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Example Solutions for Theoretical Assignments 4 (T4)

Problem 1.

To show convexity of E we chose u,v € R" such that u # v, and 0 < 8 < 1.
We have then to show that:

Ep(Bu+ (1= B)v) < BEf(u) + (1 = B)Ef(v)

The functions g(u) = u? and hy(u)

= ( a)? are strictly convex for all
z,a € R since g(u)” =2 > 0 and h,(u)" =

> 0

= (Bu+ (1 — B)v)* < pu® + (1 — B)v* and
= ((But+ (1 =B —a))? <B(u—a)+(1-p)(v—a)
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= BEs(u) + (1 = B)Ey(v)

We see E is strictly convex. The consequence: if a solution u exists, so that
VE(u) =0, then v is a minimum and this minimum is unique.

Problem 2.
10 -1 0 7
A= -1 10 -2 b= 9
0 -2 10 6

(a) Determine LR - decomposition

1 0 0 ma T 0
L=|14 1 0 and R = 0 my 1
0 b 1 0 0 mg

such that AL = R.

Let us denote the entries of A by

10 -1 O a pi 0
A = —1 10 —2 = Y1 O 52
0 -2 10 0 Yo Q3
Evidently, r;=0; for i = 1,2 so we obtain r; = —1 and ry = —2. Moreover,

we know that m; = a; = 10.



Since [; = 2 and m;1 = ;41 — ;5; for ¢ = 1,2 we can compute furthermore

L=—=—— =y — 16, =10+ —(-1) = —
1 - 10’ my = o — 13 + 10( ) 10’
Yo -2 20 20 950
lh=— =+ = —— =ag — a0 =10+ —(—-2) = —.
i % 09’ mg = oz — lafs + 99( ) 99
Thus, we get
1 0 0 10 -1 0
L= —1—10 1 0 and R = 0 % -2
0 —3 1 0 0

99
(b) Solve Au = b via forward elimination and backward substitution.

e Forward elimination: Solve Ly = b.
We know that y; = by = 7 and that y; = b; — [;_1y;_1 for i = 2, 3.

Thus, we obtain

1 97
Y2 2 — l1y1 9+107 10
20 97 788
y3—b3—l2y2—6+®1—0—@7
which gives
7
y=| %

e Backward substitution: Solve Ru = y.

We know that us = i—z = %‘51 and that u; = % for i = 2,1. Thus,
we obtain

_ Yo — Pouz 545
Uy = 22

mo n m’
_y1— Brug 387
U =————=—1,
my 475
which gives
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_ | 109

U=1 ‘95

394
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(c) Compute the first two iterations of the Jacobi method. Starting vector
is 2 = (0,0,0)".

Idea of Jacobi method: Decompose a such that A = D — N, where D is the
diagonal part and N is the rest. So in our case we have

10 0 0 010
D = 0 10 0 and N=|[ 1 0 2
0 0 10 020

The Jacobi method then reads:

[E(k+1) _ D_l(N[L'(k) + b)
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Comparing z(? with the correct solution u, one sees that the Jacobi method
already yield a relatively good approximation of u after only two iterations.

Problem 3.

(a) For the integrand

F(z,u,u’) = (%(u — )+ aX}/1+ (1;\/2)2> dx

we obtain the partial derivatives

F, = u—f
Fy = ——

This implies the Euler-Lagrange equation

0 = u—f—a——F——=—
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with boundary conditions:

mz=aand z =05



(b) A is a contrast parameter: Locations with |Vu| > A\ are regarded as
edges. There, the diffusivity is reduced significantly.

(c)First, we show that the function f
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is strictly convex. We substitute y := { and get the function g:

giy—1+y?

The derivatives of this function are:
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As one can see, the second derivative is strictly positive everywhere.



We also know that x +— 22 is strictly convex. Thus:

Br(u+ (1=8)0) = 5 [ (Bu (1= 80— pax

+a)\2/ \/1+ (B + 1_5) )

= 5 [0+ -0 nre
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Using the strict convexity of z — 2% we get
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Using the strict convexity of x +— /1 + (;) we obtain
< 5/ u— 1) dx—i——/v— Ydx
ul
+a5A2/ 1+ ﬁdx
1 — / H 1 + FdX

= [Es(u)

Therefore this energy functional is strictly convex. So the solution of the
system is unique, and it is a minimizer.

Problem 4.

(a) The discrete analogue is given by:

N
1 (u — U
E¢(u) := 3 E (up — fr)? + a)? E \/1 + k+}12)\2 k)

k=1

where the signal is given as [ug, ug, ..., uy]|.



(b) The first partial derivatives w.r.t. uq, ...
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