give a precise formulation of the problem we are concerned with.We need the following prerequisites:



44 CHAPTER 2. CONTINUOUS DIFFUSION FILTERINGAssume that f 2L1(
), ��0; and �; T >0:Let a :=ess inf
 f; b := ess sup
 f; and consider the problem@tu = div (D(J�(ru�)) ru) on 
� (0; T ];u(x; 0) = f(x) on 
;hD(J�(ru�))ru; ni = 0 on �� (0; T ];where the di�usion tensor D = (dij) satis�es the followingproperties:(C1) Smoothness:D 2 C1(IR2�2; IR2�2).(C2) Symmetry:d12(J)=d21(J) for all symmetric matrices J 2 IR2�2.(C3) Uniform positive de�niteness:For all w2L1(
; IR2) with jw(x)j � K on �
, thereexists a positive lower bound �(K) for the eigenvaluesof D(J�(w)).

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;
(Pc)

Under these assumptions the following theorem, which generalizes and extendsresults from [58, 249], can be proved.Theorem 1 (Well-posedness,1 regularity, extremum principle)The problem (Pc) has a unique solution u(x; t) in the distributional sense whichsatis�es u 2 C([0; T ]; L2(
)) \ L2(0; T ; H1(
)); (2.13)@tu 2 L2(0; T ; H1(
)): (2.14)Moreover, u 2 C1(�
� (0; T ]): This solution depends continuously on f withrespect to k : kL2(
); and it ful�ls the extremum principlea � u(x; t) � b on 
� (0; T ]: (2.15)1For a complete well-posedness proof one also has to establish stability with respect toperturbations of the di�usion equation. This problem will not be addressed here.



2.3. THEORETICAL RESULTS 45Proof:(a) Existence, uniqueness and regularityExistence, uniqueness and regularity are straightforward anisotropic exten-sions of the proof for the isotropic case studied by Catt�e, Lions, Morel andColl [58]. Therefore, we just sketch the basic ideas of this proof.Existence can be proved using Schauder's �xed point theorem. One con-siders the solution U(w) of a distributional linear version of (Pc) where Ddepends on some function w instead of u. Then one shows that U is a weaklycontinuous mapping from a nonempty, convex and weakly compact subsetW0 of W (0; T ) := nw 2 L2(0; T ; H1(
)); dwdt 2 L2(0; T ; H1(
))o into itself.Since W (0; T ) is contained in L2(0; T ; L2(
)), with compact inclusion, Ureveals a �xed point u 2 W0, i.e. u = U(u).Smoothness follows from classical bootstrap arguments and the general the-ory of parabolic equations [144]. Since u(t) 2 H1(
) for all t > 0, one de-duces that u(t) 2 H2(
) for all t > 0. By iterating, one can establish thatu is a strong solution of (Pc) and u 2 C1((0; T ]� �
).The basic idea of the uniqueness proof consists of using energy estimates forthe di�erence of two solutions, such that the Gronwall{Bellman inequalitycan be applied. Then, uniqueness follows from the fact that both solutionsstart with the same initial values.Finally an iterative linear scheme is investigated, whose solution is shownto converge in C([0; T ]; L2(
)) to the strong solution of (Pc).(b) Extremum principleIn order to prove a maximum{minimum principle, we utilize Stampacchia'struncation method (cf. [40], p. 211).We restrict ourselves to proving only the maximum principle. The minimumprinciple follows from the maximum principle when being applied to theinitial datum �f .Let G 2 C1(IR) be a function with G(s) = 0 on (�1; 0] and 0 < G0(s) � Con (0;1) for some constant C. Now, we de�neH(s) := sZ0 G(�) d�; s 2 IR;'(t) := Z
 H(u(x; t)� b) dx; t 2 [0; T ]:By the Cauchy{Schwarz inequality, we haveZ
 jG(u(x; t)�b) @tu(x; t)j dx � C � ku(t)�bkL2(
) � k@tu(t)kL2(
)



46 CHAPTER 2. CONTINUOUS DIFFUSION FILTERINGand by virtue of (2.13), (2.14) we know that the right-hand side of thisestimate exists. Therefore, ' is di�erentiable for t > 0, and we getd'dt = Z
 G(u�b) @tu dx= Z
 G(u�b) div (D(J�(ru�))ru) dx= Z� G(u�b) hD(J�(ru�))ru; ni| {z }=0 dS� Z
 G0(u�b)| {z }�0 hru;D(J�(ru�))rui| {z }�0 dx� 0: (2.16)By means of H(s) � C2 s2, we have0 � '(t) � Z
 H(u(x; t)�f(x)) dx � C2 ku(t)�fk2L2(
): (2.17)Since u 2 C([0; T ]; L2(
)), the right-hand side of (2.17) tends to 0 = '(0)for t! 0+ which proves the continuity of '(t) in 0. Now from' 2 C[0; T ]; '(0) = 0; ' � 0 on [0; T ]and (2.16), it follows that ' � 0 on [0; T ]:Hence, for all t 2 [0; T ], we obtain u(x; t)� b � 0 almost everywhere (a.e.)on 
. Due to the smoothness of u for t > 0, we �nally end up with theassertion u(x; t) � b on �
� (0; T ]:(c) Continuous dependence on the initial imageLet f; h 2 L1(
) be two initial values and u, w the corresponding solutions.In the same way as in the uniqueness proof in [58], one shows that thereexists some constant c > 0 such thatddt �ku(t)�w(t)k2L2(
)� � c � kru(t)k2L2(
) � ku(t)�w(t)k2L2(
):Applying the Gronwall{Bellman lemma [39, pp. 156{137] yieldsku(t)�w(t)k2L2(
) � kf�hk2L2(
) � exp0@c � tZ0 kru(s)k2L2(
) ds1A :



2.3. THEORETICAL RESULTS 47By means of the extremum principle we know that u is bounded on �
�[0; T ].Thus, ru� is also bounded, and prerequisite (ii) implies that there existssome constant � = �(�; kfkL1(
)) > 0, such thattZ0 kru(s)k2L2(
) ds� TZ0 kru(s)k2L2(
) ds� 1� TZ0 ������Z
 hru(x; s); D(J�(ru�(x; s)))ru(x; s)i dx������ ds= 1� TZ0 ������Z
 u(x; s) � div �D(J�(ru�(x; s)))ru(x; s)�dx������ ds� 1� TZ0 ku(s)kL2(
) k@tu(s)kL2(
) ds� 1� kukL2(0;T ;H1(
)) k@tukL2(0;T ;H1(
)):By virtue of (2.13), (2.14), we know that the right-hand of this estimateexists. Now, let � > 0 and choose� := � � exp��c2� kukL2(0;T ;H1(
) k@tukL2(0;T ;H1(
))� :Then for kf�hkL2(
) < �, the preceding results implyku(t)�w(t)kL2(
) < � 8 t 2 [0; T ];which proves the continuous dependence on the initial data. 2Remarks:(a) We observe a strong smoothing e�ect which is characteristic for di�usionprocesses: under fairly weak assumptions on the initial image (f 2 L1(
))we obtain an in�nitely often di�erentiable solution for arbitrary small pos-itive times. More restrictive requirements { for instance f 2 BUC(IR2) inorder to apply the theory of viscosity solutions { are not necessary in ourcase.(b) Moreover, our proof does not require any monotony assumption. This hasthe advantage that contrast-enhancing processes are permitted as well.Chapter 5 will illustrate this by providing examples where contrast is en-hanced.



48 CHAPTER 2. CONTINUOUS DIFFUSION FILTERING(c) The continuous dependence of the solution on the initial image has signif-icant practical impact as it ensures stability with respect to perturbationsof the original image. This is of importance when considering stereo imagepairs, spatio-temporal image sequences or slices from medical CT or MRTsequences, since we know that similar images remain similar after �ltering.2(d) The extremum principle o�ers the practical advantage that, if we startfor instance with an image within the range [0; 255], we will never obtainresults with grey value such as 257. It is also closely related to smoothingscale-space properties, as we shall see in 2.4.2.(e) The well-posedness results are essentially based on the fact that the regu-larization by convolution with a Gaussian allows to estimate kru�kL1(
) bykukL1(
). This property is responsible for the uniform positive de�nitenessof the di�usion tensor.2.4 Scale-space propertiesLet us now investigate scale-space properties of the class (Pc) and juxtapose theresults to other scale-spaces. To this end, we shall not focus on further investi-gations of architectural requirements like recursivity, regularity and locality, asthese qualities do not distinguish nonlinear di�usion scale-spaces from other ones.We start with brie
y discussing invariances. Afterwards, we turn to a more cru-cial task, namely the question in which sense our evolution equation { which mayallow contrast enhancement { can still be considered as a smoothing, information-reducing image transformation.2.4.1 InvariancesLet u(x; t) be the unique solution of (Pc) and de�ne the scale-space operator Ttby Ttf := u(t); t � 0; (2.18)where u(t) := u(:; t).The properties we discuss now illustrate that an invariance of Tt with respect tosome image transformation P is characterized by the fact that Tt and P commute.Much of the terminology used below is borrowed from [11].2This does not contradict contrast enhancement: In the case of two similar images, where oneleads to contrast enhancement and the other not, the regularization damps the enhancementprocess in such a way that both images do not di�er much after �ltering.



2.4. SCALE-SPACE PROPERTIES 49Grey level shift invarianceSince the di�usion tensor is only a function of J�(ru�), but not of u, we may shiftthe grey level range by an arbitrary constant C, and the �ltered images will alsobe shifted by the same constant. Moreover, a constant function is not a�ected bydi�usion �ltering. Therefore, we haveTt(0) = 0; (2.19)Tt(f + C) = Tt(f) + C 8 t � 0: (2.20)Reverse contrast invarianceFrom D(J�(�ru�)) = D(J�(ru�)), it follows thatTt(�f) = �Tt(f) 8 t � 0: (2.21)This property is not ful�lled by classical morphogical scale-space equations likedilation and erosion. When reversing the contrast, the role of dilation and erosionhas to be exchanged as well.Average grey level invarianceAverage grey level invariance is a further property in which di�usion scale-spacesdi�er from morphological scale-spaces. In general, the evolution PDEs of thelatter ones are not of divergence form and do not preserve the mean grey value.Proposition 1 (Conservation of average grey value).The average grey level � := 1j
j Z
 f(x) dx (2.22)is not a�ected by nonlinear di�usion �ltering:1j
j Z
 Ttf dx = � 8 t > 0: (2.23)Proof:De�ne I(t) := R
 u(x; t) dx for all t � 0. Then the Cauchy{Schwarz inequalityimplies jI(t)�I(0)j = ������Z
 �u(x; t)�f(x)� dx������ � j
j1=2 ku(t)�fkL2(
):



50 CHAPTER 2. CONTINUOUS DIFFUSION FILTERINGSince u 2 C([0; T ]; L2(
)), the preceding inequality gives the continuity of I(t) in0.For t > 0, Theorem 1, the divergence theorem and the boundary conditions yielddIdt = Z
 @tu dx = Z� hD(J�(ru�))ru; ni dS = 0:Hence, I(t) must be constant for all t � 0. 2Average grey level invariance may be described by commuting operators, whenintroducing an averaging operator M : L1(
) ! L1(
) which maps f to a con-stant image with the same mean grey level:(Mf)(y) := 1j
j Z
 f(x) dx 8 y 2 
: (2.24)Then Proposition 1 and grey level shift invariance imply that the order ofM andTt is exchangable: M(Ttf) = Tt(Mf) 8 t � 0: (2.25)When studying di�usion �ltering as a pure initial value problem in the domainIR2, it also makes sense to investigate Euclidean transformations of an image. Thisleads us to translation and isometry invariance.Translation invarianceDe�ne a translation �h by (�hf)(x) := f(x + h). Then di�usion �ltering ful�lsTt(�hf) = �h(Ttf) 8 t � 0: (2.26)This is a consequence of the fact that the di�usion tensor depends on J�(ru�)solely, but not explicitly on x.Isometry invarianceLet R 2 IR2�2 be an orthogonal transformation. If we apply R to f by de�ningRf(x) := f(Rx), then the eigenvalues of the di�usion tensor are unaltered andany eigenvector v is transformed into Rv. Thus, it makes no di�erence whetherthe orthogonal transformation is applied before or after di�usion �ltering:Tt(Rf) = R(Ttf) 8 t � 0: (2.27)



2.4. SCALE-SPACE PROPERTIES 512.4.2 Information-reducing propertiesNonenhancement of local extremaMany smoothing scale-space properties are closely related to extremum principles:Hummel [124] for instance shows that, under certain conditions, the maximumprinciple for parabolic operators is equivalent to the property that the corre-sponding scale-space never creates additional level-crossings for t > 0. Anotherimportant smoothing axiom is the requirement that local extrema must not beampli�ed when increasing the scale parameter. This condition has �rst been usedby Lindeberg [150] in the context of linear di�usion �ltering. However, it is alsosatis�ed by nonlinear di�usion scale-spaces, as we shall see now.3Theorem 2 (Nonenhancement of local extrema).Let u be the unique solution of (Pc) and consider some � > 0. Suppose that � 2 
is a local extremum of u(:; �). Then,@tu(�; �) � 0; if � is a local maximum, (2.28)@tu(�; �) � 0; if � is a local minimum. (2.29)Proof:Let D(J�(ru�)) =: (dij(J�(ru�))). Then we have@tu = 2Xi=1 2Xj=1 �@xidij(J�(ru�))� @xju + 2Xi=1 2Xj=1 dij(J�(ru�)) @xixju: (2.30)Since ru(�; �) = 0 and @xidij(J�(ru�(�; �))) is bounded, the �rst term of theright-hand side of (2.30) vanishes in (�; �).We know that the di�usion tensor D := D(J�(ru�(�; �))) is positive semi-de�nite. Hence, there exists an orthogonal transformation S 2 IR2�2 such thatSTDS = diag(�1; �2) =: �with �1, �2 being the nonnegative eigenvalues of D.Now, let us assume that (�; �) is a local maximum. Then the Hessian H :=Hess(u(�; �)) and B := (bij) := STHS are negative semide�nite. Therefore, wehave bii � 0 (i = 1; 2)3As in the linear di�usion case, nonenhancement of local extrema generally does not implythat their number is nonincreasing, cf. 1.1.5.



