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Example Solutions for Theoretical Assignments 1 (T1)

Problem 1 (Signal-to-Noise Ratio)

We first review the definition of the SNR:

SNR(f,g) = 10logy, (%)

where 02(g) is the variance of the original image and o%(n) is the variance of
the additive noise.

(a)

We have

SNR(f,9) =0 <= logy, (%) =0 <= o%g)=0c%n) .

That means in the case SNR(f, g) = 0 the noise has the same variance
as the image data.

Here we use the fact that

a
logy, (g) = logyp(a) — 10glo(b> .

Let us assume that wu is a restored version of the noisy image f such that
SNR(u,g) = SNR(f,g) + 10 . Let us write f = g +ny and u = g + ns
for the additive noise on f and u. We calculate that

SNR(u, g) = SNR(f, g)+10 <= log,, <ig))) =logy, ( (9) )+1

o?(ng o%(ny)
> log,y(0?(n2)) = logy(0”(n1)) — 1
a*(n)
10

That means the filtering algorithm reduced the variance of the noise
by a factor 10.

= 0%(ny) =

We have already seen that SNR(f, g) = 10log,,(0*(g))—101og;o(c*(n)).

Case 1. If the initial image ¢ is constant, we have o2(g) = 0, and then
the first logarithm is not defined. In the limit we have lim, ¢+ log,,(z) =
—o00. That means for a constant image g and a non-constant noisy
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version f we would obtain SNR(f,g) = —oo. In this case the noise
variance is infinitely many times as large as the image variance.

Case 2. If we try to calculate SNR(g, g), the variance of the noise is
zero: o2(n) = 0. For a non-constant image this would lead to an SNR,
of 400 which expresses the fact that the quality cannot become better.

Problem 2 (Discrete vs. Continuous Convolution)

(a) We observe that with the given convolution kernel f one obtains for
any discrete signal g = (g;)icz the result

o0

(9% f)i = Z ficij 95=59i+5 g9i-1-

Applying this iteratively leads to

N\

0, 2<0ori>2,
(f*f)’L: i7 7;:0727
\%’ i=1
(0, i<O0ori>3,
(f*fxfli=q5 1=0,3,
(2, i=1,2
(0, i< Oori>4,
T =04,
(fefrfefi=q% .|
6 = 737
(&, i=2.

(b) For the given convolution kernel f and any continuous signal g(x) we

have
oo x—‘rll
(g% f)(x) = /f(x—z) o(z) dz =/§g<z>dz.



For f x f we therefore obtain

x+1
1
(=P = [ 5 f(z)dz
x—1
0, r < =2,
f‘rﬂldz —2<zx<0
_ 1 1% =Y
f;_lidz, 0<z<2,
0, x> 2
and thus
0, r < =2,
He  _92<1<0
* ) = 4 =Y
FeN@ =10 00,
0, x> 2.
For f x f * f we find
x+1
1
(Fesen@ = [ 5 nEeL
r—1
(07 .TS—?),
f;rl 2J§Z dz, —3<x<—1,
x+1
= f;fl2gzdz+ f 2g‘zdz, 1<z <1,
0
fj_l 22 dz, 1 <2 <3,
0, x> 3;
\
(0, r < =3,
2246249 J<cr<—1
16 ) = )
(ffxf)e) =52, —1<a<l,
12716633*‘1’97 1<a<3,
\O, r>3.




Finally, for f % f % f * f one gets

z+1
1
(f*fxf*f)lz)= / 5 (fxfxf)z)dz
-1
(O’ xr S _47
x+1 2246249
- sz —4 << _2’
) fx1lz+62+9dz+f‘”+1623 dz, —-2<z<0,
fxll d—i—fx-'_lwdz O<x§27
fjflﬁizf—;wdza 2easd,
o x >4,
f07 X S _47
23+12224482+64
T’ —4<Q7§ _27
—3® 1222432 -2 < <0,

(f*f*fx[f)lx)= 31;37133?%32 ’

o6 , 0<ax <2,

—x3 41222 —48x+64
56 , 2<x<A4,

L0, x>4.

