Image Processing and Computer Vision 2005/06
Example Solutions for Theoretical Assignments 2 (T2)

Problem 1.

(a) Let £ € {0,...,M — 1} and a € R with a # 0. Then, we get

~ gl 12rkm
fr(a) = amzofmexp (— i )

_ mf(i)

As one can see, the use of an arbitrary factor a results in a scaling of the
Fourier coefficients by a factor of av/M (compared to the transform for the
orthonormal basis). If we apply the backtransform with a factor b € R with
b # 0 we then obtain

fr(a,b) = b Z fm(a) exp <i27;\l;m>

m=0
- En ()l
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= abM \/% J:Z: Am (LM) exp <227]r\/;m)
= abM fy <LM’ LM)

— abM .

Evidently, the orginal signal is scaled once again. This time the scaling factor
is given by abM. In order to obtain the original signal, a and b have to be
chosen in such a way that abM = 1. This means that b = ﬁ For a = ﬁ
the corresponding factor of the backtransform is thus given by b = 1.

* It is known from the lecture that with the factors a = b = ﬁ’ the original

signal is obtained, i.e. fj (ﬁ, \/LM) = f.
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(b) Let k € {0, ..., M —1} be the indices of the Fourier transform of a signal
of length M € N.

e Let M be even, i.e. M = 2N, where N € N.

The contribution of the lowest frequency is then given by the coefficient
at position k& = 0. It represents the coefficient for the zero frequency
(constant signal)

12tkm B 2km L 2km
exp 7 = oS 7 7 sin i

"= cos (0) 4 i sin (0)
= 1

The contribution of the highest frequency is given by the coefficient at

position k = % = N. This position corresponds to the most oscillatory
frequency given by
12mkm 2mkm L 2mkm
exp | — = cos|— 7sin [ —
P\ M M

2mm o 2mm
= cos | —— | —isin [ ——
2 2

= cos(pim) — isin (mm)
= (=)™ —-40
(—1)™.
Please note: While the height of the corresponding frequency increases

between k = 0 and k = %, it decreases between the indices k = % and
k = M—1. This can be explained as follows: Comparing the frequencies



for the coefficients k = a with a € {1,..., %} and k = M — a, one gets

_i27rk:m B B 2mkm L B 2mkm
exp i = oS i 7sin i

k=a 2ram n 2mram
= cos | — isin [ —
M M
5 2ram Fisi 5 2ram
= cos |27 — isin | 2w —
M M
2r(M — a)m s 27r(M — a)m
= cos| ——— jsin | ————
M M
27 (M —a)m . 27 (M —a)m
= cos{——— ) —dsin|————
M M
and
2rkm 2rkm L 2rkm
exp [ — = cos| — 7sin | —
p M M M
—M-—a 2m( M — ) 2 (M —

Obviously, apart from the different sign of the imaginary part, the
coefficients a and M — a represent the same frequency. This can also
be seen from the example for M = 8 given in lecture 4, page 6.

e Let M be odd, i.e. M =2N + 1, where N € N.

The contribution of the lowest frequency is given once more by the
coefficient at position k = 0 (see even case).

The contribution of the highest frequency, however, is now given by
two coefficients: k = 2 and k = . Since ¥ ¢ Ny, the coef-
ficient k = % does not exist. In this case, the highest frequency is
represented by the closest neighbouring coefficient (closest in terms of
the index). Since all frequencies apart from the ones corresponding to
k=0 and k = & (if existing) occur exactly twice (with positive and
negative imaginary part), we have not one but two indices representing

the highest frequency in the odd case.

Problem 2.



The Gaussian pyramid {UN, e ,UO} of a signal u = (uy, ... ,’UQN)T is defined
as

v = u,
Pl = Rz’lvk
for k= N,... 1 with
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Applied to our signal u := (32,44, 26,0, 8,16, 31, 18, O)T we get
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The Laplacian pyramid {wN, e ,wo} of a signal u = (uy, .
Gaussian pyramid {UN, e ,vo} is defined as

w’ = 0
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Applied to our signal, we get
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Problem 3.
Let C := (CZ]) = PR.

First we show that all row sums of C are 1:

I P Pk
; Cij Z ; PikTkj Z ; Dik El ik

J J
Zj Djk
= Dik = pir = L.
zk: 2P zk:
Furthermore, because of

Cij = gpikrk]‘ = ;% = ijk'f’ki = Cjj

k

6



we know that C is symmetric.

Thus, all column sums of C' are 1 as well, and we have

Dy = 2D e
i i

This concludes the proof.
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Problem 4.

(a) f = (2,1,4,0)T
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wavelet transform:( %, *71, %, %)
f = 102147
wavelet tranform:( %, _73, \_/—%, \_/—‘;l)

The wavelet transformation is not shift invariant, because there is a big
difference between the two transformed signals. However, the coefficient that
represents the average grey value is the same. Since one original signal was

a shifted verstion of the other one this had to be expected.

(b) f = (2,1,4,0)T
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Fourier transformation f = (0,2,1,4)7
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The Fourier spectrum is shift invariant.