52 CHAPTER 2. CONTINUOUS DIFFUSION FILTERINGand by the invariance of the trace with respect to orthogonal transformations itfollows that @tu(�; �) = trace (DH)= trace (STDS STHS)= trace (�B)= 2Xi=1 �i bii� 0:If � is a local minimum of u(x; �), one proceeds in the same way utilizing thepositive semide�niteness of the Hessian. 2Nonenhancement of local extrema distinguishes anisotropic di�usion fromclassical contrast enhancing methods such as high-frequency emphasis [105, pp.182{183], which do violate this principle. Although possibly behaving like back-ward di�usion across edges, nonlinear di�usion is always in the forward region atextrema. This ensures its stability.Lyapunov functionals and behaviour for t!1Since scale-spaces are intended to subsequently simplify an image, it is desirablethat, for t ! 1, we obtain the simplest possible image representation, namelya constant image with the same average grey value as the original one. Thefollowing theorem states that anisotropic di�usion �ltering always leads to aconstant steady-state. This is due to the class of Lyapunov functionals associatedwith the di�usion process.Theorem 3 (Lyapunov functionals and behaviour for t!1).Suppose that u is the solution of (Pc) and let a, b, � and M be de�ned as in (Pc),(2.22) and (2.24), respectively. Then the following properties are valid:(a) (Lyapunov functionals)For all r 2 C2[a; b] with r00 � 0 on [a; b], the functionV (t) := �(u(t)) := Z
 r(u(x; t)) dx (2.31)is a Lyapunov functional:(i) �(u(t)) � �(Mf) for all t � 0.(ii) V 2 C[0;1) \ C1(0;1) and V 0(t) � 0 for all t > 0.



2.4. SCALE-SPACE PROPERTIES 53Moreover, if r00 > 0 on [a; b], then V (t) = �(u(t)) is a strict Lyapunovfunctional:(iii) �(u(t)) = �(Mf) () ( u(t) =Mf on �
 (if t > 0)u(t) =Mf a.e. on 
 (if t = 0)(iv) If t > 0, then V 0(t) = 0 if and only if u(t) =Mf on �
.(v) V (0) = V (T ) for T > 0 () ( f =Mf a.e. on 
 andu(t) =Mf on �
� (0; T ](b) (Convergence)(i) limt!1 ku(t)�MfkLp(
) = 0 for p 2 [1;1).(ii) In the 1D case, the convergence limt!1 u(x; t) = � is uniform on �
.Proof:(a) (i) Since r 2 C2[a; b] with r00 � 0 on [a; b], we know that r is convex on[a; b]. Using the average grey level invariance and Jensen's inequalitywe obtain, for all t � 0,�(Mf) = Z
 r0@ 1j
j Z
 u(x; t) dx1A dy� Z
 0@ 1j
j Z
 r(u(x; t)) dx1A dy= Z
 r(u(x; t)) dx= �(u(t)): (2.32)(ii) Let us start by proving the continuity of V (t) in 0. Thanks to themaximum{minimum principle, we may choose a constantL := maxs2[a;b] jr0(s)jsuch that for all t > 0, the Lipschitz conditionjr(u(x; t))�r(f(x))j � L ju(x; t)�f(x)jis veri�ed a.e. on 
. From this and the Cauchy{Schwarz inequality, weget jV (t)�V (0)j � j
j1=2 kr(u(t))�r(f)kL2(
)� j
j1=2 L ku(t)�fkL2(
);



54 CHAPTER 2. CONTINUOUS DIFFUSION FILTERINGand by virtue of u 2 C([0; T ]; L2(
)), the limit t ! 0+ gives theannounced continuity in 0.By Theorem 1 and the boundedness of r0 on [a; b], we know that V isdi�erentiable for t > 0 and V 0(t) = R
 r0(u) ut dx. Thus, the divergencetheorem yieldsV 0(t) = Z
 r0(u) div (D(J�(ru�))ru) dx= Z� r0(u) hD(J�(ru�))ru; ni| {z }=0 dS� Z
 r00(u)| {z }�0 hru;D(J�(ru�))rui| {z }�0 dx� 0:(iii) Let �(u(t)) = �(Mf).If t > 0, then u(t) is continuous in �
. Let us now show that equalityin the estimate (2.32) implies that u(t) = const. on �
. To this end,assume that u is not constant on �
. Then, by the continuity of u, thereexists a partition 
 = 
1 [ 
2 with j
1j; j
2j 2 (0; j
j) and� := 1j
1j Z
1 u dx 6= 1j
2j Z
2 u dx =: �:From r00>0 on [a; b] it follows that r is strictly convex on [a; b] andr0@ 1j
j Z
 u dx1A = r j
1jj
j �+ j
2jj
j �!< j
1jj
j r(�) + j
1jj
j r(�)� 1j
j Z
1 r(u) dx+ 1j
j Z
2 r(u) dx= 1j
j Z
 r(u) dx:If we utilize this result in the estimate (2.32) we observe that, fort > 0, �(u(t)) = �(Mf) implies that u(t) = const. on �
. Thanks tothe average grey value invariance we �nally obtain u(t) =Mf on �
.So let us turn to the case t = 0. From (i) and (ii), we conclude that�(u(�)) = �(Mf) for all � > 0. Thus, we have u(�) = Mf for all



2.4. SCALE-SPACE PROPERTIES 55� > 0.For � > 0, the Cauchy{Schwarz inequality givesZ
 ju(x; �)� �j dx � j
j1=2 ku(�)�MfkL2(
) = 0:Since u 2 C([0; T ]; L2(
)), the limit � ! 0+ �nally yields u(0) = Mfa.e. on 
.Conversely, it is obvious that u(t) =Mf (a.e.) on 
 implies �(u(t)) =�(Mf).(iv) Let t > 0 and V 0(t) = 0. Then from0 = V 0(t) = � Z
 r00(u(x; t))| {z }>0 hru(x; t); D(J�(ru�(x; t)))ru(x; t)i dxand the smoothness of u we obtainhru;D(J�(ru�))rui = 0 on �
:By the uniform boundedness of D, there exists some constant � > 0,such that � jruj2 � hru;D(J�(ru�))rui on �
� (0;1):Thus, we have ru(x; t) = 0 a.e. on 
. Due to the continuity of ru,this yields u(x; t) = const. for all x 2 
, and the average grey levelinvariance �nally gives u(x; t) = � on 
.Conversely, let u(x; t) = � on 
. Then,V 0(t) = � Z
 r00(u) hru;D(J�(ru�))rui dx = 0:(v) Suppose that V (T ) = V (0). Since V is decreasing, we haveV (t) = const. on [0; T ].Let � > 0. Then for any t 2 [�; T ], we have V 0(t) = 0, and part (iv)implies that u(t) = Mf on 
. Now, the Cauchy{Schwarz inequalitygives Z
 jf �Mf j dx � j
j1=2 kf � u(t)kL2(
):As u 2 C([0; T ]; L2(
)), the limit t! 0+ yields f =Mf a.e. on 
.Conversely, if u(t) =Mf (a.e.) on 
 holds for all t 2 [0; T ], it is evidentthat V (0) = V (T ).



56 CHAPTER 2. CONTINUOUS DIFFUSION FILTERING(b) (i) By the grey level shift invariance we know that e := u�Mf satis�es thedi�usion equation as well. We multiply this equation by e, integrate,and use the divergence theorem to obtainZ
 eet dx = � Z
 hre;D(J�(re�))rei dx:Since re� is bounded, we �nd some � > 0 such that12 ddt (kek2L2(
)) � �� krek2L2(
):For t > 0, there exists some x0 with e(x0) = 0. Therefore, the Poincar�einequality (cf. [7, p. 122]) tells us thatkek2L2(
) � C0 krek2L2(
)with some constant C0 = C0(
) > 0. This yieldsddt kek2L2(
) � �2� C0 kek2L2(
)and hence the exponential decay of kekL2(
) to 0.By the maximum principle, we know that ke(t)kL1(
) is bounded bykf�MfkL1(
). Thus, for q 2 IN, q � 2, we getke(t)kqLq(
) � kf�Mfkq�2L1(
) � ke(t)k2L2(
) ! 0;and H�older's inequality gives, for 1 � p < q <1,ke(t)kLp(
) � j
j(1=p)�(1=q) � ke(t)kLq(
) ! 0:This proves the assertion.(ii) To prove uniform convergence in the one-dimensional setting, we cangeneralize and adapt methods from [127] to our case.Let 
 = (0; a). From part (a) we know that V (t) := aR0 u2(x; t) dx isnonincreasing and bounded from below. Thus, the sequence (V (i))i2INconverges.Since V 2 C[0;1) \ C1(0;1) the mean value theorem implies9 ti 2 (i; i+1) : V 0(ti) = V (i + 1)� V (i):Thus, (ti)i2IN ! 1 and from the convergence of (V (i))i2IN it followsthat V 0(ti)! 0: (2.33)



2.4. SCALE-SPACE PROPERTIES 57Thanks to the uniform positive de�niteness of D there exists some� > 0 such that, for t > 0,V 0(t) = �2 aZ0 u2xD(J�(@xu�)) dx� �2� aZ0 u2x dx� 0: (2.34)Equations (2.33) and (2.34) yieldkux(ti)kL2(
) ! 0:Hence, u(ti) is a bounded sequence in H1(0; a). By virtue of the Rellich{Kondrachov theorem [5, p. 144] we know that the embedding fromH1(0; a) into C0;�[0; a], the space of H�older-continuous functions on[0; a] [5, pp. 9{12], is compact for �2 (0; 12). Therefore, there exists asubsequence (tij )!1 and some �u withu(tij)! �u in C0;�[0; a]:This also gives u(tij ) ! �u in L2(0; a). Since we already know from(b)(i) that u(tij)!Mf in L2(0; a), it follows that �u =Mf . Hence,limj!1ku(tij)�MfkL1(
) = 0: (2.35)Part (a) tells us that ku(t)�MfkpLp(
) is a Lyapunov function for p � 2.Thus, ku(t)�MfkL1(
) = limp!1 ku(t)�MfkLp(
)is also nonincreasing. Therefore, limt!1 ku(t)�MfkL1(
) exists and from(2.35) we conclude thatlimt!1 ku(t)�MfkL1(
) = 0:The smoothness of u establishes �nally thatlimt!1u(x; t) = �uniform on �
. 2



58 CHAPTER 2. CONTINUOUS DIFFUSION FILTERINGSince our class (Pc) does not forbid contrast enhancement it admits processeswhere forward di�usion has to compete with backward di�usion. Theorem 3 isof importance as it states that the regularization by convolving with K� tamesthe backward di�usion in such a way that forward di�usion wins in the long run.Moreover, the competition evolves in a certain direction all the time: althoughbackward di�usion may be locally superior, the global result { denoted by theLyapunov functional { becomes permanently better for forward di�usion. So letus have a closer look at what might be the meaning of this global result in thecontext of image processing.Considering the Lyapunov functions associated with r(s) := jsjp, r(s) :=(s��)2n and r(s) := s ln s, respectively, the preceding theorem gives the followingcorollary.Corollary 1 (Special Lyapunov functionals).Let u be the solution of (Pc) and a and � be de�ned as in (Pc) and (2.22). Thenthe following functions are decreasing for t 2 [0;1):(a) ku(t)kLp(
) for all p � 2.(b) M2n[u(t)] := 1j
j Z
 (u(x; t)� �)2n dx for all n 2 IN.(c) H[u(t)] := Z
 u(x; t) ln(u(x; t)) dx, if a > 0.Corollary 1 o�ers multiple possibilities of how to interpret nonlinear anisotropicdi�usion �ltering as a smoothing transformation.As a special case of (a) it follows that the energy ku(t)k2L2(
) is reduced bydi�usion.Part (b) gives a probabilistic interpretation of anisotropic di�usion �ltering.Consider the intensity in an image f as a random variable Zf with distributionFf(z), i.e. Ff(z) is the probability that an arbitrary grey value Zf of f does notexceed z. By the average grey level invariance, � is equal to the expected valueEZu(t) := ZIR z dFu(t)(z); (2.36)and it follows that M2n[u(t)] is just the even central momentZIR �z�EZu(t)�2n dFu(t)(z): (2.37)The second central moment (the variance) characterizes the spread of the inten-sity about its mean. It is a common tool for constructing measures for the relative



2.4. SCALE-SPACE PROPERTIES 59smoothness of the intensity distribution. The fourth moment is frequently usedto describe the relative 
atness of the grey value distribution. Higher momentsare more di�cult to interprete, although they do provide important informationfor tasks like texture discrimination [105, pp. 414{415]. All decreasing even mo-ments demonstrate that the image becomes smoother during di�usion �ltering.Hence, local e�ects such as edge enhancement, which object to increase centralmoments, are overcompensated by smoothing in other areas.If we choose another probabilistic model of images, then part (c) characterizesthe information-theoretical side of our scale-space. Provided the initial image f isstrictly positive on 
, we may regard it also as a two-dimensional density.4 Then,S[u(t)] := � Z
 u(x; t) ln(u(x; t)) dx (2.38)is called the entropy of u(t), a measure of uncertainty and missing information[46]. Since anisotropic di�usion �lters increase the entropy the correspondingscale-space embeds the genuine image f into a family of subsequently likelierversions of it which contain less information.5 Moreover, for t!1, the processreaches the state with the lowest possible information, namely a constant image.From all the previous considerations, we observe that, in spite of possiblecontrast-enhancing properties, anisotropic di�usion does really simplify the ori-ginal image in a steady way.Let us �nally point out another interpretation of the Lyapunov functionals.In a classic scale-space representation, the time t plays the role of the scale para-meter. By increasing t, one transforms the image from a local to a more globalrepresentation. We have seen in Chapter 1 that, for linear di�usion scale-spacesand morphological scale-spaces, it is possible to associate with the evolution timea corresponding spatial scale.In the nonlinear di�usion case, however, the situation is more complicated.Since the smoothing is nonuniform, one can only de�ne an average measure for theglobality of the representation. This can be achieved by taking some Lyapunovfunction �(u(t)) and investigating the expression	(u(t)) := �(f)� �(u(t))�(f)� �(Mf) : (2.39)We observe that 	(t) increases from 0 to 1. It gives the average globality of u(t)and its value can be used to measure the distance of u(t) from the initial statef and the �nal state Mf . Prescribing a certain value for 	 provides us with ana-posteriori criterion for the stopping time of the nonlinear di�usion process.4Without loss of generality we omit the normalization.5This might make anisotropic di�usion attractive for image compression.