Problem 3 (Properties of the Discrete Convolution)

(a) (Linearity) Show (a- f+ S -g)*xw =a - (f *w) + 3 (g * w), for all

a, 3 €R.
Solution:
1 o0
(a-f+p5-g)*xw ) Z(Oé'fifk‘i‘ﬁ'gifk)'wk
k=—oc0
e Q- Zfzk wi + 8- Zgzk Wy,
k=—o00 k=—o00

(1) by definition of discrete convolution in 1-D.
(2) with the distributive property of multiplication over scalar addition.
(3) with the factorisation of the scalars «, 5 € R.



(b) (Commutativity) Show f * w = w * f.

Solution:

frw (:) Zfifk'wk

k=—o00

(:) _Zo.i fm'wifm

Z Wi—m - fm

m=—0oQ

—

ot
=)

=

—~
N2

= wxf

(4) with the change of variables m =i — k.

(5) with the commutative property of scalar addition (to invert the
order of summation).

(6) with the commutative property of scalar multiplication.

(¢) (Identity) For which signal e does f *xe = f hold?

Solution:

Fre)i 2N fwew =i

k=—o00

~—

The last equality holds if and only if e = 1 at the point £k = 0, and e = 0
elsewhere. Therefore, f x e = f holds when the signal e corresponds to
the delta function

1, ifz=0
0, else

e(z) = 8(x) = {

Problem 4 (Continuous Fourier Transform)

(a) There are two ways to determine the Fourier transform of the hat func-
tion

2 o<z <2
0, else '



The first one is the direct computation via

= / f(x) - exp =) dy

0 2

2 : 2 — A

— / +x . el,p(—zQTrua:) dr +/ z . exp(—z%rux) dr
o 4 ——— 4 —_———

e dv ’ e dv
= [2 Z z. i;;uexp ”2”“”” / 411 12_7r1u eap ") gy
+ [2 ; z Z'2_7T1ue$p( zme)](Q) _/0 Tl Z;;u ,(%p( i2ruz) .
8w [ﬂﬂump(—i%uw)}‘iz 18_71'1U [22_7'(1U %p(_mmm)]f)
— 167:%2 (1 et 16%_12#(6@'4” )
::16%gu2<_6Mﬂu“e_Mwu*'2)
= 167:%2 (—(e2m)2 — (e=2m)2 4 9)
= 1673%2 (—(cos(2mu) + i - sin(2mwu))? — (cos(2mwu) — i - sin(27wu))* + 2)
- m(_@%%%ru) + 2i - cos(2mu) - sin(2mu) — sin?(2wu))
_ (0032(27ru) — 2i - cos(2mu) - sin(2mu) — sin2(27m)) . 2)
= ﬁ (—2cos®(2mu) + 2sin®(2mwu) + 2)
= ﬁ(—(l — sin?(2mu)) + sin?(27u) + 1)
=k 2sin*(2mu)
_ (sin(?wu))2
21y
= sinc?(2mu) .

Alternatively, one can use the fact that the hat function f can be
written as

f=9xyg
where ¢ is a box function of type

3, —1<z<1
g = :
0, else
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This has been shown in Problem 2(a). The convolution theorem tells
us that the Fourier transform f(u) can then be computed via

It is thus sufficient to determine the Fourier transform of the box-
function g. Analogously to Lecture 03, Slide 8 it is given by

g(u) = /00 g(x) - exp(—i2mux) dx

1
= / — - exp(—i2muz) dx
12
1
2

- Jexp(—i2muz)]",

—12mu
—1
= Tiw - (exp(—i2mu) — exp(i27u))
—1
= - - (cos(—2mu) + @ - sin(—27u) — cos(2mwu) — i - sin(27u))
14y
-1 -
= Tra (—2i - sin(27u))
1
= 5 sin(27u) = sinc(2mu)

The fourier transform of f then reads:

~

f(u) = g(u)-g(u)

1 1
= 50 sin(2mu) - e sin(27u)
= sinc?(27u) .

Not surprisingly, this confirms our result from the direct computation.

Finally, we are in the position to compute the Fourier spectrum of the
hat function. Since the Fourier transform f(u) is real-valued in the
case of the hat function, it is indentical to the Fourier spectrum |f(u)]:

Flw)| = VRE(F(w)) + Im?(Flu))

= (sinc?(2mu)) ?

= sinc?(2mu) .




