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Example Solutions for Theoretical Assignments 4 (T4)

Problem 1 (Continuous Nonquadratic Variational Methods)

(a) For an energy functional of the form

E(u) =

∫ a

b

F (u, ux)

the associated Euler-Lagrange equation is given by

Fu −
∂

∂x
Fux = 0 .

In our case, the corresponding derivatives read

Fu = u− f ,

Fux = α λ2 1

2
√

1 + u2
x/λ

2

2 ux

λ2
= α

(
1√

1 + u2
x/λ

2
ux

)
.

Taking the derivative with respect to x of the second term yields

∂

∂x

Fux = α
∂

∂x

(
1√

1 + u2
x/λ

2
ux

)
.

If desired this can be further simplified to

α
∂

∂x

(
1√

1 + u2
x/λ

2
ux

)
= α

uxx

√
1 + u2

x/λ
2 − ux

1

2
√

1+u2
x/λ2

2 ux

λ2 uxx

1 + u2
x/λ

2


= α

 uxx√
1+u2

x/λ2
(1 + u2

x/λ
2)− uxx√

1+u2
x/λ2

(ux)2

λ2

1 + u2
x/λ

2


= α

uxx

(1 + u2
x/λ

2)
3
2

.
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Putting everything together, we obtain the Euler-Lagrange equation

u− f − α
∂

∂x

(
1√

1 + u2
x/λ

2
ux

)
= 0

with natural boundary conditions Fux(a) = Fux(b) = 0.

(b) The value of the parameter λ steers the preservations of discontinuities
in the solution. This can be seen from the Euler-Lagrange equation,
where the smoothness term results in the discontinuity-preserving dif-
fusion process

∂tu =
∂

∂x

( 1√
1 + u2

x/λ
2︸ ︷︷ ︸

g(u2
x)

ux

)
.

For very large values of λ, the diffusivity g(u2
x) approaches 1 which

comes down to linear diffusion

∂tu =
∂

∂x

(
ux

)
= uxx .

Thus, no discontinuities are preserved. For small values of λ, however,
the diffusivity g(u2

x) depends mainly on the argument ux. For large
gradients ux it even tends towards 0. This in turn inhibits smoothness
at discontinuities in the solution.

(c) It is sufficient to prove that E(u) is strictly convex in u, as it follows
that E(u) has a single global minimum which is the unique solution of
the Euler-Lagrange equation.

First we show the convexity of the data term of our functional, which
is given by

1

2
(u− f)2 =: D(u) .

We exploit the fact that a function is strictly convex if its second deriva-
tive is positive. Thus we compute

∂2

∂u2

(
1

2
(u− f)2

)
=

∂

∂u
(u− f) = 1 > 0

which shows the strict convexity in u . Now we consider the smoothness
term, given by

α λ2
√

1 + u2
x/λ

2 =: S(ux) .
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In part (a) we already computed the first derivative

∂

∂ux

S(ux) =
∂

∂ux

(
α λ2

√
1 + u2

x/λ
2
)

=
α ux√

1 + u2
x/λ

2
.

The second derivative is given by

∂2

∂u2
x

S(ux) =
∂

∂ux

(
α ux√

1 + u2
x/λ

2

)
= α


√

1 + u2
x/λ

2 − ux
ux

λ2
√

1+u2
x/λ2

1 + u2
x/λ

2


= α

1

(1 + u2
x/λ

2)3/2

As α > 0 and 1+u2
x/λ

2 ≥ 1, the second derivative is positive, thus also
our smoothness term is strictly convex in u.

We now use these results to show the strict convexity of our energy
functional. A functional E : X → Y is strictly convex if it holds
∀u, v ∈ X ∀β ∈]0, 1[:

E(β u + (1− β) v) < β E(u) + (1− β) E(v)

In our case, we have

E
(
β u + (1− β) v

)
=

∫ b

a

D
(
β u + (1− β) v

)
+ S

((
βu + (1− β)v

)
x

)
dx

=

∫ b

a

D
(
β u + (1− β) v

)
dx +

∫ b

a

S
((

βu + (1− β)v
)

x

)
dx

=

∫ b

a

D
(
β u + (1− β) v

)
dx +

∫ b

a

S
(
β ux + (1− β) vx

)
dx

(1)

where in the last step we have used the linearity of the differential
operator. Due to the convexity of D we have

D
(
β u + (1− β) v

)
< β D(u) + (1− β) D(v)

As a ≤ b, it follows that∫ b

a

D
(
β u + (1− β) v

)
dx <

∫ b

a

β D(u) + (1− β) D(v) dx (2)
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Analogously we want to derive an inequality for the second term. As
S is strictly convex, it holds that

S
(
β ux + (1− β) vx

)
< βS(ux) + (1− β)S(vx)

Again we use the fact that a ≤ b, which leads us to∫ b

a

S
(
β ux + (1− β) vx

)
dx <

∫ b

a

β S(ux) + (1− β) S(vx) dx (3)

Finally, we combine equation (1) with inequalities (2) and (3)

E
(
β u + (1− β) v

)
=

∫ b

a

D
(
β u + (1− β) v

)
+ S

((
βu + (1− β)v

)
x

)
dx

=

∫ b

a

D
(
β u + (1− β) v

)
dx +

∫ b

a

S
((

βu + (1− β)v
)

x

)
dx

<

∫ b

a

β D(u) + (1− β) D(v) dx +

∫ b

a

βS(ux) + (1− β) S(vx) dx

= β

∫ b

a

D(u) + S(ux) dx + (1− β)

∫ b

a

D(v) + S(vx) dx

= β E(u) + (1− β) E(v)

which concludes the proof.
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Problem 2 (Discrete Variational Methods)

(a) In analogy to the functional considered in Problem 1, we write down a
discrete version of E(u) as follows:

E(u) :=
1

2

N∑
k=1

(uk − fk)
2 + α

N−1∑
k=1

λ2

√
1 +

(uk+1 − uk)2

λ2h2
.