60 CHAPTER 2. CONTINUOUS DIFFUSION FILTERING



Chapter 3Semidiscrete di�usion �lteringThe goal of this chapter is to study a semidiscrete framework for di�usion scale-spaces where the image is sampled on a �nite grid and the scale parameter iscontinuous. This leads to a system of nonlinear ordinary di�erential equations(ODEs). We shall investigate conditions under which one can establish similarproperties as in the continuous setting concerning well-posedness, extremum prin-ciples, average grey level invariance, Lyapunov functionals, and convergence to aconstant steady-state. Afterwards we shall discuss whether it is possible to ob-tain such �lters from spatial discretizations of the continuous models that havebeen investigated in Chapter 2. We will see that there exists a �nite stencil onwhich a di�erence approximation of the spatial derivatives �ts the semidiscretescale-space framework.3.1 The general modelA discrete image can be regarded as a vector f 2 IRN , N�2, whose componentsfj, j = 1,...,N represent the grey values at the pixels. We denote the index setf1; :::; Ng by J . In order to specify our requirements for our semidiscrete �lterclass we �rst recall a useful de�nition of irreducible matrices [241, pp. 18{20].De�nition 1 (Irreducibility). A matrix A = (aij) 2 IRN�N is called irre-ducible if for any i; j 2 J there exist k0,...,kr 2 J with k0= i and kr=j such thatakpkp+1 6= 0 for p = 0,...,r�1.The semidiscrete problem class (Ps) we are concerned with is de�ned in thefollowing way: 61



62 CHAPTER 3. SEMIDISCRETE DIFFUSION FILTERINGLet f 2 IRN . Find a function u 2 C1([0;1); IRN) which satis�es theinitial value problem dudt = A(u) u;u(0) = f;where A = (aij) has the following properties:(S1) Lipschitz-continuity of A 2 C(IRN ; IRN�N) for every boundedsubset of IRN ,(S2) symmetry: aij(u) = aji(u) 8 i; j 2 J; 8 u 2 IRN ,(S3) vanishing row sums: Pj2J aij(u) = 0 8 i 2 J; 8 u 2 IRN ,(S4) nonnegative o�-diagonals: aij(u) � 0 8 i 6= j; 8 u 2 IRN ,(S5) irreducibility for all u 2 IRN .

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;
(Ps)

Not all of these requirements are necessary for every theoretical result below.(S1) is needed for well-posedness, the proof of a maximum{minimum principleinvolves (S3) and (S4), while average grey value invariance uses (S2) and (S3).The existence of Lyapunov functionals can be established by means of (S2){(S4),and strict Lyapunov functionals and the convergence to a constant steady staterequire (S5) in addition to (S2){(S4).This indicates that these properties reveal some interesting parallels to thecontinuous setting from Chapter 2: In both cases we need smoothness assumptionsto ensure well-posedness; (S2) and (S3) correspond to the speci�c structure of thedivergence expression with a symmetric di�usion tensor D, while (S4) and (S5)play a similar role as the nonnegativity of the eigenvalues of D and its uniformpositive de�niteness, respectively.3.2 Theoretical resultsBefore we can establish scale-space results, it is of importance to ensure theexistence of a unique solution. This is done in the theorem below which also statesthe continuous dependence of the solution and a maximum{minimum principle.



3.2. THEORETICAL RESULTS 63Theorem 4 (Well-posedness, extremum principle).For every T > 0 the problem (Ps) has a unique solution u(t) 2 C1([0; T ]; IRN).This solution depends continuously on the initial value and the right-hand side ofthe ODE system, and it satis�es the extremum principlea � ui(t) � b 8 i 2 J; 8 t 2 [0; T ]; (3.1)where a := minj2J fj; (3.2)b := maxj2J fj: (3.3)Proof:(a) Local existence and uniquenessLocal existence and uniqueness are proved by showing that our problemsatis�es the requirements of the Picard{Lindel�of theorem [254, p. 59].Let t0 := 0 and � > 0. Evidently, �(t; u) :=  (u) := A(u) u is continuouson B0 := [0; T ]� nu 2 IRN ��� kuk1 � kfk1 + �o ;since it is a composition of continuous functions. Moreover, by the com-pactness of B0 there exists some c > 0 withk�(t; u)k1 � c 8 (t; u) 2 B0:In order to prove existence and uniqueness of a solution of (Ps) inR0 := n(t; u) ��� t 2 [t0; t0+min(�c ; T )]; ku�fk1 � �o � B0we have to show that �(t; u) satis�es a global Lipschitz condition on R0with respect to u. However, this follows directly from the fact that A isLipschitz-continuous on fu 2 IRN j ku�fk1 � �g.(b) Maximum{minimum principleWe prove only the maximum principle, since the proof for the minimumprinciple is analogous.Assume that the problem (Ps) has a unique solution on [0; �]. First we showthat the derivative of the largest component of u(t) is nonpositive for every



64 CHAPTER 3. SEMIDISCRETE DIFFUSION FILTERINGt 2 [0; �]. Let uk(#) := maxj2J uj(#) for some arbitrary # 2 [0; �]. If we keepthis k �xed we obtain, for t = #,dukdt = Xj2J akj(u) uj= akk(u) uk + Xj2Jnfkg akj(u)| {z }�0 uj|{z}�uk� uk �Xj2J akj(u)(S4)= 0: (3.4)Let us now prove that this implies a maximum principle (cf. [126]).Let " > 0 and set u"(t) := u(t)� 0BB@ "t..."t 1CCA :Moreover, let P := fp2J j u"p(0) = maxj2J u"j(0)g. Then, by (3.4), du"pdt ! (0) =  dupdt ! (0)| {z }�0 � " < 0 8 p 2 P: (3.5)By means of maxi2JnP u"i(0) < maxj2J u"j(0);and the continuity of u there exists some t1 2 (0; �) such thatmaxi2JnP u"i(t) < maxj2J u"j(0) 8 t 2 [0; t1): (3.6)Next, let us consider some p 2 P . Due to (3.5) and the smoothness of u wemay �nd a #p 2 (0; �) with du"pdt ! (t) < 0 8 t 2 [0; #p):Thus, we have u"p(t) < u"p(0) 8 t 2 (0; #p)and, for t2 := minp2P #p, it follows thatmaxp2P u"p(t) < maxj2J u"j(0) 8 t 2 (0; t2): (3.7)



3.2. THEORETICAL RESULTS 65Hence, for t0 := min(t1; t2), the estimates (3.6) and (3.7) givemaxj2J u"j(t) < maxj2J u"j(0) 8 t 2 (0; t0): (3.8)Now we want to prove that this estimate extends to the case t 2 (0; �). Tothis end, assume the opposite is true. Then, by virtue of the intermediatevalue theorem, there exists some t3 which is the smallest time in (0; �) suchthat maxj2J u"j(t3) = maxj2J u"j(0):Let u"k := maxj2J u"j(t3). Then the minimality of t3 yieldsu"k(t) < u"k(t3) 8 t 2 (0; t3); (3.9)and inequality (3.4) gives du"kdt ! (t3) =  dukdt ! (t3)| {z }�0 � " < 0:Due to the continuity of dudt there exists some t4 2 (0; t3) with du"kdt ! (t) < 0 8 t 2 (t4; t3]: (3.10)The mean value theorem, however, implies that we �nd a t5 2 (t4; t3) with du"kdt ! (t5) = u"k(t3)� u"k(t4)t3 � t4 (3:9)> 0;which contradicts (3.10). Hence, (3.8) must be valid on the entire interval(0; �).Together with u = lim"!0u" and the continuity of u this yields the announcedmaximum principlemaxj2J uj(t) � maxj2J uj(0) 8 t 2 [0; �]:(c) Global existence and uniquenessGlobal existence and uniqueness follow from local existence and uniquenesswhen being combined with the extremum principle.Using the notations and results from (a), we know that the problem (Ps)has a unique solution u(t) for t 2 [t0; t0 +min(�c ; T )].



66 CHAPTER 3. SEMIDISCRETE DIFFUSION FILTERINGNow let t1 := t0 +min(�c ; T ), g := u(t1), and consider the problemdudt = A(u) u;u(t1) = g:Clearly, �(t; u) = A(u)u is continuous onB1 := [0; T ]� nu 2 IRN ��� kuk1 � kgk1 + �o ;and by the extremum principle we know that B1 � B0. Hence,k�(t; u)k1 � c 8 (t; u) 2 B1:with the same c as in (a). Using the same considerations as in (a) one showsthat � is Lipschitz-continuous onR1 := n(t; u) ��� t 2 [t1; t1+min(�c ; T )]; ku�gk1 � �o:Hence, the considered problem has a unique solution on [t1; t1+min(�c ; T )].Therefore, (Ps) reveals a unique solution on [0;min(2�c ; T )], and, by iteratingthis reasoning, the existence of a unique solution can be extended to theentire interval [0; T ]. As a consequence, the extremum principle is valid on[0; T ] as well.(d) Continuous dependenceLet u(t) be the solution of dudt = �(t; u);u(0) = ffor t2 [0; T ] and �(u; t)= (u)=A(u)u. In order to show that u(t) dependscontinuously on the initial data and the right-hand side of the ODE system,it is su�cient to prove that �(t; u) is continuous, and that there exists some� > 0 such that �(t; u) satis�es a global Lipschitz condition onS� := n(t; v) ��� t 2 [0; T ]; kv�uk1 � �o :with respect to its second argument. In this case the results in [245, p. 93]ensure that for every " > 0 there exists a � > 0 such that the solution ~u ofthe perturbed problem d~udt = ~�(t; ~u);~u(0) = ~f



3.3. SCALE-SPACE PROPERTIES 67with continuous ~� and k ~f � fk1 < �;k~�(t; v)� �(t; v)k1 < � for kv � uk1 < �exists in [0; T ] and satis�es the inequalityk~u(t)� u(t)k1 < ":Similar to the the local existence and uniqueness proof, the global Lipschitzcondition on S� follows direcly from the fact that A is Lipschitz-continuouson fv 2 IRN j kv�uk1 � �g. 23.3 Scale-space propertiesIt is evident that properties such as grey level shift invariance or reverse contrastinvariance are automatically satis�ed by every consistent semidiscrete approxima-tion of the continuous �lter class (Pc). On the other hand, translation invarianceonly makes sense for translations in grid direction with multiples of the grid size,and isometry invariance is satis�ed for consistent schemes up to an discretizationerror. So let us focus on average grey level invariance now.Proposition 2 (Conservation of average grey value).The average grey level � := 1N Xj2J fj (3.11)is not a�ected by the semidiscrete di�usion �lter:1N Xj2J uj(t) = � 8 t � 0: (3.12)Proof:By virtue of (S2) and (S3) we have Pj2J ajk(u) = 0 for all k 2 J . Thus, for t � 0,Xj2J dujdt = Xj2J Xk2J ajk(u) uk = Xk2J �Xj2J ajk(u)�uk = 0;which shows that Pj2J uj(t) is constant on [0;1) and concludes the proof. 2This property is in complete accordance with the result for the continuous�lter class.



68 CHAPTER 3. SEMIDISCRETE DIFFUSION FILTERINGSimilar to the continuous setting, it is possible to �nd a large class of Lyapunovfunctionals which establish smoothing scale-space properties and ensure that theimage tends to a constant steady-state with the same average grey level as theinitial image.Theorem 5 (Lyapunov functionals and behaviour for t!1).Let u(t) be the solution of (Ps), let a, b, and � be de�ned as in (3.2), (3.3), and(3.11), respectively, and let c := (�; �; :::; �)> 2 IRN .Then the following properties are valid:(a) (Lyapunov functionals)For all r 2 C1[a; b] with increasing r0 on [a; b], the functionV (t) := �(u(t)) :=Xi2J r(ui(t))is a Lyapunov functional:(i) �(u) � �(c) for all t � 0.(ii) V 2 C1[0;1) and V 0(t) � 0 for all t � 0.Moreover, if r0 is strictly increasing on [a; b], then V (t) = �(u(t)) is a strictLyapunov functional:(iii) �(u) = �(c) () u = c(iv) V 0(t) = 0 () u = c(b) (Convergence)limt!1u(t) = c.Proof:(a) (i) Since r0 is increasing on [a; b] we know that r is convex on [a; b]. Averagegrey level invariance and this convexity yield, for all t � 0,�(c) = NXi=1 r0@ NXj=1 1Nuj1A� NXi=10@ 1N NXj=1 r(uj)1A= NXj=1 r(uj)= �(u): (3.13)



3.3. SCALE-SPACE PROPERTIES 69(ii) Since u 2 C1([0;1); IRN ) and r 2 C1[a; b], it follows that V 2 C1[0;1).Using the prerequisites (S2) and (S3) we getV 0(t) = NXi=1 duidt r0(ui)(S3)= NXi=1 NXj=1 aij(u) (uj�ui) r0(ui)= NXi=10@ NXj=i+1+ i�1Xj=11A aij(u) (uj�ui) r0(ui)= NXi=1 N�iXk=1 ai;i+k(u) (ui+k�ui) r0(ui)+ NXi=1 N�iXk=1 ai+k;i(u) (ui�ui+k) r0(ui+k)(S2)= NXi=1 N�iXk=1 ai;i+k(u) (ui+k�ui) �r0(ui)�r0(ui+k)�: (3.14)Since r0 is increasing, we always have(ui+k � ui) �r0(ui)� r0(ui+k)� � 0:With this and (S4), equation (3.14) implies that V 0(t) � 0 for t � 0.(iii) Let us �rst prove that equality in the estimate (3.13) implies that allcomponents of u are equal.To this end, suppose that ui0 := mini ui < maxj uj =: uj0 and let� := NXj=1j 6=j0 1N uj1� 1N :Then, � < uj0. Since r0 is strictly increasing on [a; b], we know that ris strictly convex. Hence, we getr NXi=1 1N uj! = r � 1N uj0 + �1� 1N � ��< 1N r(uj0) + �1� 1N � r(�)� 1N r(uj0) + NXj=1j 6=j0 1N r(uj)= NXj=1 1N r(uj):



70 CHAPTER 3. SEMIDISCRETE DIFFUSION FILTERINGThis shows that equality in (3.13) implies that u1 = ::: = uN . Byvirtue of the grey level shift invariance we conclude that u = c.Conversely, it is trivial that �(u) = �(c) for u = c.(iv) Let V 0(t) = 0. From (3.14) we have0 = V 0(t) = NXi=1 N�iXk=1 ai;i+k(u) (ui+k�ui) �r0(ui)�r0(ui+k)�| {z }�0 ;and by virtue of the symmetry of A(u) it follows thataij(u) (uj�ui) �r0(ui)�r0(uj)� = 0 8 i; j 2 J: (3.15)Now consider two arbitrary i0; j0 2 J . The irreducibility of A(u) im-plies that there exist k0,...,kr 2 J with k0 = i0, kr = j0, andakpkp+1(u) 6= 0; p = 0; :::; r � 1:As r0 is strictly increasing we have, for p = 0,...,r � 1,(ukp�ukp+1) �r0(ukp+1)�r0(ukp)� = 0 () ukp = ukp+1:From this and (3.15) we getui0 = uk0 = uk1 = ::: = ukr = uj0:Since i0 and j0 are arbitrary, we obtain ui = const. for all i 2 J , andthe average grey level invariance gives u = c. This proves the �rstimplication.Conversely, let ui = const. for all i 2 J . Then from the representation(3.14) we immediately conclude that V 0(t) = 0.(b) The convergence proof is based on classical Lyapunov reasonings, see e.g.[116] for an introduction to these techniques.Consider the Lyapunov functional V (t) := �(u(t)) := ju(t)� cj2, whichresults from the choice r(s) := (s��)2. Since V (t) is decreasing and boundedfrom below by 0, we know that limt!1V (t) =: � exists and � � 0.Now assume that � > 0.Since ju(t)�cj is bounded from above by � := jf�cj we haveju(t)�cj � � 8 t � 0: (3.16)



3.3. SCALE-SPACE PROPERTIES 71By virtue of �(x) = jx� cj2 we know that, for � 2 (0;p�),�(x) < � 8 x 2 IRN ; jx�cj < �:Let w.l.o.g. � < �. Since �(u(t)) � � we conclude thatju(t)�cj � � 8 t � 0: (3.17)So from (3.16) and (3.17) we haveu(t) 2 fx 2 IRN j � � jx�cj � �g =: S 8 t � 0:By (a)(ii),(iv), the compactness of S, and � > 0 there exists some M > 0such that V 0(t) � �M 8 t � 0:Therefore, it followsV (t) = V (0) + Z t0 V 0(�) d� � V (0)� tMwhich implies limt!1V (t) = �1 and, thus, contradicts (a)(i).Hence the assumption � > � is wrong and we must have � = �.According to (a)(iii) this yields limt!1u(t) = c. 2As in the continuous case, we can consider the Lyapunov functions associatedwith r(s) := jsjp, r(s) := (s��)2n and r(s) := s ln s, respectively, and obtain thefollowing corollary.Corollary 2 (Special Lyapunov functionals).Let u be the solution of (Ps) and a and � be de�ned as in (3.2) and (3.11). Thenthe following functions are decreasing for t 2 [0;1):(a) ku(t)kp for all p � 2.(b) M2n[u(t)] := 1N NPj=1(uj(t)� �)2n for all n 2 IN.(c) H[u(t)] := NPj=1uj(t) ln(uj(t)), if a > 0.Since all p-norms (p � 2) and all central moments are decreasing, while thediscrete entropy S[u(t)] := � NXj=1uj(t) ln(uj(t)) (3.18)is increasing with respect to t, we observe that the semidiscrete setting revealssmoothing scale-space properties which are closely related to the continuous case.



72 CHAPTER 3. SEMIDISCRETE DIFFUSION FILTERING3.4 Relation to continuous modelsLet us now investigate whether it is possible to use spatial discretizations of thecontinuous �lter class (Pc) in order to �nd semidiscrete di�usion models satisfy-ing (S1){(S5). First we shall verify that this is easily done for isotropic models.In the anisotropic case, however, the mixed derivative terms make it more di�-cult to ensure nonnegative o�-diagonal elements. We shall present a constructiveexistence proof that for a su�ciently large stencil it is always possible to �ndsuch a nonnegative discretization. This concept is illustrated by investigating thesituation on a (3�3)-stencil in detail.3.4.1 Isotropic caseLet the rectangle 
 = (0; a1) � (0; a2) be discretized by a grid of N = n1 � n2pixels such that a pixel (i; j) with 1� i�n1 and 1�j�n2 represents the location(xi; yj) where xi = (i� 12) h1; (3.19)yj = (j � 12) h2; (3.20)and the grid sizes h1, h2 are given by h1 := a1=n1 and h2 := a2=n2, respectively.These pixels can be numbered by means of an arbitrary bijectionp : f1; :::; n1g � f1; :::; n2g ! f1; :::; Ng: (3.21)Thus, pixel (i; j) is represented by a single index p(i; j).Let us now show that a standard FD space discretization of an isotropic variantof (Pc) leads to a semidiscrete �lter satisfying the requirements (S1){(S5). To thisend, we replace the di�usion tensor D(J�(ru�)) by some scalar-valued functiong(J�(ru�)). The structure tensor requires the calculations of convolutions withrK� and K�, respectively. In the spatially discrete case this comes down tospeci�c vector{matrix multiplications. For this reason, we may approximate thestructure tensor by some matrix H(u) = (hij(u)) where H 2 C1(IRN ; IR2�2).Let us consider some pixel k = p(i; j). We de�ne four expressions gkE(u),gkW (u), gkN(u), gkS(u), which characterize the interactions of pixel (i; j) withits four nearest neighbours and take into account the homogeneous Neumannboundary condition:gkE(u) := ( g((H(u))p(i;j))+g((H(u))p(i+1;j))2 (i 2 f1; :::; n1�1g)0 (else); (3.22)gkW (u) := ( g((H(u))p(i;j))+g((H(u))p(i�1;j))2 (i 2 f2; :::; n1g)0 (else); (3.23)



3.4. RELATION TO CONTINUOUS MODELS 73gkN(u) := ( g((H(u))p(i;j))+g((H(u))p(i;j+1))2 (j 2 f1; :::; n2�1g)0 (else); (3.24)gkS(u) := ( g((H(u))p(i;j))+g((H(u))p(i;j�1))2 (j 2 f2; :::; n2g)0 (else): (3.25)When de�ning A(u) = (akl(u)) by means of
akl(u) := 8>>>>>>>>>>>><>>>>>>>>>>>>:

gkE(u)h21 (l = p(i+1; j));gkW (u)h21 (l = p(i�1; j));gkN (u)h22 (l = p(i; j+1));gkS(u)h22 (l = p(i; j�1));�gkE(u)+gkW (u)h21 � gkN (u)+gkS(u)h22 (l = p(i; j));0 (else); (3.26)
a semidiscrete version of the isotropic di�usion �lter can be written asdudt = A(u) u: (3.27)Let us now verify that (S1){(S5) are ful�lled.Since H 2 C1(IRN ; IR2�2) and g 2 C1(IR2�2), we have A 2 C1(IRN ; IRN�N ).This proves (S1).The symmetry of A follows directly from (3.26): For instance, if l = p(i+1; j),we obtainakl(u) = gkE(u)h21= 8<: g((H(u))p(i;j))+g((H(u))p(i+1;j))2h21 (i 2 f1; :::; n1�1g);0 (else)= 8<: g((H(u))p(i+1;j))+g((H(u))p((i+1)�1;j))2h21 (i+1 2 f2; :::; n1g);0 (else)= glW (u)h21 = alk(u):By the construction of A it is also evident that all row sums vanish, i.e. (S3)is satis�ed. Moreover, since g is positive, it follows that akl � 0 for all k 6= l and,thus, (S4) holds.In order to show that A is irreducible, let us consider two arbitrary pixelss1 = p(i; j) and s2 = p(n;m). Then we have to �nd k0,...,kr 2 J with k0=s1 and



74 CHAPTER 3. SEMIDISCRETE DIFFUSION FILTERINGkr=s2 such that akqkq+1 6= 0 for q = 0,...,r�1. To this end, let r := jn�ij+ jm�jjandkq := ( p(i+ q � sgn(n�i); j) (q = 0; :::; jn�ij)p(n; j + (q�jn�ij) � sgn(m�j)) (q = jn�ij+1; :::; r) (3.28)Then, using (3.26) and the positivity of g we obtain k0=s1, kr=s2, and akqkq+1 > 0for q = 0,..., r�1. This establishes (S5).Remarks:(a) We observe that (S1){(S5) are properties which are valid for all arbitrarypixel numberings.(b) The �lter class (Pc) is not the only family which leads to semidiscrete �lterssatisfying (S1){(S5). Interestingly, a semidiscrete version of the Perona{Malik �lter (which is claimed to be ill-posed in the continuous setting) on a�xed grid also satis�es (S1){(S5) and, thus, reveals all the beforementionedwell-posedness and scale-space properties. This is due to the fact that theextremum principle limits the modulus of discrete gradient approximations.Hence, the spatial discretization implicitly causes a regularization.3.4.2 Anisotropic caseIf one wishes to transfer the results from the isotropic case to the general aniso-tropic setting the main di�culty arises from the fact that, due to the mixedderivative expressions, it is not obvious how to ensure (S4), the nonnegativity ofall o�-diagonal elements of A(u). The theorem below states that this is alwayspossible for a su�ciently large stencil.Theorem 6 (Existence of a nonnegative discretization).Let D 2 IR2�2 be symmetric positive de�nite with a spectral condition number�. Then there exists some m(�)2 IN such that div (Dru) reveals a second-ordernonnegative FD discretization on a (2m+1)�(2m+1)-stencil.Proof:Let us consider some m 2 IN and the corresponding (2m+1)�(2m+1)-stencil. The\boundary pixels" of this stencil de�ne 4m principal orientations �i 2 (��2 ; �2 ],i = �2m+1; :::; 2m according to�i := 8>>><>>>: arctan � ih2mh1� (jij � m);arccot � (2m�i)h1mh2 � (m < i � 2m);arccot � (i�2m)h1mh2 � (�2m + 1 � i < �m):



3.4. RELATION TO CONTINUOUS MODELS 75Now let Jm := f1; :::; 2m�1g and de�ne a partition of (��2 ; �2 ] into 4m�2 subin-tervals Ii, jij2Jm: (��2 ; �2 ] = �1[i=�2m+1 (�i; �i+1]| {z }=:Ii [ 2m�1[i=1 (�i�1; �i]| {z }=:Ii ;where�i := 8>>>>>>><>>>>>>>:
0 (i = 0);12 arctan � 2cot �i�tan �i+1� (i 2 f1; :::; 2m�2g; �i+�i+1 < �2 );�4 (i 2 f1; :::; 2m�2g; �i+�i+1 = �2 );�2 + 12 arctan � 2cot �i�tan �i+1� (i 2 f1; :::; 2m�2g; �i+�i+1 > �2 );�2 (i = 2m�1);and �i := ���i (i 2 f�2m+1; :::;�1g):It is not hard to verify that �i2Ii for jij2Jm.Let �1 � �2 > 0 be the eigenvalues of D with corresponding eigenvectors(cos ; sin )> and (� sin ; cos )>, where  2 (��2 ; �2 ]. Now we show that for asuitable m there exists a stencil direction �k, jkj 2 Jm such that the splittingdiv (Dru) = @e�0��0 @e�0u�+ @e�k��k @e�ku�+ @e�2m��2m @e�2mu� (3.29)with e�i := (cos �i; sin�i)> reveals nonnegative \directional di�usivities" �0, �k,�2m along the stencil orientations �0, �k, �2m. This can be done by proving thefollowing properties:(a) Let  2 Ik and D = �ab bc�. Then a nonnegative splitting of type (3.29) ispossible if min �a� b cot �k; c� b tan�k� � 0: (3.30)(b) Inequality (3.30) is satis�ed for�1�2 � min� cot(�k��k) tan �k; cot(�k��k) cot �k� =: �k;m (3.31)with �k := ( �k (jkj 2 f1; :::; 2m�2g);12(�k + �k) (jkj = 2m�1);�k := ( 12�k (jkj = 1);�k�1 (jkj 2 f2; :::; 2m�1g):