Here, we assume that the finite forward difference and the length of
the signal f , i.e., N = b−a

h
, depend on the pixel distance h > 0, which

is often set to 1 in practice.

(b) The minimiser of the discrete functional E(u) necessarily satisfies the

nonlinear system of equations
∂E(u)

∂uk

= 0 for all k = 1, . . . , N . Thus,

we have to calculate partial derivatives distinguishing boundary pixels
from inner pixels:

∂E(u)

∂u1

= u1 − f1 −
α

h2

u2 − u1√
1 +

(u2 − u1)
2

λ2h2

, (for k = 1),

∂E(u)

∂uk

= uk − fk −
α

h2

uk+1 − uk√
1 +

(uk+1 − uk)
2

λ2h2

+
α

h2

uk − uk−1√
1 +

(uk − uk−1)
2

λ2h2

,

(for k = 2, . . . , N − 1),

∂E(u)

∂uN

= uN − fN +
α

h2

uN − uN−1√
1 +

(uN − uN−1)
2

λ2h2

, (for k = N).
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Problem 3 (Wavelet Shrinkage)

(a) We first compute the Fast Wavelet Transform (Lecture 6, slide 15) from
the original signal f = (3, 4, 1,−2, 0, 4,−2,−4) via

Level 1:

c1,0 = 1√
2
(c0,0 + c0,1)

= 1√
2
(3 + 4) =

7√
2

d1,0 = 1√
2
(c0,0 − c0,1)

= 1√
2
(3− 4) =

−1√
2

c1,1 = 1√
2
(1 + (−2)) =

−1√
2

d1,1 = 1√
2
(1− (−2)) =

3√
2

c1,2 = 1√
2
(0 + 4) =

4√
2

d1,2 = 1√
2
(0− 4) =

−4√
2

c1,3 = 1√
2
((−2) + (−4)) =

−6√
2

d1,3 = 1√
2
((−2)− (−4)) =

2√
2

Level 2:

c2,0 = 1√
2

(
7√
2

+ −1√
2

)
= 3

d2,0 = 1√
2

(
7√
2
− −1√

2

)
= 4

c2,1 = 1√
2

(
4√
2

+ −6√
2

)
= −1

d2,1 = 1√
2

(
4√
2
− −6√

2

)
= 5

Level 3:

c3,0 = 1√
2
(3 + (−1)) =

2√
2

d3,0 = 1√
2
(3− (−1)) =

4√
2
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The transformed signal f̂ is now given by the following coefficients:

(c3,0, d3,0, d2,0, d2,1, d1,0, d1,1, d1,2, d1,3)

which corresponds to

f̂ =

(
2√
2
,

4√
2
, 4, 5,

−1√
2
,

3√
2
,
−4√

2
,

2√
2

)
.

(b) Looking at the absolute values of our transformed signal f̂ , we see
that there are three wavelet coefficients that are less or equal to 3√

2

(remember that we do NOT alter the scaling coefficient, i.e. the first
entry remains unaltered). As we wanted to remove three coefficients,
we can take this value as our threshold T (the next larger value is 4√

2
,

so every threshold T with 3√
2
≤ T < 4√

2
would do the same job). The

modified signal is then given by

f̂ ′ =

(
2√
2
,

4√
2
, 4, 5, 0, 0,

−4√
2
, 0

)
.

Note that all removed coefficients (d1,0, d1,1 and d1,3) represent high
frequencies. They correspond to the first, second and fourth quarter of
the original signal f .
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(c) We now compute the backtransform of our modified signal f̂ ′:

Level 2:

c′2,0 = 1√
2

(
c′3,0 + d′3,0

)
= 1√

2

(
2√
2

+ 4√
2

)
= 3

c′2,1 = 1√
2

(
c′3,0 − d′3,0

)
= 1√

2

(
2√
2
− 4√

2

)
= −1

Level 1:

c′1,0 = 1√
2
(3 + 4) =

7√
2

c′1,1 = 1√
2
(3− 4) =

−1√
2

c′1,2 = 1√
2
((−1) + 5) =

4√
2

c′1,3 = 1√
2
((−1)− 5) =

−6√
2

Level 0 (backtransformed signal):

c′0,0 = 1√
2

(
7√
2

+ 0
)

= 3.5

c′0,1 = 1√
2

(
7√
2
− 0
)

= 3.5

c′0,2 = 1√
2

(
−1√

2
+ 0
)

= −0.5

c′0,3 = 1√
2

(
−1√

2
− 0
)

= −0.5

c′0,4 = 1√
2

(
4√
2

+ −4√
2

)
= 0

c′0,5 = 1√
2

(
4√
2
− −4√

2

)
= 4

c′0,6 = 1√
2

(
−6√

2
+ 0
)

= −3

c′0,7 = 1√
2

(
−6√

2
− 0
)

= −3

Our modified backtransformed signal is now given by

f ′ = c′0 = (3.5, 3.5,−0.5,−0.5, 0, 4,−3,−3) .

Not surprisingly, the signal has been smoothed. Note that this smooth-
ing is local: the coefficients f4 and f5 have not been altered. This is due

8



to the local nature of Haar wavelets. As we only modified the wavelet
coefficients that correspond to the first, second and fourth quarter of
the original signal, it makes perfect sense that the third quarter remains
unaltered.
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