76 CHAPTER 3. SEMIDISCRETE DIFFUSION FILTERING(c) limm!1 � minjij2Jm �i;m� = 1:Once these assertions are proved a nonnegative second-order discretization of(3.29) arises in a natural way, as we shall see at the end of this chapter. So let usnow verify (a){(c).(a) In order to use subsequent indices, let '0 := 0, '1 := �k where  2 Ik, and'2 := �2 . Furthermore, let 
0 := �0, 
1 := �k, and 
2 := �2m. Then (3.29)requires thatdiv   a bb c ! ru! = 2Xi=0 @@e'i  
i @u@e'i!= @@x 2Xi=0 cos'i�
i(ux cos'i + uy sin'i)�+ @@y 2Xi=0 sin'i�
i(ux cos'i + uy sin'i)�= div 0BB@0BB@ 2Pi=0 
i cos2'i 2Pi=0 
i sin'i cos'i2Pi=0 
i sin'i cos'i 2Pi=0 
i sin2'i 1CCA ru1CCA :By comparing the coe�cients and using the de�nition of '0, '1 and '2 weobtain the linear system0B@ 1 cos2�k 00 sin �k cos �k 00 sin2�k 1 1CA0B@ 
0
1
2 1CA = 0B@ abc 1CAwhich has the unique solution
0 = a� b cot�k; (3.32)
1 = bsin�k cos �k ; (3.33)
2 = c� b tan �k: (3.34)From the structure of the eigenvalues and eigenvectors of D it is easily seenthat b = (�1��2) sin cos :Now, �1 � �2 � 0, and since  ; �k 2 Ik we conclude that  and �k belongto the same quadrant. Thus, 
1 is always nonnegative. In order to satisfythe nonnegativity of 
0 and 
2 we need thatmin �a� b cot �k; c� b tan �k) � 0:



3.4. RELATION TO CONTINUOUS MODELS 77(b) Let �1�2 � �k;m and consider the case 0 < �k < �2 . By de�ningB(') := cos2'� sin' cos' cot�k;C(') := sin2'+ sin' cos' cot�kwe get�1�2 � cot(�k��k) tan �k = �C(�k)B(�k) = min'2(�k;�k) �C(')B(')! :Since B(') < 0 on (�k; �2 ) we have�1B(') + �2C(') � 0 8 ' 2 (�k; �k): (3.35)Because of B(') � 0 8 ' 2 [��2 ; �k];C(') � 0 8 ' 2 [0; �2 ];and the continuity of B(') and C(') we may extend (3.35) to the entireinterval Ik = (�k�1; �k]. In particular, since  2 Ik, we have0 � �1B( ) + �2C( )= (�1 cos2 + �2 sin2 )� (�1��2) sin cos cot �k:By the representation a bb c ! =  cos � sin sin cos !  �1 00 �2 !  cos sin � sin cos !=  �1 cos2 + �2 sin2 (�1��2) sin cos (�1��2) sin cos �1 sin2 + �2 cos2 !we recognize that this is just the desired conditiona� b cot �k � 0: (3.36)For the case ��2 < �k < 0 a similar reasoning can be applied leading alsoto (3.36).In an analogous way one veri�es that�1�2 � cot(�k��k) cot �k =) c� b tan�k � 0:



78 CHAPTER 3. SEMIDISCRETE DIFFUSION FILTERING(c) Let us �rst consider the case 1 � i � 2m� 2. Then, �i = �i, and thede�nition of �i implies thatcot �i � tan �i = cot�i � tan �i+1:Solving for cot �i and tan �i, respectively, yieldscot �i = 12 �cot �i � tan�i+1 +q(cot�i � tan �i+1)2 + 4� ;tan �i = 12 �� cot �i + tan �i+1 +q(cot �i � tan�i+1)2 + 4� :By means of these results we obtaincot(�i��i) tan �i = cot �i + tan �icot�i � cot �i = 1 + 2r (cot �i+tan �i+1)2(cot �i�tan �i+1)2+4 � 1 :Let us now assume that 1 � i � m�1. Then we havetan �i+1 = (i+ 1) h2mh1 ;cot �i = mh1ih2 :This gives(cot �i + tan �i+1)2(cot �i � tan�i+1)2 + 4 = 11� 4m2i�m2 h1h2+i(i+1)h2h1�2 =: 11� gm(i) =: fm(i):Form > 12 h2h1 the function gm(x) is bounded and attains its global maximumin xm := �16 + 16 r1 + 12m2 h21h22 :Thus, for 1 � i � m�1,gm(i) � gm(xm) ! 0+ for m!1;which yields fm(i) � 11� gm(xm) ! 1+ for m!1:This givesmin1�i�m�1 � cot(�i��i) tan �i� � 1 + 2qfm(xm)� 1 ! 1 for m!1:



3.4. RELATION TO CONTINUOUS MODELS 79For m � i � 2m�2 similar calculations show that by means oftan�i+1 = mh2(2m�i�1) h1 ;cot�i = (2m�i) h1mh2one obtains minm�i�2m�2 � cot(�i��i) tan �i� ! 1 for m!1:For i = 2m�1 we havecot ��2m�1��2m�1� tan �2m�1 = cot �4 � �2m�12 ! tan �4 + �2m�12 != tan2  �4 + �2m�12 !! 1 for m!1:It is not hard to verify that for �2m + 1 � i � �1 the preceding resultscarry over. Hence,limm!1 minjij2Jm � cot(�i��i) tan �i�! = 1: (3.37)Now, in a similar way as above, one establishes thatlimm!1 minjij2Jm � cot(�i��i) cot �i�! = 1: (3.38)From (3.37) and (3.38) we �nally end up with the assertionlimm!1 � minjij2Jm �i;m� = 1: 2Remarks:(a) We observe that the preceding existence proof is constructive. Moreover,only three directions are su�cient to guarantee a nonnegative directionalsplitting. Thus, unless m is very small, most of the stencil coe�cients canbe set to zero.



80 CHAPTER 3. SEMIDISCRETE DIFFUSION FILTERING(b) Especially for large m, a (2m+1)� (2m+1)-stencil reveals much moredirections than those 4m that are induced by the 8m \boundary pixels".Therefore, even if we use only 3 directions, we may expect to �nd stricterestimates than those given in the proof. These estimates might be improvedfurther by admitting more than 3 directions.(c) For a speci�ed di�usion tensor function D it is possible to give a-prioriestimates for the required stencil size: using the extremum principle it isnot hard to show thatjru�(x; t)j = j(rK��u)(x; t)j � 4 kfkL1(
)p2� � on �
� (0;1);where the notations from Chapter 2 have been used. Thanks to the uni-form positive de�niteness of D there exists an upper limit for the spectralcondition number of D. This condition limit can be used to �x a suitablestencil size.(d) The existence of a nonnegative directional splitting distinguishes the �lterclass (Pc) from morphological anisotropic equations such as mean curva-ture motion. In this case it has been proved that it is impossible to �nd anonnegative directional splitting on a �nite stencil [12].Let us now illustrate the ideas in the proof of Theorem 6 by applying themto a practical example: We want to �nd a nonnegative spatial discretization ofdiv (Dru) on a (3�3)-stencil, whereD =  ab bc!and a, b and c may be functions of J�(ru�).Since m = 1 we have a partition of (��2 ; �2 ] into 4m�2 = 2 subintervals:(��2 ; �2 ] = (��2 ; 0] [ (0; �2 ] =: I�1 [ I1:I�1 and I1 belong to the grid angles��1 = arctan �h2h1! ;�1 = arctan h2h1! =: �:First we focus on the case  2 I1 where (cos ; sin ) denotes the eigenvector tothe larger eigenvalue �1 of D. With the notations from the proof of Theorem 6



3.4. RELATION TO CONTINUOUS MODELS 81we obtain �1 = �2 ;�1 = �1 + �12 = �4 + �2 ;�1 = �2 :Therefore, we getcot(�1��1) tan �1 = cot �4 � �2! tan �4 + �2! = 1 + sin �1� sin� ;cot(�1��1) cot �1 = cot2  �2! = 1 + cos �1� cos � ;which restricts the upper condition number for a nonnegative discretization with 2 I1 to �1;1 := min  1 + sin�1� sin� ; 1 + cos �1� cos �! : (3.39)Thanks to the symmetry we obtain the same condition restriction for  2 I�1.These admissable condition numbers attain their maximal value for h1 = h2. Inthis case � = �4 gives �1;1 = ��1;1 = 2 +p22�p2 � 5:8284: (3.40)By virtue of (3.32){(3.34) we obtain as expressions for the directional di�usivities��1 = �jbj � b� � h21 + h222h1h2 ;�0 = a� jbj � h1h2 ;�1 = �jbj+ b� � h21 + h222h1h2 ;�2 = c� jbj � h2h1 :This induces in a natural way the following second-order discretization for div (Dru):



82 CHAPTER 3. SEMIDISCRETE DIFFUSION FILTERING
jbi�1;j+1j�bi�1;j+14h1h2+ jbi;j j�bi;j4h1h2 ci;j+1+ci;j2h22 � jbi;j+1j+jbi;j j2h1h2 jbi+1;j+1j+bi+1;j+14h1h2+ jbi;j j+bi;j4h1h2

ai�1;j+ai;j2h21� jbi�1;j j+jbi;j j2h1h2
�ai�1;j+2ai;j+ai+1;j2h21� jbi�1;j+1j�bi�1;j+1+jbi+1;j+1j+bi+1;j+14h1h2� jbi�1;j�1j+bi�1;j�1+jbi+1;j�1j�bi+1;j�14h1h2+ jbi�1;j j+jbi+1;j j+jbi;j�1j+jbi;j+1j+2jbi;j j2h1h2� ci;j�1+2ci;j+ci;j+12h22

ai+1;j+ai;j2h21� jbi+1;j j+jbi;j j2h1h2
jbi�1;j�1j+bi�1;j�14h1h2+ jbi;j j+bi;j4h1h2 ci;j�1+ci;j2h22 � jbi;j�1j+jbi;j j2h1h2 jbi+1;j�1j�bi+1;j�14h1h2+ jbi;j j�bi;j4h1h2All nonvanishing entries of the p-th row of A(u) are represented in this stencil,where p(i; j) is the index of some inner pixel (i; j). Thus, for instance, the upperleft stencil entry gives the element (p(i; j); p(i�1; j+1)) of A(u). The other nota-tions should be clear from the context as well, e.g. bi;j denotes a �nite di�erenceapproximation of b(J�(ru�)) at some grid point (xi; yj).It should be noted that related nonnegative di�erence approximations on a(3�3)-stencil have been proposed in [111, 76, 112] for the simpler operatora(x; y) @xxu+ 2b(x; y) @xyu+ c(x; y) @yyu:Our approach extends these results to@x�a(x; y) @xu�+ @x�b(x; y) @yu�+ @y�b(x; y) @xu�+ @y�c(x; y) @yu�and clari�es the relation between the condition number of �ab bc� and the nonnega-tivity of the di�erence operator.



Chapter 4Discrete di�usion �lteringThis chapter presents a discrete class of di�usion processes for which one can es-tablish similar properties as in the semidiscrete case concerning existence, unique-ness, continuous dependence of the solution on the initial image, maximum-minimum principle, average grey level invariance, Lyapunov functionals and con-vergence to a constant steady state. We shall see that this class comprises �-semi-implicit discretizations of the semidiscrete �lter class (Ps).4.1 The general modelAs in Chapter 3 we regard a discrete image as a vector f 2 IRN , N�2, and denotethe index set f1; :::; Ng by J . Our discrete �lter class (Pd) is as follows:Let f 2 IRN . Calculate a sequence (u(k))k2IN0 of processed versionsof f by means ofu(0) = f;u(k+1) = Q(u(k)) u(k); 8 k 2 IN0;where Q = (qij) has the following properties:(D1) continuity in its argument: Q 2 C(IRN ; IRN�N ),(D2) symmetry: qij(v) = qji(v) 8 i; j 2 J; 8 v 2 IRN ,(D3) unit row sum: Pj2J qij(v) = 1 8 i 2 J; 8 v 2 IRN ,(D4) nonnegativity: qij(v) � 0 8 i; j 2 J; 8 v 2 IRN ,(D5) irreducibility for all v 2 IRN ,(D6) positive diagonal: qii(v) > 0 8 i 2 J; 8 v 2 IRN .

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;
(Pd)
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84 CHAPTER 4. DISCRETE DIFFUSION FILTERINGRemarks:(a) Although the basic idea behind scale-spaces is to have a continuous scaleparameter, it is evident that fully discrete results are of importance since inpractise scale-space evolutions are evaluated exclusively at a �nite numberof scales.(b) The requirements (D1){(D5) have a similar meaning as their semidiscretecounterparts (S1){(S5). Indeed, (D1) immediately gives well-posedness re-sults, while the proof of the extremum principle requires (D3) and (D4), andaverage grey value invariance is based on (D2) and (D3). The existence ofLyapunov functionals is a consequence of (D2){(D4), strict Lyapunov func-tionals need (D5) and (D6) in addition to (D2){(D4), and the convergenceto a constant steady state utilizes (D2){(D5).(c) Nonnegative matrices Q = (qij) 2 IRN�N satisfying Pj2J qij = 1 for alli 2 J are also called stochastic matrices. Moreover, if Q is stochastic andPi2J qij = 1 for all j 2 J , then Q is doubly stochastic. This indicates thatour discrete di�usion processes are related to the theory of Markov chains[224, 91, 136].4.2 Theoretical resultsIt is obvious that for a �xed �lter belonging to the class (Pd) every initial imagef 2 IRN generates a unique sequence (u(k))k2IN0 . Moreover, by means of (D1) weknow that, for every �nite k, u(k) depends continuously on f . Therefore, let usnow prove a maximum{minimum principle.Proposition 3 (Extremum principle).Let f 2 IRN and let (u(k))k2IN0 be the sequence of �ltered images according to (Pd).Then, a � u(k)i � b 8 i 2 J; 8 k 2 IN0; (4.1)where a := minj2J fj; (4.2)b := maxj2J fj: (4.3)Proof:The maximum{minimum principle follows directly from the fact that, for all i2Jand k2 IN0, the following inequalities hold:



4.3. SCALE-SPACE PROPERTIES 85(i) u(k+1)i = Pj2J qij(u(k))u(k)j (D4)� maxm2J u(k)m Pj2J qij(u(k)) (D3)= maxm2J u(k)m :(ii) u(k+1)i = Pj2J qij(u(k))u(k)j (D4)� minm2J u(k)m Pj2J qij(u(k)) (D3)= minm2J u(k)m : 24.3 Scale-space propertiesAll statements from Chapter 3 with respect to invariances are valid in the discreteframework as well. Below we focus on proving average grey level invariance.Proposition 4 (Conservation of average grey value).The average grey level � := 1N Xj2J fj (4.4)is not a�ected by the discrete di�usion �lter:1N Xj2J u(k)j = � 8 k 2 IN0: (4.5)Proof:By virtue of (D2) and (D3) we have Pi2J qij(u(k)) = 1 for all j 2 J and k 2 IN0.This so-called redistribution property [107] ensures that, for all k 2 IN0,Xi2J u(k+1)i = Xi2JXj2J qij(u(k))u(k)j = Xj2J �Xi2J qij(u(k))�u(k)j = Xj2J u(k)j ;which proves the proposition. 2As one might expect, the class (Pd) allows an interpretation as a transforma-tion which is smoothing in terms of Lyapunov functions. These functions ensurethat u(k) converges to a constant image as k ! 1. However, we need less regu-larity than in the semidiscrete case: The convex function r, which generates theLyapunov functionals, needs only to be continuous, but no more di�erentiable.Theorem 7 (Lyapunov functionals and behaviour for n!1).Assume that (u(k))k2IN0 satis�es the requirements of (Pd), let a, b, and � be de�nedas in (4.2), (4.3), and (4.4), respectively, and let c := (�; �; :::; �)> 2 IRN .Then the following properties are ful�lled:



86 CHAPTER 4. DISCRETE DIFFUSION FILTERING(a) (Lyapunov functionals)For all convex r 2 C[a; b] the sequenceV (k) := �(u(k)) :=Xi2J r(u(k)i ); k 2 IN0is a Lyapunov sequence:(i) �(u(k)) � �(c) 8 k 2 IN0(ii) V (k+1) � V (k) � 0 8 k 2 IN0Moreover, if r is strictly convex, then V (k) = �(u(k)) is a strict Lyapunovsequence:(iii) �(u(k)) = �(c) () u(k) = c(iv) V (k+1) � V (k) = 0 () u(k) = c(b) (Convergence)limk!1u(k) = c.Proof:(a) (i) Average grey level invariance and the convexity of r give�(c) = NXi=1 r0@ NXj=1 1N u(k)j 1A� NXi=10@ 1N NXj=1 r(u(k)j )1A= NXj=1 r(u(k)j )= �(u(k)): (4.6)(ii) For i; j 2 J we de�neaij(u(k)) := ( qij(u(k))� 1 (i = j)qij(u(k)) (i 6= j): (4.7)Using the convexity of r, the preceding de�nition, and the prerequisites(D2) and (D3) we obtainV (k+1) � V (k) = NXi=10@r0@ NXj=1 qij(u(k)) u(k)j 1A� r(u(k)i )1A



4.3. SCALE-SPACE PROPERTIES 87conv.� NXi=10@ NXj=1 qij(u(k)) r(u(k)j )� r(u(k)i )1A(4:7)= NXi=1 NXj=1 aij(u(k)) r(u(k)j )(D3)= NXi=1 NXj=1 aij(u(k)) �r(u(k)j )� r(u(k)i )�= NXi=1 N�iXm=1 ai+m;i(u(k)) �r(u(k)i )� r(u(k)i+m)�+ NXi=1 N�iXm=1 ai;i+m(u(k)) �r(u(k)i+m)� r(u(k)i )�(D2)= 0: (4.8)(iii) This part of the proof can be shown in exactly the same manner as inthe semidiscrete case (Chapter 3, Theorem 5): Equality in the estimate(4.6) holds due to the strict convexity of r if and only if u(k) = c.(iv) In order to verify the �rst implication, let us start with a proof thatV (k+1) = V (k) implies u(k)1 = ::: = u(k)N . To this end, assume that u(k)is not constant:u(k)i0 := mini2J u(k)i < maxj2J u(k)j =: u(k)j0 :Then, by the irreducibility of Q(u(k)), we �nd l0; :::; lr 2 J with l0 = i0,lr = j0 and qlplp+1 6= 0 for p = 0; :::; r�1. Hence, there exists somep0 2 f0; :::; r�1g such that n := lp0, m := lp0+1, qnm(u(k)) 6= 0, andu(k)m 6= u(k)n . Moreover, the nonnegativity of Q(u(k)) gives qnm(u(k)) > 0,and by (D6) we have qnn(u(k)) > 0. Together with the strict convexityof r these properties lead tor0@ NXj=1 qnj(u(k)) u(k)j 1A= r0B@ NXj=1j 6=n;m qnj(u(k)) u(k)j + qnn(u(k)) u(k)n + qnm(u(k)) u(k)m 1CA< NXj=1j 6=n;m qnj(u(k)) r(u(k)j ) + qnn(u(k)) r(u(k)n ) + qnm(u(k)) r(u(k)m )= NXj=1 qnj(u(k)) r(u(k)j ):



88 CHAPTER 4. DISCRETE DIFFUSION FILTERINGIf we combine this with the results in (4.8), we obtainV (k+1) � V (k) = NXi=1i6=n 0@r0@ NXj=1 qij(u(k)) u(k)j 1A� r(u(k)i )1A+ r0@ NXj=1 qnj(u(k)) u(k)j 1A� r(u(k)n )< NXi=10@ NXj=1 qij(u(k)) r(u(k)j )� r(u(k)i )1A(4:8)= 0:This establishes that V (k+1) = V (k) implies u(k)1 = ::: = u(k)N . Then, byvirtue of the grey value invariance, we conclude that u(k) = c.Conversely, let u(k) = c. By means of prerequisite (D3) we obtainV (k+1) � V (k) = NXi=1 r0@ NXj=1 qij(u(k))�1A� NXi=1 r(�) = 0:(c) In order to prove convergence to a constant steady state, we can argueexactly in the same way as in the semidiscrete case if we replace Lyapunovfunctionals by Lyapunov sequences and integrals by sums. See Chapter 3,Theorem 5 for more details. 2In analogy to the semidiscrete case the preceding theorem comprises manyLyapunov functionals which demonstrate the information-reducing qualities ofour �lter class. Choosing the convex functions r(s) := jsjp, r(s) := (s��)2n andr(s) := s ln s, we immediately obtain the following corollary.Corollary 3 (Special Lyapunov functionals).Let (u(k))k2IN0 be a di�usion sequence according to (Pd), and let a and � be de�nedas in (4.2) and (4.4). Then the following functions are decreasing in k:(a) ku(k)kp for all p � 1.(b) M2n[u(k)] := 1N NPj=1(u(k)j � �)2n for all n 2 IN.(c) H[u(k)] := NPj=1u(k)j ln(u(k)j ), if a > 0.An interpretation of these results in terms of decreasing energy, decreasingcentral moments and increasing entropy is evident.



4.4. RELATION TO SEMIDISCRETE MODELS 894.4 Relation to semidiscrete modelsLet us now investigate in which sense our discrete �lter class covers in a naturalway time discretizations of semidiscrete �lters. To this end, we regard u(k) as anapproximation of the solution u of (Ps) at time t = k� , where � denotes the timestep size. We consider an FD scheme with two time levels where the operatorA { which depends nonlinearly on u { is evaluated in an explicit way, while thelinear remainder is discretized in an �-implicit manner. Such schemes are called�-semi-implicit. They reveal the advantage that the linear implicit part ensuresgood stabililty properties, while the explicit evaluation of the nonlinear termsavoids the necessity to solve nonlinear systems of equations. The theorem belowstates that this class of schemes is covered by the discrete framework, for whichwe have established scale-space results.Theorem 8 (Scale-space interpretation for �-semi-implicit schemes).Let � 2 [0; 1], � > 0, and let A = (aij) : IRN ! IRN�N satisfy the requirements(S1){(S5) of section 3.1. Then the �-semi-implicit schemeu(k+1) � u(k)� = A(u(k)) ��u(k+1) + (1��)u(k)� (4.9)ful�ls the prerequisites (D1){(D6) for discrete di�usion models provided that� � 1(1��) maxi2J jaii(u(k))j (4.10)for � 2 (0; 1). In the explicit case (�=0) the properties (D1){(D6) hold for� < 1maxi2J jaii(u(k))j ; (4.11)and the semi-implicit case (�=1) satis�es (D1){(D6) unconditionally.Proof: Let B(u(k)) := (bij(u(k))) := I � ��A(u(k));C(u(k)) := (cij(u(k))) := I + (1��)�A(u(k));where I2 IRN denotes the unit matrix. Since (4.9) can be written asB(u(k)) u(k+1) = C(u(k)) u(k)we �rst have to show that B(u(k)) is invertible for all u(k) 2 IRN . Henceforth, theargument u(k) is suppressed frequently since the considerations below are validfor all u(k) 2 IRN .



90 CHAPTER 4. DISCRETE DIFFUSION FILTERINGIf �=0, then B=I and hence invertible. Now assume that � > 0. Then B isstrictly diagonally dominant, sincebii = 1� ��aii (S3)= 1 + ��Xj2Jj 6=i aij > ��Xj2Jj 6=i aij (S4)= Xj2Jj 6=i jbijj 8 i 2 J:This also shows that bii > 0 for all i 2 J , and by the structure of the o�-diagonalelements of B we observe that the irreducibility of A implies the irreducibility ofB. Thanks to the fact that B is irreducibly diagonally dominant, bij � 0 for alli 6= j, and bii > 0 for all i 2 J , we know from [241, p. 85] that B�1 =: H =: (hij)exists and hij > 0 for all i; j 2 J . Thus, Q := (qij) := B�1C exists and by (S1) itfollows that Q 2 C(IRN ; IRN�N ). This proves (D1).The requirement (D2) is not hard to satisfy: Since B�1 and C are symmetricand reveal the same set of eigenvectors { namely those of A { it follows thatQ = B�1C is symmetric as well.Let us now verify (D3). By means of (S3) we obtainXj2J bij = 1 =Xj2J cij 8 i 2 J: (4.12)Let v := (1; :::; 1)> 2 IRN . Then (4.12) is equivalent toBv = v = Cv; (4.13)and the invertibility of B gives v = B�1v = Hv: (4.14)Therefore, from Qv = HCv (4:13)= Hv (4:14)= vwe conclude that Pj2J qij = 1 for all i 2 J . This proves (D3).In order to show that (D4) is ful�lled, we �rst check the nonnegativity of C.For i 6= j we have cij = (1��)�aij (S4)� 0:The diagonal entries yield cii = 1 + (1��)�aii:If � = 1 we have cii = 1 for all i 2 J . For 0 � � < 1, however, nonnegativity ofC is not automatically guaranteed: Using (S3){(S5) we obtainaii (S3)= �Xj2Jj 6=i aij (S4);(S5)< 0 8 i 2 J: (4.15)



4.4. RELATION TO SEMIDISCRETE MODELS 91Hence, C(u(k)) is nonnegative if� � 1(1��) maxi2J jaii(u(k))j =: ��(u(k)):Since H is nonnegative, we know that the nonnegativity of C implies the non-negativity of Q=HC.Now we want to prove (D5). If � = 1, then C = I, and by the positivity of Hwe have qij > 0 for all i; j 2 J . Thus, Q is irreducible.Next let us consider the case 0<�<1 and ����(u(k)). Then we know that Cis nonnegative. Using this information, the positivity of H, the symmetry of C,and (4:12) we obtainqij = Xk2J hikckj � mink2J hik| {z }>0 �Xk2J ckj| {z }=1 > 0 8 i; j 2 J;which establishes the irreducibility of Q.Finally, for � = 0, we have Q = C. For i; j 2 J with i 6= j we know thataij(u(k)) > 0 implies cij(u(k)) > 0. Now for� < 1maxi2J jaii(u(k))jit follows that cii(u(k)) > 0 for all i 2 J and, thus, the irreducibility of A(u(k))carries over to Q(u(k)).In all the abovementioned cases the time step size restrictions for ensuringirreducibility imply that all diagonal elements of Q(u(k)) are positive. This estab-lishes (D6). 2Remarks:(a) We have seen that the discrete �lter class (Pd) { although at �rst glancelooking like a pure explicit discretization { covers the �-semi-implicit case aswell. Explicit two-level schemes are comprised by the choice �=0. Equation(4.11) shows that they reveal the most prohibitive time step size restrictions.(b) The conditions (4.10) and (4.11) can be satis�ed by means of an a-prioriestimate. Since the semi-implicit scheme ful�ls (D1){(D6) we know by The-orem 3 that the solution obeys an extremum principle. This means that u(k)belongs to the compact set fv 2 IRN ��� kvk1 � kfk1g for all k 2 IN0. ByA2C(IRN ; IRN�N ) it follows thatKf := maxnjaii(v)j ��� i 2 J; v 2 IRN ; kvk1 � kfk1o



92 CHAPTER 4. DISCRETE DIFFUSION FILTERINGexists, and (4.15) shows that Kf > 0. Thus, choosing� � 1(1��)Kfensures that (4.10) is always satis�ed, and� < 1Kfguarantees that (4.11) holds.(c) If �>0, a large linear system of equations has to be solved. The system ma-trix, however, is symmetric, diagonally dominant, and sparse.1 Hence, onecan apply standard iterative techniques. The author's experiments indicatethat a conjugate gradient algorithm with SSOR preconditioning is highlyrecommendable. More details about this method can be found in [168, pp.154{161].(d) For � = 1 we obtain semi-implicit schemes which do not su�er from timestep size restrictions. In spite of the fact that the nonlinearity is discretizedin an explicit way they are absolutely stable in the maximum norm, andthey inherit the scale-space properties from the semidiscrete setting regard-less of the step size. Compared to explicit schemes, this advantage usuallyovercompensates for the additional e�ort of resolving a linear system.(e) By the explicit discretization of the nonlinear operator A it follows that allschemes in the preceding theorem are of �rst order in time. This should notgive rise to concern, since in image processing one is in general more inter-ested in maintaining qualitative properties such as maximum principles orinvariances rather than having an accurate approximation of the continu-ous equation. However, if one insists in second-order schemes, one may forinstance use the predictor{corrector approach by Douglas and Jones [77]:u(k+1=2) � u(k)�=2 = A(u(k)) u(k+1=2);u(k+1) � u(k)� = A(u(k+1=2)) �12u(k+1) + 12u(k)�:This scheme satis�es the properties (D1){(D6) for � � 2=Kf .1If the system matrix results from an FD discretization on a (p�p)-stencil it contains atmost p2 nonvanishing entries per row.



4.4. RELATION TO SEMIDISCRETE MODELS 93(f) One may also wish to apply splitting techniques [76, 164, 168, 211, 265]. Inthis case it should be kept in mind that in the general nonlinear frameworkthe split operators do not commute. Especially for large time steps this maylead to visible bias towards certain preferred directions.(g) The assumptions (S1){(S5) are su�cient conditions for the �-semi-implicitscheme to ful�l (D1){(D6), but they are not necessary. Nonnegativity ofQ(u(k)) may also be achieved using spatial discretizations where A(u(k))violates nonnegativity (see [38] for examples).



94 CHAPTER 4. DISCRETE DIFFUSION FILTERING



Chapter 5Examples and applicationsThe scale-space theory that we have discussed in Chapters 2{4 covers methodssuch as linear or nonlinear isotopic di�usion �ltering, for which many interestingapplications have already been mentioned in Chapter 1. Therefore, the goal of thepresent chapter is to show that a generalization to anisotropic models with di�u-sion tensors depending on the structure tensor o�er novel interesting propertiesand application �elds. Thus, we focus mainly on these anisotropic techniques andjuxtapose the results to other methods. In order to demonstrate the 
exibility ofanisotropic di�usion �ltering, we shall pursue two di�erent objectives:� smoothing with simultaneous edge-enhancement,� smoothing with enhancement of coherent 
ow-like textures.All calculations for di�usion �ltering are performed using semi-implicit FDschemes with time steps �t 2 [2; 5], and the regularizing convolution with aGaussian is implemented via an implicit FD scheme for linear di�usion. In orderto compare anisotropic di�usion to other methods, morphological scale-spaceshave been discretized as well. For MCM and AMSS this is achieved by means of(explicit) PSC schemes (cf. 1.5.4) with �t := 0:1 and �t := 0:01, respectively.On a small workstation such as an HP 712/80 (92 MIPS, 27.6 Mega
ops) it takesabout 3 CPU seconds to calculate one anisotropic di�usion step for a 256� 256image, and MCM or AMSS require approximately 0.4 seconds.5.1 Edge-enhancing di�usion5.1.1 Filter designIn accordance with the notations in 2.2, let �1, �2 with �1 � �2 be the eigenvaluesof the structure tensor J�, and v1, v2 the corresponding orthonormal eigenvectors.95



96 CHAPTER 5. EXAMPLES AND APPLICATIONSSince the di�usion tensor should re
ect the local image structure it ought to bechosen in such a way that it reveals the same set of eigenvectors v1, v2 als J�.The choice of the corresponding eigenvalues �1, �2 depends on the desired goalof the �lter.If one wants to smooth preferably within each region and aims to inhibit dif-fusion across edges, then one can reduce the di�usivity �1 perpendicular to edgesthe more the higher the contrast �1 is, see 1.2.3 and [247, 250]. This behaviourmay be accomplished by the following choice (m 2 IN, Cm > 0, � > 0):�1(�1) := g(�1); (5.1)�2 := 1 (5.2)with g(s) := 8<: 1 (s � 0)1� exp � �Cm(s=�)m � (s > 0): (5.3)This exponentially decreasing function is chosen in order to ful�l the smoothnessrequirement stated in (Pc), cf. 2.3. Since ru� remains bounded on 
� [0;1) and�1 = jru�j2, we know that the uniform positive de�niteness of D is automaticallysatis�ed by this �lter.The constant Cm is calculated in such a way that the 
ux sg(s) is increasingfor s 2 [0; �] and decreasing for s 2 (�;1). Thus, the preceding �lter strategycan be regarded as an anisotropic regularization of the Perona{Malik model.The choice m := 4 (which implies C4 = 3:31488) gives visually good resultsand is used exclusively in the examples below. Since in this section we are onlyinterested in edge-enhancing di�usion we may set the integration scale � of thestructure tensor equal to 0. Applications which require nonvanishing integrationscales shall be studied in section 5.2.5.1.2 ApplicationsFigure 5.1 illustrates that anisotropic di�usion �ltering is still capable of possess-ing the contrast-enhancing properties of the Perona{Malik �lter (provided theregularization parameter � is not too large).1 It depicts the temporal evolutionof a Gaussian-like function and its isolines. It can be observed that two regionswith almost constant grey value evolve which are separated by a fairly steep edge.Edge enhancement is caused by the fact that, due to the rapidly decreasing dif-fusivity, smoothing within each region is strongly preferred to di�usion between1Except for Figs. 5.1, 5.3 and 5.4, where contrast enhancement is to be demonstrated, allimages in the present work are depicted in such a way that the lowest value is black and thehighest one appears white. They reveal a range within the interval [0; 255] and all pixels haveunit length in both directions.
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Figure 5.1: Anisotropic di�usion �ltering of a Gaussian-type function,
 = (0; 256)2. From top left to bottom right: t = 0, 125, 625, 3125,15625, 78125.



98 CHAPTER 5. EXAMPLES AND APPLICATIONSthe two adjacent regions. The edge location remains stable over a very long timeinterval. This indicates that, in practise, the determination of a suitable stoppingtime is not a critical problem. After the process of contrast enhancement is con-cluded, the steepness of edges decreases very slowly until the gradient reaches avalue where no backward di�usion is possible anymore. Then the image convergesquickly towards a constant image.Let us now compare the denoising properties of di�erent di�usion �lters. Fig-ure 5.2(a) consists of a triangle and a rectangle with 70 % of all pixels beingcompletely degraded by noise.2 In Fig. 5.2(b) we observe that linear di�usion�ltering is capable of removing all noise, but we have to pay a price: the imagebecomes completely blurred. Besides the fact that edges get smoothed so thatthey are harder to identify, the correspondence problem appears: edges becomedislocated. Thus, once they are identi�ed at a coarse scale, they have to be tracedback in order to �nd their true location, a numerically very di�cult problem.Fig. 5.2(c) shows the e�ect when applying the isotropic nonlinear di�usionequation [58] @tu = div (g(jru�j)ru) (5.4)with g as in (5.3). Since edges are hardly a�ected by this process, nonlinearisotropic di�usion does not reveal the correspondence problems which are char-acteristic for linear �ltering. On the other hand, the drastically reduced di�usivityat edges is also responsible for the drawback that noise at edges is preserved.Figure 5.2(d) demonstrates that nonlinear anisotropic �ltering shares the ad-vantages of both beforementioned methods. It combines the good noise elimi-nating properties of linear di�usion with the stable edge structure of nonlinearisotropic �ltering. Due to the permitted smoothing along edges, however, cornersget more rounded than in the nonlinear isotropic case.The scale-space behaviour of the di�erent di�usion �lters is juxtaposed in Fig.5.3, where an MRT slice of a human head is processed [249].We observe that linear di�usion does not only blur all structures in an equalamount but also dislocates them more and more with increasing scale.Isotropic nonlinear di�usion gives very well localized edges, so no correspon-dence problem appears anymore. One the other hand, small or thin structuresreveal an extremely extended lifetime across the scales if they can be distin-guished from their neighbourhood by a su�ciently large grey value di�erence. Asa consequence, they may be present for too long, as can be seen from the last2This image is taken from the Software package MegaWave which was developed at theCEREMADE (University Paris IX). Test images of this type have been used to study thebehaviour of �lters such as [12, 14, 15, 65, 66].
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Figure 5.2: Restoration properties of di�usion �lters. (a) Top Left:Test image, 
 = (0; 128)2. (b) Top Right: Linear di�usion, t = 80.(c) Bottom Left: Nonlinear isotropic di�usion, � = 3:5, � = 3,t = 80. (d) Bottom Right: Nonlinear anisotropic di�usion, � = 3:5,� = 3, t = 80.



100 CHAPTER 5. EXAMPLES AND APPLICATIONSimage in the middle column. The whole nonlinear isotropic di�usion scale-spaceevolution is very slow.Anisotropic nonlinear di�usion has a faster scale-space behaviour since di�u-sion along edges is still permitted. As in (5.2(d)), this causes a stronger roundingof structures, which can be seen at the nose. As a positive consequence of thisslight shrinking e�ect, small or elongated and thin structures are better elimi-nated than in the isotropic case. Thus, we recognize that most of the depicted\segments" coincide with the semantically correct objects that one would expectat these scales. Finally the image turns to a silhouette of the head, before itconverges to a constant image.As can be seen for instance at the chin, both nonlinear di�usion processes arecapable of enhancing edges. The tendency to produce piecewise almost constantregions indicates that these scale-spaces are ideal prepocessing tools for segmen-tation. Unlike di�usion{reaction models aiming to yield one segmentation-likeresult for t ! 1 (cf. 1.3), the temporal evolution of these models generates acomplete hierarchical family of segmentation-like images. The contrast-enhancingquality distinguishes nonlinear di�usion �lters from other scale-spaces. It shouldbe noted that contrast enhancement is a local phenomenon which cannot bereplaced by simple global rescalings of the grey value range. Therefore, it is gen-erally not possible to obtain similar segmentation-like results by just rescalingthe results from a scale-space which is only contrast-reducing.The contrast and noise parameters � and � give the user the liberty to adaptnonlinear di�usion scale-spaces to the desired purpose in order to reward inter-esting features with a longer lifetime. Suitable values for them should result ina natural way from the speci�c problem. In this sense, the time t is rather aparameter of importance, with respect to the speci�ed task, than a descriptor ofspatial scale. The common view that the evolution paramater t of scale-spacesshould be related to the spatial scale re
ects the assumption that a scale-spaceanalysis should be uncommitted. Nonlinear di�usion �ltering renounces this re-quirement by allowing to incorporate a-priori information (e.g. about the contrastof semantically important structures) into the evolution process. The basic ideaof scale-spaces, however, is maintained: to provide a family of subsequently sim-pli�ed versions of the original image, which gives a hierarchy of structures andallows to pick up the relevant information from a certain scale.Besides these speci�c features of nonlinear di�usion scale-spaces it should bementioned that, due to the homogeneous Neumann boundary condition and thedivergence form, both linear and nonlinear di�usion �lters preserve the averagegrey level of the image.This is not true for the morphological �lters which have been applied in Fig.5.4. We observe that the images become increasingly darker as the time proceeds.



5.1. EDGE-ENHANCING DIFFUSION 101On the other hand, edges are not blurred as strongly as in the linear di�usioncase.The curvature motion (1.74) at the left column of Fig. 5.4 is a pure anisotropictechnique. Since MCM shrinks level lines with a velocity that is proportional totheir curvature, low-curved object boundaries are less a�ected by this process,while high-curved structures (e.g. the nose) exhibit roundings at an earlier stage.After some time, however, the head looks almost like a ball. This is in accordancewith the theory which predicts convergence of all closed level lines to a circularpoint.A similar behaviour can be observed for the a�ne invariant morphologicalscale-space (1.92). Since it takes the time T = 34s 43 to remove all isolines withina circle of radius s { in contrast to T = 12s2 for MCM { we see that, for acomparable elimination of small structure, the shrinking e�ect of large struc-tures is stronger for AMSS than for MCM. Thus, although edges are easier todetect than in the linear di�usion case, the correspondence problem remains.Nevertheless, the advantage of having a�ne invariance may counterbalance thecorrespondence problem in certain applications. Since the AMSS involves no ad-ditional parameters and o�ers more invariances than other scale-spaces, it is idealfor uncommitted image analysis and shape recognition.One possibility to avoid the correspondence problem of morphological scale-spaces is to damp the curve evolution at high-contrast edges, which is at theexpense of withdrawing morphology. Processes of this type are studied in [12,217, 218]. As a simple prototype for this idea, let us investigate the modi�edMCM @tu = jruj curv(u)1 + (jru�j=�)2 : (5.5)Its corresponding evolution is depicted in the third column of Fig. 5.4. We observethat structures remain much better localized than in the original MCM. Onthe other hand, the experiments give evidence that this process is probably notcontrast-enhancing, see e.g. the chin. As a consequence, the results appear lesssegmentation-like than those for nonlinear di�usion �ltering.Let us now study two applications of nonlinear di�usion �ltering in computeraided quality control (CAQ): the grading of fabrics and wood surfaces (see also[248]).The quality of a fabric is determined by two criteria, namely clouds andstripes. Clouds result from isotropic inhomogeneities of the density distribution,whereas stripes are an anisotropic phenomenon caused by adjacent �bers point-ing in the same direction. Anisotropic di�usion �lters are capable of visualizingboth quality-relevant features simultaneously (Fig. 5.5). For a suitable parameterchoice, they perform isotropic smoothing at clouds and di�use in an anisotropic
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Figure 5.3: Di�usion scale-spaces. Top: Original image, 
 = (0; 236)2. LeftColumn: Linear di�usion, top to bottom: t = 0, 12:5, 50, 200.Middle Column:Isotropic nonlinear di�usion (� = 3, � = 1), t = 0, 25000, 500000, 7000000.RightColumn: Anisotropic nonlinear di�usion (� = 3, � = 1), t = 0, 250, 875, 3000.
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Figure 5.4: Morphological scale-spaces and related methods.Top: Original image,
 = (0; 236)2. Left Column: Mean curvature motion, t = 0, 70, 275, 1275.Middle Column: A�ne morphological scale-space, t = 0, 20, 50, 140. RightColumn: Modi�ed mean curvature motion (� = 3, � = 1), t = 0, 100, 350, 1500.
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Figure 5.5: Preprocessing of a fabric image. (a) Left: Fabric, 
 =(0; 257)2. (b) Right: Anisotropic di�usion, � = 4, � = 2, t = 240.

Figure 5.6: Defect detection in wood. (a) Left: Wood surface, 
 =(0; 256)2. (b) Right: Isotropic nonlinear di�usion, � = 4, � = 2,t = 2000.



5.1. EDGE-ENHANCING DIFFUSION 105way along �bres in order to enhance them. However, if one wants to visualizeboth features separately, one can use a fast pyramid algorithm based on lineardi�usion �ltering for the clouds [251], whereas stripes can be enhanced by a spe-cial nonlinear di�usion �lter which is designed for closing interrupted lines andwhich shall be discussed in Section 5.2.For furniture production it is of importance to classify the quality of woodsurfaces. If one aims to automize this evaluation, one has to process the image insuch a way that quality relavant features become better visible und unimportantstructures disappear. Fig. 5.6(a) depicts a wood surface possessing one defect.To visualize this defect, equation (5.4) can be applied with good success (Fig.5.6(b)). In [248] it is demonstrated how a modi�ed anisotropic di�usion processyields even more accurate results with less roundings at the corners.Fig. 5.7(a) gives an example for possible medical applications of nonlineardi�usion �ltering as a preprocessing tool for segmentation (see also [247, 250] foranother example). It depicts an MRT slice3 of the human head. For detectingAlzheimer's disease one is interested in determining the ratio between the ventri-cle areas (the two white longitudinal objects in the centre) and the entire headarea.In order to make the diagnosis more objective and reliable, it is intended toextract these features by a segmentation algorithm. Figure 5.7(c) shows a segmen-tation according to the following simpli�cation of the Mumford{Shah functional(1.47): Ef (u;K) = Z
 (u�f)2 dx + �jKj: (5.6)It has been obtained by a MegaWave programme using a hierarchical region-growing algorithm due to Koep
er et al. [142]. As is seen in Fig. 5.7(d), one getsa better segmentation when processing the original image slightly by means ofnonlinear di�usion �ltering (Fig. 5.7(b)) prior to segmenting it. In order to extendthese promising results to the 3D setting, an anisotropic di�usion algorithm for3D images has been devoloped which allows to �lter simultaneously an entireMRT or CT set [202].
3kindly provided by Aldo von Wangenheim, German Research Center for Arti�cial Intelli-gence, Kaiserslautern.
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Figure 5.7: Preprocessing of an MRT image. (a) Top Left: Head,
 = (0; 256)2. (b) Top Right: Di�usion-�ltered, � = 5, � = 0:1,t = 2:5. (c) Bottom Left: Segmented original image, � = 8192. (d)Bottom Right: Segmented �ltered image, � = 8192.



5.2. COHERENCE-ENHANCING DIFFUSION 1075.2 Coherence-enhancing di�usion5.2.1 Filter designIn this section we shall investigate how the structure tensor information can beused to design anisotropic di�usion scale-spaces which enhance the coherence of
ow-like textures [252]. This requires a nonvanishing integration scale �.Let again �1, �2 with �1 � �2 be the eigenvalues of J�, and v1, v2 the cor-responding orthonormal eigenvectors. As in 5.1 the di�usion tensor D(J�(ru�))ought to possess the same set of eigenvectors as J�(ru�).If one wants to enhance coherent structures, one should smooth preferablyalong the coherence direction v2 with a di�usivity �2 which increases with respectto the coherence (�1��2)2. This may be achieved by the following choice for theeigenvalues of the di�usion tensor (C > 0, m 2 IN):�1 := �;�2 := 8<: � if �1=�2,�+ (1��) exp � �C(�1��2)2m � else,where the exponential function was chosen to ensure the smoothness of D andthe small positive parameter � 2 (0; 1) keeps D(J�(ru�)) uniformly positivede�nite.4All examples below are calculated using C := 1, m := 1, and � := 0:001.5.2.2 ApplicationsFigure 5.8 illustrates the advantages of local orientation analysis by means ofthe structure tensor. In order to detect the local orientation of the �ngerprintdepicted in Fig. 5.8(a), the gradient orientation of a slightly smoothed image hasbeen calculated (Fig. 5.8(b)). Horizontally oriented structures appear black, whilevertical structures are represented in white. We observe very high 
uctuations inthe local orientation. When applying a larger smoothing kernel it is clear thatadjacent gradients having the same orientation but opposite direction cancel out.Therefore, the results in (c) are much worse than in (b). The structure tensor,however, averages the gradient orientation instead of its direction. This is thereason for the reliable estimates of local orientation that can be obtained withthis method (Fig. 5.8(d)).To illustrate how the result of anisotopic PDE methods depends on the direc-tion in which they smooth, let us recall the example of mean curvature motion4Evidently, �lters of this type are not regularizations of the Perona{Malik process: the limit� ! 0, �! 0 leads to a linear di�usion process with constant di�usivity �.
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Figure 5.8: Local orientation in a �ngerprint image. (a) Top Left:Original �ngerprint, 
 = (0; 256)2. (b) Top Right: Orientationof smoothed gradient, � = 0:5. (c) Bottom Left: Orientation ofsmoothed gradient, � = 5. (d) Bottom Right: Structure tensororientation, � = 0:5, � = 4.
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Figure 5.9: Anisotropic equations applied to the �ngerprint image.(a) Left: Mean-curvature motion, t = 5. (b) Right: Coherence-enhancing anisotropic di�usion, � = 0:5, � = 4, t = 20.(cf. 1.5.1): @tu = u�� = jruj curv(u) (5.7)with � being the direction perpendicular to ru. Since MCM smoothes by prop-agating level lines in inner normal direction we recognize that its smoothing di-rection depends exclusively on ru. Thus, although this method is in a completeanisotropic spirit, we should not expect it to be capable of closing interruptedline-like structures. The results in Fig. 5.9(a) con�rm this impression.The proposed anisotropic di�usion �lter, however, rotates the di�usive 
uxtowards the coherence orientation v2 and is therefore well-suited for closing in-terrupted lines in coherent 
ow-like textures, see Fig. 5.9(b). Due to its reduceddi�usivity at noncoherent structures, the locations of the semantically importantsingularities in the �ngerprint remain the same. This is an important prerequisitethat any image processing method has to satisfy if it is to be applied to �ngerprintanalysis.Figure 5.10 depicts the scale-space behaviour of coherence-enhancing aniso-tropic di�usion applied to the fabric image from Fig. 5.5. The temporal behaviourof this di�usion �lter seems to be appropriate for visualizing coherent �bre ag-glomerations (stripes) at di�erent scales, a di�cult problem for the automaticgrading of nonwovens.Let us now investigate the impact of coherence-enhancing di�usion on images,which are not typical texture images, but still reveal a 
ow-like character. To thisend, we shall process impressionistic paintings by Vincent van Gogh.
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Figure 5.10: Scale-space behaviour of coherence-enhancing di�usion(� = 0:5, � = 2). (a) Top Left: Original fabric image, 
 = (0; 257)2.(b) Top Right: t = 20. (c) Bottom Left: t = 120. (d) BottomRight: t = 640.
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Figure 5.11: Image restoration using coherence-enhancing anisotropicdi�usion. (a) Left: \Selfportrait" by van Gogh (Saint-R�emy, 1889;Paris, Muse�e d'Orsay), 
 = (0; 215)� (0; 275). (b) Right: Filtered,� = 0:5, � = 4, t = 6.Fig. 5.11 shows the restoration properties of cohererence-enhancing anisotropicdi�usion when being applied to a selfportrait of the artist [103]. We observe thatthe di�usion �lter can close interrupted lines and enhance the 
ow-like characterwhich is typical for van Gogh paintings.The next painting we are concerned with is called \Lane under CypressesBelow the Starry Sky" [104]. It is depicted in Fig. 5.12. In order to demonstratethe in
uence of the integration scale �, all �lter parameters are �xed except for�. In Fig. 5.12(b) we observe that a value for � which is too small does not leadto the visually dominant coherence orientation and, thus, the �ltered structuresreveal a lot of undesired 
uctuations. Increasing the value for � improves theimage signi�cantly (Fig. 5.13(c)). Interestingly, a further increasing of � doeshardly alter this result (Fig. 5.13(d)), which indicates that this van Gogh paintingpossesses a uniform \texture scale" re
ecting the characteristic painting style ofthe artist.In a last example the temporal evolution of 
ow-like images is illustrated byvirtue of the \Starry Night" painting in Fig. 5.13 [102, 253]. Due to the establishedscale-space properties, the image becomes gradually simpler with respect to many



112 CHAPTER 5. EXAMPLES AND APPLICATIONS

Figure 5.12: Impact of the integration scale on coherence-enhancinganisotropic di�usion (� = 0:5, t = 8). (a) Top Left: \Lane underCypresses below the Starry Sky" by van Gogh (Auvers-sur-Oise, 1890;Otterlo, Rijksmuseum Kr�oller{M�uller), 
 = (0; 203) � (0; 290). (b)Top Right: Filtered with � = 1. (c) Bottom Left: � = 4. (d)Bottom Right: � = 6.
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Figure 5.13: Scale-space properties of coherence-enhancing anisotropic di�usion(� = 0:5, � = 4). (a) Top Left: \Starry Night" by van Gogh (Saint-R�emy,1889; New York, The Museum of Modern Art), 
 = (0; 255)� (0; 199). (b) TopRight: t = 8. (c) Bottom Left: t = 64. (d) Bottom Right: t = 512.aspects, before it �nally will tend to its simplest representation, a constant imagewith the same average grey value as the original one. The 
ow-like character,however, is maintained for a very long time.5
5Results for AMSS �ltering of this image can be found in [178].
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Chapter 6ConclusionsIn this work a scale-space framework has been presented which does not requireany monotony assumption (comparison principle). We have seen that, besidesthe fact that many global smoothing scale-space properties are maintained, newpossibilities with respect to image restoration appear.Rather than deducing a unique equation from �rst principles we have ana-lysed well-posedness and scale-space properties of a general family of regularizedanisotropic di�usion �lters. Existence and uniqueness results, continuous depen-dence of the solution on the initial image, maximum{minimum principles, invari-ances, Lyapunov functionals, and convergence to a constant steady state havebeen established.The large class of Lyapunov functionals permits to regard these �lters in nu-merous ways as simplifying, information-reducing transformations. These globalsmoothing properties do not contradict seemingly opposite local e�ects suchas edge enhancement. For this reason it is possible to design scale-spaces withrestoration properties giving segmentation-like results.Prerequisites have been stated under which one can prove well-posedness andscale-space results in the continuous, semidiscrete and discrete setting. Each ofthese frameworks stands on its own and does not require the others. On theother hand, the prerequisites in all three settings reveal many similarities and,as a consequence, representatives of the semidiscrete class can be obtained bysuitable spatial discretizations of the continuous class, while representatives ofthe discrete class may arise from time discretizations of semidiscrete �lters.The degree of freedom within the proposed class of �lters can be used to tailorthe �lters towards speci�c restoration tasks. Therefore, these scale-spaces do notneed to be uncommitted; they give the user the liberty to incorporate a-prioriknowledge, for instance concerning size and contrast of especially interesting fea-tures. 115



116 CHAPTER 6. CONCLUSIONSThe analysed class comprises linear di�usion �ltering and the nonlinear iso-tropic model of Catt�e, Lions, Morel, Coll [58] and Whitaker and Pizer [255], butalso novel approaches have been proposed: The use of di�usion tensors instead ofscalar-valued di�usivities puts us in a position to design real anisotropic di�usionprocesses which may reveal advantages at noisy edges. Last but not least, the factthat these �lters are steered by the structur tensor instead of the regularized gra-dient allows to adapt them to more sophisticated tasks such as the enhancementof coherent 
ow-like structures.In view of these results, anisotropic di�usion deserves to be regarded as muchmore than an ad-hoc strategy for transforming a degraded image into a morepleasant looking one. It is a 
exible and mathematically sound class of methodswhich ties the advantages of two worlds: scale-space analysis and image restora-tion.
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